DEFINABLE NORMAL MEASURES

SY-DAVID FRIEDMAN AND LIUZHEN WU

ABSTRACT. A normal measure U on a measurable cardinal x cannot be defin-
able over H(x1), as otherwise it would belong to its own ultrapower. In this
article we show that it may however be A definable over H(x 1) when the
GCH fails at . In [8] it is shown that there can be a unique normal measure
on kK when the GCH fails at x; we show here that this unique normal measure
can in addition be A definable over H(x1T).

1. INTRODUCTION AND PRELIMINARIES

Definability is a central theme in set theory and in this paper we examine it in
the large cardinal setting. Important work in inner model theory (see [10]) reveals
that the smaller of the large cardinals can exist in L-like models which share many
of the definability features of Godel’s L. This can be extended with forcing (via
the outer model programme) to the strongest of large cardinals (see [3, 4, 5], for
example). When GCH fails, obtaining large cardinal definability results is more of
a challenge; an example is [6], which provides a definable wellorder of H(x1) when
the GCH fails at the measurable cardinal k.

In this paper we continue the study of large cardinal definability when GCH
fails, by showing that there can be a normal measure on x which is A; definable
over H(k*T) with 2% = k*+; we can even add the requirement that there is only
one normal measure on k.

Core model theory

We begin with some facts from core model theory (see [10]). Let L[E] be the core
model for a kT T-hypermeasurable cardinal s (i.e. a cardinal k which is the critical
point of an elementary embedding j : V — M with H(k1t%) C M, or equivalently,
a cardinal x which is k + 2-strong). Then in L[E] we have local definability in the
following sense: For every successor cardinal > ws, E | 1 is X; definable over
H(n) with parameters, and this remains true in all cardinal-preserving set-generic
extensions of L[E]. Using the fact that o — Ly[E] is ¥y in (L,[E],E | n) and an
appropriate form of condensation for substructures of L,[E] we may carry out the
canonical construction of a <) sequence:

Fact 1.1. In L[E], for each regular cardinal o there is a $ o+ (o™ N Cof(ar))-sequence
D, which is ¥1 definable over (Lo+E], E I «™) in parameter {a}, uniformly in .

Let (4; | i < o) be the enumeration of P(a™)F along <r(z. Then S =
(S; ]i < att) is an almost disjoint family of stationary sets where S; = Cof(a) N
{j <at | A;nj = D;}. It follows that S is ¥; definable with parameters over
(Lo++[E], E | o) and therefore also over the H(a™T) of any cardinal-preserving
set-generic extension of L[E]. For technical reasons, we assume that S starts with
S_1 instead of Sj.

For inaccessible «, let Sacks(a) denote the following forcing. A condition is a
subset T of 2<% such that:

(1) seT,tCs—teT.
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(2) Each s € T has a proper extension in T

(3) If s C s1 C --- is a sequence in T of length less than « then the union of
the s;’s belongs to T'.

(4) Let Split(7T") denote the set of s in T such that both s % 0 and s x 1 belong
to T'. Then for some closed unbounded C(T) C a,

Split(T) D {s € T'| length(s) € C(T)}.

Extension is defined by S < T iff S is a subset of T. Sacks() is an a-closed
forcing of size at. For i < «, we define the i-th splitting level of T, Split;(T) to
consist of all s € Split(T) such that {j < |s| | s [ j € Split(T)} has ordertype 3.
Say S <g T iff S <T and Split;(T) = Split;(S) whenever i < §.

For any condition S and node s € S, S|s denotes the subtree {t € S | ¢t C
sAs Ct}of S. Suppose (Pg, QB | B € I) is an iterated forcing where some of the
Qp’s are of the form Sacks(a)’ and f is a function from such #’s to 2<®. Then
for any condition p, we define p|f by setting (p|f)(a) = p(a) if « € dom(f) and
(p|f)(a) = p(e)| f () otherwise. We are only interested in the case when p|f is also
a condition in the iteration.

2. A DEFINABLE NORMAL MEASURE

Theorem 2.1. Con(ZFC + k is a k™7 -hypermeasurable cardinal)— Con(ZFC +
2% = gt 4 there is a normal measure U on k such that U is Ay definable over
H (k™) with parameters).

We begin with an outline of the proof. We use the method of [1] to obtain a
model where x is measurable and 2% = k*T using iterated x-Sacks forcing, after a
preparation below k using iterated a-Sacks forcings for inaccessible o < k. However
we mix into the k-Sacks iteration forcings that kill the stationarity of canonical
stationary subsets of kT of the ground model, so as to code certain subsets of x.
The subsets of k that get coded are the ones that appear in the final measure on
K once the iteration is complete. To see that x is indeed measurable in the final
model, we project our iteration onto the standard x-Sacks iteration and argue that
this projected iteration, which by [1] produces a measure U’ on k, captures all
subsets of k. We make a canonical choice of the measure U’ (as the interpretation
of a name relative to the iterated k-Sacks generic). Thus during the construction
we code subsets of x which are forced by the projection of a condition in the generic
into the standard x-Sacks iteration to belong to U’.

Throughout this section, we assume V = L[E], where L[E] is the core model
witnessing that  is xT+-hypermeasurable. For each regular A\ < , let (S2 | a <
ATF or o = —1) be the almost disjoint family of stationary subsets of A™ N Cof(\)
as defined in the last section.

Proof. Let j : V — M witness the x™t-strength of x and let U be the normal
measure derived from j. Let I be a suitable bookkeeping function from x*+
onto k** x k. We define a length x 4 1 Easton support iterated forcing poset
P =(P,,Qan| a < k) as follows:

Case 1: (o < k and « is inaccessible) Q4 is an iteration of Sacks(a) of length o+
with supports of size at most a. ) ]

Case 2: (@ = k) @ is defined as follows: Q. = (P7, Q%) <x++ is an iteration of
length k11 with supports of size at most x. Assume that PF is defined and
write P(vy) = P, * Py. Then Qz is a two-step iteration Q5 * Q%;. Let Q7
be Sacks(k) defined in VP,

Inductively, we will show that if P’(y) is P, followed by the length
v iteration of Sacks(k) with supports of size at most x then there is a
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canonical projection p — p’ of a dense subset D(y) of P(y) onto P'(v).
Thus if G(vy) denotes the P(v)-generic we obtain via projection a P’(y)-
generic G'(7y). Now let A’ be the F'(y)1-th subset of x in V[G'(F(v)o)]-

Let Q5 = (P,’flﬁ,Q:m | K%y < B < kx4 k) be the following length
k iteration with full support (where x denotes ordinal multiplication). We
say that A/ is valid if there is a P(v)-condition p in G(v) N D(y) such that
the image p’ of p under projection satisfies

p, Ik pr Aiy € UP/,

where P’ = P/(Ii++.) and Up: denotes the canonical measure on & in V'

(it suffices to take Ups to be the L[E]-least P’-name for a measure on k).

(1) If B = kxy+2d, 0 € A, and A’ is valid, then let Q7,5 be Shoot((k™*\
Sy) U SZ;) (where Shoot denotes the forcing for adding a club subset
and SQ; denotes the set of ordinals less than £ of cofinality less than
K).

2 Ifpf=r*xy+20+1,0¢ A7 and A’ is valid, then again let Q%5 be
Shoot((k+ \ S,) U S%.).

(3) Otherwise let Q% 5 be the trivial forcing.

Case 3: (Otherwise) Let Q, be the trivial forcing.

We will prove a pair of lemmas to guarantee that P is well-defined. Note that
P, preserves cardinals as well as the stationarity of S, for all v € k™t U {—1}.
Fix v < s, assume that P(y) has been defined. Consider Q%,. Since each

iterant of P is < k-closed. r remains inaccessible in VPO, Thus Q% = Sacks(k)
can be defined. Note that Sacks(k) preserves cardinals and the stationarity of S,
for all v € kTt U{-1}.

The next lemma shows that for all v < k¥+, P(v) preserves cardinals and the
stationarity of all Sz whose stationarity is not explicitly killed. The proof is based
on the fusion argument first developed in [6] and falls into the context of good
k-fusion introduced in [7]. Since we need this argument for other purposes, we
present a complete proof here instead of just showing that the forcing satisfies good
rk-fusion. We fix some notation before proceeding. For each p € Py and £ < v,
p(§) denotes the P name for a Qg condition specified by p. We write p(£)g for the
Sacks component of p(¢) and p(£); for the club-shooting component of p(§). We
write p |  for the restriction of p to the forcing P and p [ £0 for the restriction of

p to the forcing P * QF.

Lemma 2.1. For eachy < k¥, assuming that P(v) is well-defined, P(v) preserves
the stationarity of Sg for all B € kT U{—1} where the P(y)-generic does not specify
that the stationarity of Sg is to be killed. In particular, P(vy) preserves cardinals
up to k7.

Proof. We shall work in V= and focus on PF. Fix p € Py forcing 3 to be as in the
hypothesis of the lemma. In order to show that the stationarity of Ss is preserved,
fix a Pj-name C for a club subset of k*; it suffices to show that there is ¢ < P D
such that ¢ IFps CNSs# 0. Pick M < H(n) such that [M| = x, M N &t is an
ordinal, M Nk* € Sg, M<" C M and M contains all relevant parameters. We can
moreover require M Nx+ & Se for all £ € (M Nk™T)\ {B}; this is possible using a
Fodor argument, as S is an almost disjoint family. Note that cof (MNkKT) =k, so
we can also fix an increasing sequence (e, | 7 < k) with supremum ¢ = M N ™, all
of whose proper initial segments belong to M. We construct a descending fusion
sequence of conditions (p, | 7 < k) all of whose proper initial segments belong to
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M. Let po = p. The desired ¢ will be the fusion limit of the p,-sequence and will
satisfy the following property:

For every n < k, there is a size < k subset F;, of supp(q) such that if r <pr q
is such that for all £ € F,, r | £ IFpEn r(€)o < q(&)olo, where r | & IFP; o€
Splity(q(§)o), then rlk-pr 7 € C for some T € (¢, ).

Then the resulting ¢ forces that e € C'N Sp, which completes the proof. We will
construct our fusion sequence, along with the auxiliary sequence (F;, | n < k), to
satisfy the following properties.

(1) po=p-

(2) F, C supp(py), |Fy| < k and F,, C F,, whenever n1 < 1.

(3) Pyp+1 <F,n Py and pyy1 € M. Here we say p <p,, ¢ if p < ¢ and for all
Y EF, p 101 p(v)o <y a(V)o-

(4) V€ € supp(py,)In2(€ € Frp)-
(5) Ppt1 is n-determined over F,, i.e. there is a tree T), such that

(a) T, = T;, where T; = (j2nF1|<ot(Fn) ).

(b) Every node of T), is a sequence of elements of 2<% and s <7, t iff ¢
extends s.

(c) For every node s of T, define f, : F, | |s| — 2<" by mapping the o-th
member of F;, to the 6-th member of s (where F;, [ |s| denotes the first
|s| members of F})). Then for all £ € F,, [ |s| such that £ is the J-th
member of Fj,,

(Pn+1lfs) T €1 Splity(py1(§)o) = {t(0) [ s [ 0 <7, t}
and

(Py+11fs) T €0 decides py41(&)1 | €y,
(d) For every branch r of T,, let f, = U5<Ot(Fn) fris; then 37, € (e, ¢€)
such that p,y1|fr H—p¢ 7, €C.

We now give the construction of the p,’s and ensure that it takes place in M.

For n < k limit, let p, be the greatest lower bound of (p¢ | ¢ < ), which exists
since P is < k-closed.

For n = ( + 1, assume p¢ has been defined. Let F¢ be the support of p.. We
construct the tree T, and a system of conditions {p, | s € T¢ U [T¢]} associated to
Te. Let <'¢ be a wellordering of [T/]. For any node s € T/, let 7, € [T{] be the
<'¢-least branch extending s. Let <1¢ be the induced wellordering of nodes in TC’
as following: s <®¢ ¢ iff r, <€ r, or rs = 7 A s C t. Let <¢ be a wellordering of
T U [TY] by letting s <€ ¢ iff s <l tors<*tors<lCr orr, <ttt

Note that the order type of <1 is less than x. The construction is along <1¢. At
each stage s € TCI U [Té], we define a pair (ts,ps), where ts will be a corresponding
node or branch of Ty and p, will be the associated condition to ¢,. We will ensure
that ps <F ¢ Dt iff t <€ s.

During the construction, the py’s for s € TC’ U [T C’} will satisfy the following
assumptions (x): Let s’ € T U [T;] be the node or branch corresponding to s, then

(1) If s € T, then there exists A C 2<" such that for all £ € F¢ | ot(s)),
(Psl for) 1 € IF Splite(ps(€)o) = A

and
(ps|f8’) f 50 decides ps(f)l f €.

For such A and s, fix an enumeration A, = (A(8) | § < [2¢+1]) of A.
(2) If s" € [T¢], then 37, € (e¢,€) 8.t ps|fsr IFpr 75 € C.
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Assume now we are in the situation to define s and ps. Let p/, be the greatest
lower bound of (p; | ¢ < s). Note that by the induction hypothesis, for all s <i¢ ¢,
Ps <F ¢ pt- The definition of ps splits into three cases:

Case 1: s € TC/ and has no <1 immediate predecessor. In this case we let
bs = p/s'

Case 2: s € T/ and has an <7; immediate predecessor ¢ € T¢. Choose § < [2¢+1]
such that s = ¢~ (§). By the definition of <, p; has been defined and satisfies
(*)(1). Let ¢’ € T, be the node corresponding to t. Let A; be the corresponding
witness of ()(1). Since p§ <r, ¢ pt, P also satisfies (¥)(1). Let s’ =t~ A4(d) and
define fs respectively. Now denote p’|fs by pZ, the existence of which is justified
by (%)(1). Using the Maximality Principle, we can pick a ch(ot(s)) condition p?’, a
P;C(Ot(s))—name T for a subtree of 2%, a ch(ot(s)) * Q}C(Ot(s)) name S for a subset
of kT and a set A, C 2<% such that

Py [Fe(ot(s))> Py |FP;<(M(S)) T <¢ pll(Fe(ot(s)))o A Splite(T) = Ay

and

P T IS < p!(Fe(ot(s)))1 and sup S > e.
By elementarity, we can choose all these objects in M. We complete Case 2 by
inductively defining ps({) to be a name as follows:

o ps|fs Telb ps(§) = pi(§) if € > F¢ T (ot(s) +1).

o pslfs el ps(€) = pi"(€) if £ < Fe [ (ot(s) + 1) and € & Fe.

o (pslfs)) I € Ik ps(§)o be the tree amalgamating pi’(§)o to pi(€)o and
Po()1 = (€)1 i € € Fe 1 F(ot(s)). | |

e otherwise (ps|fs) [ € IF ps(€§)o = T and (ps|fs) [ € T I ps(§)1 = S, if
§ = Fe(ot(s)).

o Whenever p <ps [ {and p || (ps|fs) [ €, p - ps(§) = pL(E).

Case 3: s € [T{]. By the definition of <€, for all ¢ C s and t € T/, p; has
been defined. As fo =Uycyaper, fv, by applying (x)(1) to all such t’s, pi|fy is
welldefined. Choose p/ < p|fs be a condition such that there is 7, > €. such that
p!|fs IF 75 € C. By elementarity, we can choose p// and 7, in M. Finally we define
ps by amalgamating p”|fs to p, via the same procedure as in Case 2.

Let p, be the infimum of (ps [ s € T{ U[T¢]). py is a condition as ot(<1) < k.
Moreover p, <f, ¢ ps for all s € Tg’- U [T, C’] It can be verified that p,, is the desired
condition.

Finally, let ¢ be the fusion limit of (p, | 7 < k). To be precise, ¢ [ £ IF q(&)o =
Ny<xP(&o and g | €0 IF q(§)1 = U, . p(&)1 U {e} if & € U, -, suppi(py) and
g I €0 Ik g(§)1 be trivial condition otherwise. Since € € Sg\ Ugcanns Se: it 1s
routine to verify that ¢ is a condition and ¢ <p, ,, ps for all n < § < k.

For any n < K, pp+1 is n-determined over F),. Now if r < Pr Py s such that for
all { € Fy, r [ € Il—p; r(&)o < pp+1(&)olo, where 7 [ € Il—p; o € Split,(q(£)o), then
ds € [T;,] such that o = f,. It follows that r < py41|fs < ps|fs |Fp¢ 7. € C. Since
q <F,n Pp+1, the same statement when replacing p,+1 by q. O

It follows that cardinals up to x* and the stationarity of (S¢ | € € [k -7,£TT))
are preserved by P(v). Thus assuming P(§) is well-defined for all £ < +, in order to
prove that P(y) is well-defined, it suffices to define the projection of a dense subset
D(~) of P(v) onto P’'(v) as promised in the definition of P(y + 1).

Fix v < k™. Suppose that for all £ < , P(v) has been defined. Moreover,
assume we keep the following induction hypothesis:

(1) For any & < &1, D(&) = D(&)N P(§0)~
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(2) For any £, Lemma 2.2 holds for D(§).

Now for a condition ¢ € P(v) define the “derived condition” ¢’ in P'(v) (= P,
followed by the length ~ iteration of x-Sacks) as follows: ¢'(£) is the least P’(§)-
name A such that ¢ | € IFpe) A = q(€), where the A’ is the canonical P(¢)-name
derived from A via the complete embedding he defined in Lemma 2.2 for D(¢).
Clearly, D(y) satisfies (1). Let D(y) denote the set of conditions ¢ such that ¢’
is defined. It remains to verify Lemma 2.2 for D(v), which ends the inductive
definition.

Lemma 2.2. D(v) is dense. Moreover:
(a) The map h~ : q+— ¢ is a projection from D(v) onto P'(7y).
(b) Let G(v) be P(y)-generic and G'(v) = {¢' | ¢ € D(y) N G(y)} the derived
P'(v)-generic. Then
H(kHVIEOI = g (VIO

Proof. Suppose that p belongs to P(y); we want to construct ¢ < p such that ¢
belongs to D(7). As the construction of ¢ is very similar to the construction in
the proof of Lemma 2.1, we will only present the requirements that have to be
met and make some comments about some new features. Fix M < H(n) for some
sufficiently large 1 such that M contains all relevant parameters and satisfies the
same requirements stated in the proof of Lemma 2.1. The desired condition ¢ is
constructed as a fusion limit of a sequence (g, | 7 < k) obeying the following
requirements:

(1) g =p-
(2) F, C supp(qy), |F,| < k and F,, C F,, whenever 1 < ns.
(3) @41 <F,n Iy and ¢,11 € M.
(4) Vn € supp(py,)Inz = m(n € Fy,).
(5) @n+1 is n-determined over Fy, i.e. there is a tree T;, such that

(a) T, =Ty, where T) = (|2mHt[<ot(Fn) ).

(b) Every node of T}, is a sequence of elements of 2<% and s <7, t iff ¢
extends s.

(c) For every node s of T, define f, : F, | |s| — 2<" by mapping the o-th
member of F, to the 6-th member of s (where F,, [ |s| denotes the first
|s| members of F,)). Then for all £ € F,, [ |s| such that £ is the d-th
member of F),

(@n+11fs) T &I Splity(gn1(£)o) = {t(d) | s [ 6 <7, t}
and

3
4
5)

(gn+1]fs) T €0 decides g;41(§)1 T €y,
(d) For every branch r of T,, let f, = U(§<ot(Fn) fris, then for every £ €

Epi1, analfr TEIF gy41(6) € VIG'(E)]-
Here to achieve (5)(d), we need to inductively use Lemma 2.2(b). Let g be the fusion
limit of (g, | n < k). It follows from (5)(d) that for all £ <, ¢ | £IFq(§) € V[G'(£)]
as ¢(n) is the fusion limit of ¢, (§) and each of ¢,(§) is in V[G'(§)]. Hence, there is
a condition ¢’ derived from ¢ and ¢ belongs to D(7).
(a) Suppose that ¢ belongs to D(v) and choose 7’ < ¢’. Define a condition r by
inductively replacing ¢(£0) by a P(¢)-name for r/(£). Then 7’ is the condition
derived from r and r < q.
(b) The proof of the density of D(+) above can be adapted to show that P(vy)/P’(Y)
is < kT distributive. The point is that for any P(v)-name B for a subset of &, we
can add one more requirement

1l fr | € decides “n € B”
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to (5)(d). Then the fusion limit ¢ reduces B to a P’(v) name B’. It follows that
all subsets of x in V[G(7)] in fact belong to V[G'(v)] and therefore these models
have the same H (k™). O

This completes the definition of P(y). We have that V[G'(y)] = V|G, * G7'] is
an inner model of V[G(v)] = V[G *G%] such that H(kT)VIGGT] = F(j+)1GrxG]
and PJ preserves cardinals up to kT. We need to show that P73 preserves cardinals
greater than k™. To do so we apply a higher analog of proper forcing.

Definition 2.1. Let N be an elementary submodel of H(0). We say that N is
relevant if
e |N|=k.
e N<F CN.
e N = U,8<H Ng, where (Ng : f < k) is a continuous €-increasing sequence
of elementary submodels of H(8) such that (N, : v < ) € Ngt1 and
|N/3| < K.

Definition 2.2. Suppose S is a stationary subset of S’,’j+, the set of ordinals less
than kT of cofinality k. A notion of forcing P is said to be S-proper if for all
sufficiently large regular cardinals 0, there is some x € H(0) such that whenever M
is a relevant elementary submodel of H(0) with P.x € M, M Nk™ € S and p is an
element of M N P, there is a condition g < p such that

qIF “M[Gp]N Ord= M N Ord”.
Such a condition q is said to be (M, P)-generic.
The following Lemma generalizes Proposition 3.1 of [2]. The proof is almost

identical to the proof in [2] with the one difference that the chosen submodel M
must satisfy M Nkt € S.

Lemma 2.3. Suppose S is a stationary subset of S,ff. Assume k<% =k, 2% = kT,
and let P = (P;,Q; : i < k1) be an a-support iteration such that

(1) P; is S-proper fori < kT

(2) PilF Qs < ™7,
Then P,.++ satisfies the k™ -chain condition.

Lemma 2.4. P is S_i-proper for all v < s+,

Proof. By the definition of P, S_; was not intended to be killed.. Let M < H(9)
be relevant and such that p, P € M, M Nkt € S_;. It is clear that M N kT €
S_1 \UgeMrw S¢. Thus an (M, PJ) condition ¢ < p can be constructed as in proof
of Lemma 2.1. O

By Lemma 2.2, for all vy < *F, V[G,][G5] = 2" = £, and therefore Q7| = x*.
Inductively applying Lemma 2.3, for all y < s+, P is x*"-c.c and hence preserves
cardinals greater than xt.

As mentioned in the definition of P, k is a measurable cardinal in V|G, *G'%] and
Up: denotes the canonical normal measure in V|G, x G'*] (derived from a lifting of

j). Ups is also a normal measure in V[G,; * G*] as this model has the same subsets
of k as V|G, x G'"].

Lemma 2.5. Up/ is Aj-definable with parameters over H(k*T) in V|G, * G¥].
Proof. U = Up: is coded by the following sentence:
z €U <+ IVa < k((a € x = kT \ Spromar1 U SZ; contains a club )

AMagx— k1 \ Sprom U SQZ contains a club ))
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Note that (S, | @ < 71) is ¥ definable with parameters over H(x++) and S5 is
an element of H(k™1) in V|G, * G*]. Tt follows that U is 31 definable (and hence
A; definable) with parameters over H(k™1) in V|G, * G¥]. O

O

3. A UNIQUE AND DEFINABLE NORMAL MEASURE
In [8], the following theorem is proved:

Theorem 3.1. Suppose V = L[E)], the canonical inner model for one k™ -hypermeasurable
cardinal k. Then in a forcing extension, 2¢ = k¥ and K carries a unique normal
measure.

In this section we prove:

Theorem 3.2. Con(ZFC + & is a k1 -hypermeasurable cardinal)— Con(ZFC +
2% = kTt there is a unique normal measure U on x, and U is Ay definable over
H (k™) with parameters).

We begin by describing the general framework of the proof of Theorem 3.1.
Let L[E] be the canonical inner model for one x**-hypermeasurable cardinal
and j the k¥ *-hypermeasurable embedding. We define a forcing P’ to force that
2% = g™ in such a way that the generic filter G' can code itself in the sense that
G is the unique generic filter in L[E][G]. Via a lifting argument, we show that j
can be uniquely lifted and hence x is measurable. Moreover, we take advantage of
the properties of L[E] to prove that all embeddings in L[F][G] with critical point
K lift 7.

For our present purposes we use a different version of P’, in which we code using
clubs in x™ instead of x*.

As in [8], P’ is a length x + 1 iteration which is nontrivial only at inaccessible
a < K.

For an inaccessible cardinal «, let Sacks*(«) be the following variant of Sacks(a),
where S denotes the set of ordinals less than « of cofinality w: A condition is a
subset T' of 2<% such that:

(1) seT,tCs—teT.

(2) Each s € T has a proper extension in 7.

(3) If s C s1 C -+ is a sequence in T of length less than « then the union of
the s;’s belongs to T'.

(4) Let Split(T') denote the set of s in T such that both s %0 and s * 1 belong
to T. Then s €Split(T) — length(s) € S and for some closed unbounded

Split(T) D {s € T'| length(s) € C(T)N SI}.

Sacks*(a) is < « closed and satisfies a-fusion. We can define Split;(T) and <;
for Sacks*(a) as for Sacks(a). All the occurences of Sacks(a) in the last section
can be replaced by Sacks*(a).

Suppose r C o and X = (X; | i < a™)is asequences of almost disjoint stationary
subsets of a* N Cof(a). Define Code, (r, X) as follows. A condition in Code (r, X)
is a closed, bounded subset C' of a™. For conditions ¢,d in Code,(r, X), d<ciff

(1) d end-extends c.

(2) Fori < a, if i € r then d\ ¢ is disjoint from X4;, otherwise d \ ¢ is disjoint
from Xyiy;.

(3) For i < max(c), if ¢ € ¢, then d \ ¢ is disjoint from X4, o, otherwise d\ ¢ is
disjoint from Xy, 3.
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For all inaccessible cardinals a < k let §a be the sequence of almost disjoint
stationary subsets of a™ N Cof(«) derived from the canonical {,+ sequence as in
section 1. Via some coding we regroup S® as (S5 li=j=-1lori< at,j <
at ).

Now we define the iteration P’ of length x + 1:

Q! is trivial if « is not inaccessible. Otherwise, @/, is an iteration (Q.* | i <
a™T) with supports of size at most . For each i, Q* is defined as the forcing
Sacks* (o) * Codeq (ri, (S§q.; | 5 < at)), where r; C a is derived from the generic
filter for Sacks*(a). Q' is < a-closed.

P is the nonstationary support limit of the P/, o < A, for limit ordinals A < k.
Le., p belongs to P; iff p belongs to the inverse limit of the P/, o < A, and if A is
inaccessible then the set of a < A such that p(«) is nontrivial is a nonstationary
subset of A.

We quote the following useful fact regarding nonstationary support (Lemma 4
of [8]):

Fact 3.1. Suppose that A < k is inaccessible and {co; | © < ) is the increasing
enumeration of a closed unbounded subset of \. Also suppose that py > p1--- is
a X-sequence of conditions in P§ where p;y1 agrees with p; up to and including o;
for each i < A, and p~ is the greatest lower bound of the p;, i <y, for limit v < A.
Then there is a condition p in P} which extends each p;.

The following is an analogue of Lemma 13 of [8]:
Lemma 3.1. P’ preserves cofinalities.

Proof. Suppose that « is an infinite regular cardinal. We show that any ordinal
of cofinality greater than a in V' also has cofinality greater than « in V[G] for P’-

generic G. Decompose P’ as P/, Q. * Q’(Q’HH). Note that Q’(aﬁ“) is < a'-closed

in VPa+1. On the other hand, using the closure property of Q/B for 8 < «a and Fact
3.1, the proof of Lemma 5 of [8] shows that P/ does not add a function mapping
« cofinally into any ordinal of greater cofinality in V. It remains to deal with
Q... Via an argument almost identical to the proof of Lemma 2.1, @/, is cofinality
preserving. O

Similar arguments indicate the following properties of P’ which are parallel to
Lemmas 14 and 15 of [8].

Lemma 3.2. If G is P'-generic, then for any function f* : k — Ord in V[G] there
is a function g : kK — [Ord]<" in V such that for each o < k, f*(a) € g(a) and
()| = o™+

Proof. The proof is similar to the proof of Lemma 14 of [8]. But note that the
definition of @, is different. Factor P’ as P, * Q. and correspondingly write V[G]
as V[G,][G*], where G, is P! generic and G* is Q', generic. If f is a name for a
function from & into the ordinals and p is a condition in @', then there is ¢ < p
forcing that for each o < k, f(c) takes one of at most card ((2*)*) = at-many
values (corresponding to choices of nodes on the a-th splitting level of at most
a-many trees). To be precise, g will satisfies the following statement: For every
a < K, there is size < k subset F,, of supp(q) such that if there are o : F, — 2<%
and 7 <p;x ¢ such that for all £ € Fy, r | £ Il—psm r(€)o < q(§)olo(€), where

r € IEpy (&) € Splita(q(§)o), then glo is well-defined and go IFps« decides f(a).
The construction of such ¢ is base on the proof of Lemma 2.1 and we omit it here.

Lwe only use the stationary set with even index for coding and preserve the odd part for the
proof of Theorem 3.2.
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Thus there is a function g as in the statement of the lemma which belongs to
V|Gg]. And the argument given in the proof of Fact 3.1 shows that if p belongs to
P/ and ¢ is a name for a function from & into the [Ord]<* then there is ¢ < p and
a closed unbounded subset C of k such that for « in C, ¢ forces g(a) to take one
of at most o™ -many values (corresponding to choices for conditions in P’ * Q).
We may further extend ¢ at nonstationary-many places to force such a bound on
the number of possible values for g(«) for all @ < k. Then putting these two
approximation results together we obtain the lemma. O

Lemma 3.3. For inaccessiblea < k and £ < ot T, P&*Q?‘ preserves the stationary
of Sk, where the P/, Q’go‘ -generic does not specify that the stationarity of Sk, s to
be killed. In particular, for any l satisfyingl = —1, 1 > 2§ orl = 2n + 1 for some
n, Sk,l remains stationary.

Proof. The proof is almost the same as the proof of Lemma 2.1. O

The following lemma replaces Lemma 16 of [8] and represents the key difference
between the two forcings. For an inaccessible cardinal a < k, suppose that G is
Q’,-generic (over V[G,]). Let (r; | i < a™™) be the sequence of subsets of « derived
from the Sacks*(a) generics. Let (C; | i < at™) be the sequence of clubs derived

—

from the Code, (ri, S5,;) generics.

Lemma 3.4. The following hold in V[G,][G?].

(1) For i,j < a™*, i belongs to r;j iff Sfjgj is monstationary and i does not
belong to rj iff Sfs;o is nonstationary.

(2) Fori,j < a'™, i belongs to C; iff Si'sj+a is nonstationary and i does not
belong to Cj iff Si's; ¢ is nonstationary.

(3) There is a unique Q. -generic over V[G,].

Proof. (1) By the definition of extension for C, it follows that in V[G,][G* | j], for
i < a, Sf%g; is nonstationary if i belongs to rj and i < a, Sfg; o is nonstationary
if ¢ does not belong to r;. Hence these remain valid in V[G4][G*]. On the other
hand, via the same argument as in the proof of Lemma 2.1, if S*; is not explicitly
killed by some Codeg (7, S_"f,‘l,n), then S7; is in fact stationary in V[G,][G*].

(2) Just like (1).

(3) Using (1) and (2), suppose that we have another @/, -generic filter G’*. Then
for all j < o™, V[G,][G'* | j] is a inner model of V[G,][G*]. By induction on
j < a™, we can show G'® | j = G® | j, as otherwise some stationary set of
VI[G4][G?] is not stationary in V[G,][G'® | j]. O

It can be verified that in VI[G], j can be lifted to j* : V[G] — M|G * H]|.
Moreover, the lifted embedding is unique in the sense that:

Lemma 3.5. In V[G] there is a unique G+ H C j(P') which is j(P'")-generic over
M and which contains j[G] as a subset.

The construction of the lifting and the proof of this lemma involve the fusion
argument presented in the last section. We omit the construction here as we will
need a more general version in the proof of the main theorem.

We quote the following lemma in [8] which completes the proof of Theorem 3.1.
The proof actually does not rely on the exact definition of the forcing and can be
applied to P’. We describe the form we need as follows:

Lemma 3.6. Suppose V = L[FE) is the canonical core model for one k™ -hypermeasurable
cardinal and P is a forcing with the following properties:

(1) P is cofinality preserving.
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(2) P forces 2% = ktT.
(3) If G is P-generic, then for any function f* : k — Ord in V[G] there is a
function g : kK — [Ord|<" in V such that for each a < k, f*(a) € g(a) and
()| < ot
Suppose moreover that U is a normal measure on & in V|G]. Then U is the normal
measure derived from an embedding j* : V|G] — M* where j* extends j, where
7V — M is derived from the last extender of the E sequence.

Now we are in the position to present the proof of Theorem 3.2. We will define
a forcing P which absorbs P’ as a complete suborder. Let F' be a booking-keeping
function from x*+ to k™ x k™. We define a length x + 1 Easton support iterated
forcing poset P = (P,, Qq | @ < k) as follows:

Case 1: (a < k) P, is equal to P..

Case 2: (o = k) Q.. is defined as follows: Q, = (Py, Q,’j} is an iteration of length
#** with supports of size at most x. Let P(y) = P, % PJ. Define Qg to be a two
step iteration Q% * @%;. Let Q5 be Q7. Let A be the F/(y);-th subset of s in
VIG'(F(7)o)]. We say that A’ is valid if there is a P(7)-condition p in G(v)ND(7)
such that the image p’ of p under projection satisfies

p’ IFp Afy S UPI,

where P/ = P'(k*1) and Up denotes the canonical measure on « in VF (it suffices
to take Ups to be the L[E]-least P'-name for a measure on x). If Al is valid, let
%, be Coder(Ay, (S%g,i41 | § < KT)). Otherwise let Q; be the trivial forcing.
Case 3: (Otherwise) Let Q, be trivial forcing.
Using the same argument as in the last section, we can inductively prove the
following lemma which justifies the definition of P:

Lemma 3.7. (1) Pr preserves the stationarity of Sg when the Pf-generic does
not specify that it be killed.
(2) There is a projection from a dense subset of P2 onto P and PF/PIF is
< k" distributive.
(3) P, P is cofinality preserving.

Proof. The proof of (1) is identical to the proof of Lemma 2.1. The proof of (2) is
identical to the proof of Lemma 2.2. The proof of (3) is identical to the discussion

after Lemma 2.4. O
Lemma 3.8. (1) P is cofinality preserving and forces 2F = kT,
(2) P preserves the stationarity of Sg when it is not explicitly killed by the
P-generic.

(3) If G is P-generic, then for any function f* : k — Ord in V[G] there is a
function g : & — [Ord]<* in V such that for each o < k, f*(a) € g(@) and
lg(@)| = a**.

(4) In V[G][G"], there is a unique Q, generic over V|[G,].

Proof. (1) Cofinality preserving is proved in the last lemma. 2% = x** follows from
the fact that H(x")V" = H(kT)V".

(2) Just like Lemma 3.7 (2).

(3) Follow from Lemma 3.2 and Lemma 3.7 (3).

(4) Just like Lemma 3.4 (3). O

Let G’ be the derived P’ generic filter over V. As shown in Theorem 3.1, there
is a unique normal measure Ug over k in V[G']. Moreover, in V[G], Ug: is ¥
definable over H (k1) with parameters.
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Lemma 3.9. U’ = Ug is A;-definable over (H(k™T), €) with parameters.
Proof. U’ is coded by the following sentence:
reU < IPVa< k(e €x— kT \ Spapisratrt U SQ: contains a club )

ANMagx— 51\ Sexprssars U SZ: contains a club ))

Also (S, | @ < kTT) is 31 definable over H(xk*") with parameters and SZ: is an

element of H (k™). It follows that U’ is A; definable over H (x* 1) with parameters.
O

Since P/P’ is < kT-distributive, U’ remains a normal measure in V[G]. We
show there exists only one normal measure in V[G], which must be U’. Let U be
any normal measure in V[G]. By properties of P and Lemma 3.6, U is the normal
measure derived from a embedding j* : V[G] — M* which lifts j. Hence M* is of
the form M[G*] where G* is j(P)-generic over M such that j”G C G*. It suffices
to show there is a unique choice of G* in V[G].

First we deal with the existence. Let G’ be the derived P’ generic fliter from G.
Note j(P) | k = P | k and G, = G.,. Hence we can lift j to j; : V[G.] = M[G,].
It follows that M[Gy].++ = V[Gk]c++. Now by the definition of P, j(P) | j(rk) =
J(P") 1j(k) = Py*Q, * R. Since G'" is generic over V[G], G'* is also generic over
M]G,], and thus we can lift j; to js : V]G] — M[G']. Now we are in the position
to construct a generic filter for R. The following fact, similar to Lemma 9 in [8],
suggest that indeed we have only one possible choice.

Lemma 3.10. For any dense open subset D of j(P.) in M, there is a condition
p € Gy such that j(p) = p reduces D into P!, in the sense that {q € Pey1 | qUp |
(k,j(k)) meets D} is dense in Pyy1 belowp | k+ 1.

Proof. Let g : K — V be such that j(g)(«) = D for some a < ™. Without loss
of generality, we can assume that for all 5 < k, g(5) is a dense subset of P’. Let C
be a club of s such that j(C)(k) > « and for all § < k, C(B8) < T, where C(f)
is the least point in C' greater than /.

For all inaccessible cardinal 8 € C' and all P,; condition r there is a s € Pg, )
such that for all v € [3,C(B)) the set {r' € Psy1 | ' Usisin g(v)} is dense below
r. This can be done as there are fewer than 8% many such v, |Ps41| = 71 and
P,y is fT T -closed.

We can then construct a decreasing sequence of condition (p; | i < k) starting
with pp such that for all inaccessible ¢ € C, the above requirement is satisfied by
g; and g;+1 | (i, k). The construction at successor steps is as in the last paragraph
and at limit steps one uses Fact 3.1 to get greatest lower bounds. Let p’ be the
limit of the sequence.

Hence for any P’-generic filter G’, there is a condition p € G’ such that whenever
1 is inaccessible and in C, for all v € [i,C(4)), the set {r' € Pipq | 7" Up | (i,k +
1) is in g(v)} is dense below p' | k.

Since a € [k, C(k)), by elementarity, the set {r' € P, | r'Uj(p') | (r,j(k)) is in g(a) =
D} is dense below j(p') | k + 1. O

It follows that H = {p € j(P’) | (3po € G<x)(Tp1 € Gx)(j(po) Up1 < p)} is the
unique j(P’)-generic filter over M[G,][G).] compatible with j[G].

This allows us to lift ja to js : V[Gx] — M[H]. Now we need to construct
a j(Q);(x) generic filter g over M[G" * H] in V[G] such that j[G.] C g, which
enable us to lift j5 to j* : V[G] = M[G" * H * g]. Let cl;(j[G,]) be the set of all
J (Q)%gl*m—conditions p such that p is greater or equal to the great lower bound
of a decreasing sequence of conditions belonging to j[Gx]. It can be verified that
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each two elements of ¢l (j[G]) are compatible and ¢l (j[Gx]) is upward closed.
We verify that g = ¢l (j[Gx]) is generic over M |G’ * H] in the next Lemma. This
follows from the the fusion argument in the proof of Lemma 2.1 (also see the proof
of Theorem 2.15 of 7] for a more general result). It also follows that g is the unique
generic filter over M[G’ * H| containing j[G"].

Lemma 3.11. g is generic over M[G' * HJ.

Proof. Let D be an open dense in M[G' * H]. Suppose f : k — V[G,] witnesses
that j*(f)(«a) = D for some a > . Without loss of generality, we can assume
that @ < 8 — f(a) C f(B). Suppose C C k is a club such that the least ordinal
in j(C) larger than s is greater than «. Define d : k — V[G,] by setting d(5) =
f(C(B)), where C(5) is the least element of C' greater than 5. Now j(d)(k) =
J(HECO)kK)) C j(f)(a) = D. For any p € Q,, we construct a ¢ < p such that the
following holds:

For every 8 < k, there is a < & size subset Fj of supp(q) such that if r < ¢ is such
that for all £ € Fg, r [ £ IF r(§) < g|o, where o satisfies r | £ IF o € Splits(q(£)),
then r € d(B).

The construction is similar to the proof of Lemma 2.1 and we omit it here. We can
assume that ¢ € G,. By construction, we can also fix a sequence F= (Fp |n < k)
as witness such that F is continuous. Now in M[G’ % H], j(q) is a condition such
that:

For every < j(k), if r < j(q) is such that for all £ € j(F)g, r [ £ IF r(€) <
j(g)|o, where o satisfies r | £ IF o € Splitg(j(q)(§)), then r € j(d)(B).

In particular, when 8 = &, if r < j(q) is such that for all £ € j(F)., r [ £ IFr(€) <
j(q)|o, where o satisfies r [ £ I+ o € Split,(5(q)(§)), then r € j(d)(x). Now choose
a decreasing sequence of condition (gz | 8 < k) in G, such that for every 8 < k, for
all £ € Fg, gz | £ IF7(€) < qlo, where o satisfies r |  IF o € Splitg(q(§)). Consider
the great lower bound ¢’ of (j(gg) | B < k). If £ € j(F)x, then & € j(F)s for some
B < k. Hence for all v > g and & € j(F)g, for all ¢ | £ IF ¢'(§) < j(q)|o, where o
satisfies ¢ < j(gy) | £ IF o € Split,(j(q)(§)). It follows that o € Split..(j(q)(&)).
Now for all £ € j(F)., ¢ | £IF ¢ (&) < j(q)|o, where ¢’ [ £ IF o € Split,.(j(q)(§)).
Thus ¢’ € j(d)(k) C D. O

Let js : V[G] — MG’ * H % g| be the derived elementary embedding. Let ¢’
be M[G’ x H|-j3(Q!,) generic filter derived from g. Note it is clear that jj = js |
VIG'] : V[G'] - M[G’ * H x ¢] is an elementary embedding which derives the
normal measure Ug.

Now we turn to the uniqueness of the lifting. It is clear that j; is determined by
Gy. For js, we use the following generalization of Lemma 3.4.

Lemma 3.12. In V[G.41], G'* is the unique Q. -generic over M[Gy].

The proof is identical to the proof of Lemma 3.4 noting that G'* is uniquely
determined by the stationarity pattern of (Se.g | 8 < k*T) and M[G,], V[G,]
have the same H(k*T).

By the discussion after the definition of H, it is clear that H and j3 are uniquely
defined. It follow that H is uniquely determined by G’. Since G’ is uniquely
derived from G’, it follows that H is uniquely determined by G and hence js is
unique. Finally we deal with j,.

Lemma 3.13. g is uniquely determined by G*.

Proof. We will argue by induction on v < j(k*T) that g|y is unique.
Case 1) j(Q)ZY(F") is trivial, nothing to show.
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Case 2) j (Q)?Y(N) is Shooting Club forcing. It follows from the general argument
for the fact that the lifting of a < k-distributive forcing is unique. Let d : K — k+
and « represent v. Now fixane < k™. Let h : k — s and 3 represent €. For any
condition p € P*, there is a ¢ < p such that for all § < §’ < &, Gg((s) decides ¢(d(9))

up to f(¢'). By elementarity, G?E';))(a) = GZ,(K) decides j(q)(5(d)(@)) = 7(¢)(~y) up

to j(h)(8) = e. Since p and ¢ is arbitrary, G* and GZ'Y(K) decides Gfr(fl)

Case 3) §(Q)2"™) is Sacks* (k) forcing. In [9] it is shown that if j* : V[G,] — M[G]
is the canonical extension of j : V. — M and Sacks(k,xT") denotes the k-support
product of K™ copies of Sacks(x) then the range of j on the Sacks(k, k*)-generic
specified by G, determines a unique Sacks(j(r))-generic Sg (i) for i < j(k1) not
in the range of j and exactly two Sacks(j(x))-generics S§ (i), S (i) for 4 in the
range of j. In [8], it is shown that if we replace Sacks(k,xTT) by Sacks*(k, kTT),
then the range of j on the Sacks*(k,k*T)-generic specified by G, determines a
unique Sacks*(j(k))-generic Sg (i) for all i < j(k*1). A careful examination of the
proof indicates that we can replace the product forcing Sacks*(k,x™") with the
k-support iteration of Sacks* (k). We present a proof here for completeness.

Lemma 3.14. In M[H][g | v]. Suppose T is the intersection of the trees j(p)(7y),
p in G®. Then T consists of exactly one cofinal branch b through 2<3(%)

Proof. It is routine to verify that x is the only ordinal which belongs to j(C') for
every C' € V which is a club in x. Let h : kK — xT1 and « represent . Let S be
the range of h.

For any club subset C' of x and any condition p in @, of V[G, ] has an extension
g such that for any i € S,

I-px s € Split(q(i)) — length(s) € C'NSE.
Choose such a ¢ in G*. Then j(q) has the property that for all 8 < j(k),
IFry,, 8 € SPLt(j(a)(j(h)(8))) — length(s) € j(C) N L™

h(8)

In particular,
H_j(P;:(B)) s € Split(5(q)(7)) — length(s) € 7(C)N SZ,(””").

Now note that C' can be chosen arbitrarily and the intersection of all such j(C)

with S2) is ). Tt follows that the intersection T of the i) (y), p € G, is a subtree
of 2<9(%) with has no splitting level and thus has a unique branch b. O

Hence, g(7) is uniquely determined by G* in the following sense. t € g(v) if and
only if the unique branch b goes through ¢. This completes Case 3) O

Now Ug is the unique normal measure derived from an embedding j* : V|G| —
M* where j* extends j, where j : V' — M is derived from the last extender of the
E sequence. Applying Lemma 3.6 to P, it follows that Ug is the unique normal
measure in VI[G].

An easy generalization of the proof yields the following;:

Theorem 3.3. For all cardinals B < ktT, it is consistent relative to a kT71-
hypermeasurable cardinal that x is measurable, 2& = kt+ and there are exactly B
many normal measures, each of which is definable with parameters over H (k).

4. FINAL REMARK

It is natural to ask whether we can generalize the result in this paper to a larger
size of H(k™).
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Question 4.1. Is it consistent to have ZFC + 2% = kT+1 + “there is a unique
normal measure on t which is definable in H(kT1)"?

The current approach does not work as the iteration of Sacks forcing up to length
kT will automatically collapse xTT. This question is also related to the general
program of getting cardinal invariants on & greater than x*+ together with & being
measurable.
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