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INTERNAL CONSISTENCY AND GLOBAL CO-STATIONARITY OF
THE GROUND MODEL

NATASHA DOBRINEN AND SY-DAVID FRIEDMAN

Abstract. Global co-stationarity of the ground model from an X;-c.c. forcing which adds a new subset
of Ny is internally consistent relative to an @ -Erdés hyperstrong cardinal and a sufficiently large measurable
above.

§1. Introduction. Suppose P is a notion of forcing, « is regular and uncountable
in V¥ and / is a cardinal > & in V'F. We say that the ground model is co-stationary
or that (%,(4))" is co-stationary in VE if (#,(2))"" \ (P.(4))" is stationary in
(2.(2)"". Note that (#,(1))" = (2,(2))"" N V: hence. (#,(2)"" \ (#:(2)" =
(2 \ V.

We say that a forcing P achieves global co-stationarity of the ground model if
(P.(A))""\ V is stationary in V' for all cardinals X, < & < Ain V'? with « regular
in VP, In [3], we showed that it is relatively consistent (from a proper class of w;-
Erd0s cardinals) that every R;-c.c. forcing which adds a new subset of ¥ achieves
global co-stationarity of the ground model.

THEOREM 1.1 (Dobrinen/Friedman [3]). The following are equiconsistent:

1. There is a proper class of w,-Erdds cardinals.

2. If P is Ny-Cohen forcing, then (Z4(2))"" \ V is stationary in V* for all regular
k> Nyandall A > k.

3. If P adds a new subset of N\ and is Ny-c.c. (or just satisfies the (k™. k", < K)-
distributive law for all successor cardinals k > Ry and is 0-c.c. for the least
strongly inaccessible cardinal 0. if it exists). then (P,(2))"" \ V is stationary in
V' for all regular k > X5 and all /. > k.

In this paper, we address some questions left open by Theorem 1.1. Can we
get a model with large cardinals of global co-stationarity for ¥,-c.c. forcings which
add a new subset of NX;? The model we used to prove the consistency of Theo-
rem 1.1 (3) does not necessarily even have measurable cardinals, although it can
have inaccessibles.

The second question we investigate is the following. What is the internal consis-
tency strength of global co-stationarity for N;-c.c. forcings which add a new subset

Received October 24, 2006.
This work was supported by FWF grants P 16334-N05 (Natasha Dobrinen) and P 16790-N04 (Sy-
David Friedman).

© 2008, Association for Symbolic Logic
0022-4812/08/7302-0009/$2.00

512



INTERNAL CONSISTENCY AND GLOBAL CO-STATIONARITY 513

of N;? Recall that as defined in [4], a statement is internally consistent iff it holds
in an inner model, assuming the existence of inner models with large cardinals.
Internal consistency strength refers to the large cardinals required. There is reason
to believe that the internal consistency strength of our global co-stationarity prop-
erty is at least that of a Woodin cardinal. Indeed, our strategy to obtain global
co-stationarity internally requires collapsing the successor of each regular cardinal
below some measurable cardinal, a property whose (ordinary) consistency strength
is at the level of a Woodin cardinal.

Our main results are Theorems 3.1 and 3.2. Integral to our results are the
following large cardinals.

DEerFINITION 1.2. Given a model M and an ordinal o, we let M, denote the 1V,
of M. k is superstrong if there exists an elementary embedding j : V' — M such
that crit(j) = & and V;(,) = M;(,). & is hyperstrong if there exists an elementary
embedding j : ¥ — M such that crit(j) = & and V()11 = M1 K is o)-
Erdés hyperstrong if there exists an elementary embedding j : V' — M such that
crit(j) = k and V; = M, where A is an w;-Erdds cardinal of V' above j (k).

THEOREM 3.1. Let V be amodel of ZFC with a proper class of w\-Erdds cardinals.
Then there is a class forcing extension W of V' such that every N,-c.c. forcing which
adds a new subset of N1 achieves global co-stationarity of W. Moreover, every -
Erdés hyperstrong cardinal in V' is superstrong in W.

THEOREM 3.2. Assume V is a model of ZFC with an w\-Erdds hyperstrong car-
dinal k and a measurable cardinal above j(k), where j is an elementary embedding
witnessing the w\-Erdds hyperstrength of k. Then there is an inner model W C V
with a proper class of Woodin cardinals such that every Xj-c.c. forcing which adds a
new subset of X achieves global co-stationarity of W. If moreover k is an w\-Erdds
hyperstrong cardinal which is a limit of w\-Erdds hyperstrong cardinals, then W has a
proper class of superstrong cardinals.

Remark. In Theorems 3.1 and 3.2, Ry-c.c. can be weakened to (p™. p™. < p)-
distributivity for all p less than the least regular limit cardinal plus the 0-c.c. where
0 is the least regular limit cardinal (if it exists).

§2. Definitions and background. Throughout this paper, standard set-theoretic
notation is used. «, f, y are used to denote ordinals, while &, 4, u, v, p, 0 are used to
denote cardinals. %, (X) = [X]<" = {x C X : |x| < x}. Usually we use [X]<¢
instead of %,(X) to denote the collection of finite subsets of X. X <F and (X )<*
denote the collection of all functions from an ordinal less than  into X i.e., the
collection of all sequences of length less than « of elements of X. We will hold to
the convention that if I C W are models of ZFC with the same ordinals and x < 4
are cardinals in W, then %, (4) denotes (%, (4))" .

Certain generalised distributive laws imply preservation of the stationarity of the
P, (L) of the ground model. In addition, they will aid us in obtaining extension mod-
els in which the ground model is co-stationary. We present the forcing-equivalent
definitions of distributivity, referring the reader to [5] for the Boolean algebraic
versions.
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DEerINITION 2.1. Let &, A, 4 be cardinals with ¢ < A. A partial ordering P is
(k. A, < p)-distributive if for any function f : % — /. there is a function g : k —
[A]<* in V such that for each a < k. f(a) € g(a) in VF. We will say that P is
(K, A, u)-distributive if it is (k. A, < u™)-distributive.

One can think of (p. 4. k)-distributivity as a weakening of the k" -c.c.

Fact 2.2

1. If Pis k™ -c.c.. then P is (p. A, k)-distributive for all p and for all /. > k.

2. The (k, 2, k)-d.l. holds iff every subset of A of size & in V¥ can be covered by a
subset of 1 of size k in V.

3. If 2 > k and P is (A, A, k)-distributive, then P preserves all cardinals p with
kT < p < A. Moreover, every stationary subset of (Pe+(1))" in V is a
stationary subset of P+ () in VE. Hence, (P.+(A))" is stationary in V.

The following theorem due to Kueker will be employed throughout this paper.

TreOREM 2.3 (Kueker [6]). Suppose k < A and & is regular. For each club C C
Py (1) there exists a function [ : [A]<” — P (A) such that Cy C C. where

Cr={xe€P(d) ¥y e [x]"” f(y) € x}. (1)
Moreover, Cy is club.
Next we state a well-known result of Menas.

THEOREM 2.4 (Menas [7]). Let A C B with |A| > &. For X C P,(A), let X* =
{x € Z(B):xNAde X} If C C P(A) is club then C* is club in #.(B). For
YCP(B)let Y| A={ynAd:ye Y} IfC C P.(B)is club, then C | A
contains a club set in P,(A).

Two special facts follow from this theorem.

Fact 2.5. Let V- C W be models of ZFC with the same ordinals and k be regular
and 2> kin W.
1. If (2.(4))" is co-stationary in W, then for all u > A. (P.(u))" is also co-
Stationary in W .
2. If (#.(A) is stationary in W and k < u < 2. then (P (u))V is also stationary
in W.
Thus, to show that (%,(4))" is co-stationary in W for all A > ™, & regular in
W . it suffices to show that (%, (k*))" is co-stationary in W .

DEerFINITION 2.6. [2] Let @ < /A, a a limit ordinal. 1 is a-Erdds if whenever
Cisclubin A and f : [C]<” — 4 is regressive (f(a) < min(a)), then f has a
homogeneous set of order type «; that is, a set X C C such that for each n € w,

|/7IXT =1

The following is a model-theoretic equivalent of being a-Erdos: 7 is a-Erdos
iff for any structure 2 with universe A (for a countable language) endowed with
Skolem functions, for any club C C A, there is an I C C of order type o such
that I is a set of indiscernibles for 2 and in addition 7 is remarkable; i.e., whenever
1,...,1;, and #g. ... .7, are increasing sequences from 7 with 1;_; < #;, 7 is a term
and t®(19.....1,) < 1;, then t®(19.....1,) = t® (0. .. .. 1i—1. ;.. ... 7). (See[1].)

In [3], we proved the following lemma, which is a generalisation of part of the
proof of Theorem 5.9 of Baumgartner in [1].
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LemMA 2.7. [3] Suppose thatin V', |2°| < k < A, k is regular, and ). is w;-Erdés.
Let Q = Col(k, < 1) and G be Q-generic over V. Then in V[G], given a function
g [T — P(k™T), thereis a tree T C (k)< isomorphic to 2<®' such that for
any two branches b,c in T.bN|Jg"[c]<®* CbNe.

Notation. Let W be a model of ZFC and let x be regular in . We will say
*(W, k) holds if the following is true: Given a function g : [sT]<® — P.(kT)in W,
thereis a tree T C (k*)<“! in W isomorphic to 2<®' such that for any two branches
beinT.bnUg"[c]” CbhnNec.

The next theorem is a distillation of what we will need from the proof of Theo-
rem 3.5 in [3].

THEOREM 2.8. [3] Suppose & is regular in W and (W, k) holds. In W, let C be
N1-Cohen forcing (or any partial ordering which adds a new subset of Ny and satisfies
the (%, k%, < k)-d.lL if k is a successor cardinal, or the k-c.c. if k is a regular limit
cardinal ). Then P, (u) \ W is stationary in W for all u > k+.

To prove Theorem 3.1 it suffices, by Theorem 2.8, to obtain a model W in which
*(W, k) holds for all regular . To create this, we will iterate Lévy collapses, applying
Lemma 2.7 to obtain *(W', k) for a given k in some intermediate model W'. It
will then be incumbent on us to preserve this property through later stages of the
forcing construction. The next two Lemmas are designed to do just that.

LEMMA 2.9. Let W be a model of ZFC and k > N, be regular in W. If x(W, k)
holds and T is a k-c.c., Rao-closed forcing, then «(WF k) holds.

PROOF. Let & : [6+]? — (P.(k7))"" in WF be given. Since F is x-c.c., there
isag:[kT]<® — (P.(k7))" in W such that for each x € [7]<“, h(x) C g(x).
By #(W k), there exists a tree T C (k7)<®! in W such that T =2 2<“! and for
all branches b, ¢ through 7. b N UJg"[c]=® C b Nec. Since F is Ny-closed, T
has the same branches in W and W¥. For each x € [s*]<“. h(x) C g(x): so
bNUh"[e]*® CbnUg"[c]<”. Therefore, x(WF, k) holds. .

The next lemma is a slight generalisation of Lemma 3.7 in [3].

LeMMA 2.10. Suppose in W that k > N, k is regular, (W, k) holds, and F is a
k*-closed forcing. Then x(WF, k) holds.

PrOOF. In W, suppose p I+ (h : [s1]<? — P.(k1)). where p € F and / is an
F-name. Fix an enumeration (x; : { < k™) of [«T]<” in W with the property that
for each ff < k™, (x; : { < k- B) enumerates [k - f]<“. In W, form a decreasing
sequence (pr : { < k1) of elements of IF with py < p such that for each { < %, p;
decides A (x;). (p; : { < k™) isin W, so it evaluates / to be some function in W
call it g. By the hypothesis, there is a tree T C (k1)<®t in W with T =2 2<“! such
that for all branches b, ¢ in T, b N |Jg"[¢c]<” C b Nc. T has the same branches in
W and WF since I is R»-closed. .

Let B = sup(T) andd = k- B. Then ps I- (h | [6]°¢° = g | [6]°“). So given
branches b, cin T. bnJ g”[c]<? C bNec.and p; I- (bNJ g"[c]<? = bnJ A" [c]<).
Thus, foreach p € Fthereexistag < pandatree T € W suchthatq I (V branches
b.cin T.bN|Jh"[c]<® C b Nc). Therefore. «(WF. k) holds. -

The following lemma is a standard way of lifting elementary embeddings to
generic extensions.
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LeMMA 2.11. Suppose j : V — M is an elementary embedding with k = crit(j).
Let P be a definable forcing in V (P may be a class forcing), and let P* denote
the version of P in M. Let G be P-generic over V and G* be P*-generic over M.
If jIG] C G*, then the elementary embedding j lifts to an elementary embedding
J* 1 V[G] — M[G*] with crit(j*) = k and j*(k) = j(k).

ProOOF. Let j* denote the mapping from V[G] to M[G*] induced by j given by
j*(69) = (j(e))9", where ¢ is a P-name in V. Let ¢ be a formula and suppose
VIG] E ¢lof.....0C]. where g1, ..., are P-names. Then there is some p € G

>Yn

which decides gy.....0, and V = (p I+ ¢[o1.....0,]). Therefore, M = (j(p) IF

eli(a1)..... j(@.)]). j(p) € G*.50 M[G*] {= @[(j(01))9"..... (j(0,))9"]. There-
fore, M[G*] = p[j*(a{).....j*(a¥)]. 1t follows that j* is well-defined. For each

x €V, (x) = j4(59) = ((£) = (/)T = j(x). n

§3. Internal consistency of global co-stationarity. In this section, we show the
internal consistency of global co-stationarity from an w;-Erdds hyperstrong cardi-
nal and a measurable (far enough) above it, and the internal consistency of global
co-stationarity with a proper class of superstrong cardinals from a proper class of
w1-Erdos hyperstrong cardinals.

Recall: if the superstrength of x is witnessed by j : V' — M, then M can be
givenas {j(f)(a): f e V.f:Vi—V.ae V,} Ifxishyperstrong. then M
can be givenas {j(f)(a) : f € V. f : Viy1 = V.a € Vj1}. If & is w1-Erdés
hyperstrong, then M can be given as {j(f)(a) : f € V. f:V; = V.a € V;}.
where 1 is the least w;-Erdds cardinal above x in ¥ and A is the least w;-Erdds
above j(k)in V.

Theorem 3.1 is the main ingredient in our internal consistency result.

THEOREM 3.1. Let V be a model of ZFC with a proper class of w,-Erdds cardinals.
Then there is a class forcing extension W of V' such that every Ys-c.c. forcing which
adds a new subset of X achieves global co-stationarity of W. Moreover, every mi-
Erdés hyperstrong cardinal in V' remains at least superstrong in W

PrOOF. We may assume that V' satisfies CH, else work in V'F, where F is the
forcing which collapses the continuum to XNj, i.e., the collection of all functions
from an ordinal less than X into 2. This preserves w;-Erdds cardinals as well as
w1-Erdos hyperstrong cardinals.

The goalis to Lévy collapse w;-Erdos cardinals to successors of regular cardinals,
thereby obtaining global co-stationarity as in the proof of Theorem 1.1 (3). How-
ever, the method used in that proof, namely the reverse Easton iteration of Lévy
collapses, does not necessarily preserve large cardinals, for instance measurables. In
order to preserve large cardinals, we will do two phases of Lévy collapse iteration,
skipping some cardinals in the first phase in order to preserve some large cardinal
strength. We must check that the second phase did not destroy the co-stationarity
of the ground model in the places obtained by the first phase.

We begin with some useful notation. Let (g, : @ € Ord) enumerate the w;-Erdos
cardinals in 7. Without loss of generality, we can assume that there is a proper class
of cardinals which are both inaccessible and also a limit of w;-Erdds cardinals. (If
not, then there is a least cardinal, say 8, above which there is no inaccessible limit of
w1-Erdos cardinals in V7. Then above 0, just do a reverse Easton iteration of Lévy
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collapses of the w-Erd0ds cardinals to successors of regular cardinals exactly as in
the proof of Theorem 1.1 (3).) Let (J5 : f € Ord) enumerate the cardinals in V/
which are both inaccessible and a limit of w-Erd6s cardinals. The dg’s will be fixed
points of our forcing.

Phase 1: Construction of P. We define a reverse Easton iterated forcing P in
V" which collapses w;-Erdos cardinals to successors of regular cardinals except at
successors of successors of inaccessible limits of w;-Erdos cardinals. Precisely, we
mean the following.

At limit ordinals o, let P, be the direct limit of (Ps : f < a) if a is regular
in V', and let P, be the inverse limit of (Ps : f < «) if o is singular in V. Let
Mo = SUPp_, fp N P« Note: The d,’s will be fixed points under forcing with P.

Let Py = P; = P, be the trivial forcing. Let P; = Col(N,, < €3). €3 becomes X3 in
VP Let u3 denote (N3)". In VP, let Q3 = Col(Rs. < e4). and let P4 = P5 « Q;.
€4 becomes Ny in VP4, Let s denote (N4)”™*. Let 4 < a < 8. If a is a successor
ordinal. let Q, = COl(ﬂou< 5a+l)» Poy1 = Py x Qq, and Mo+l = (NQ+I)V]PQH‘
If « is a limit ordinal, let Q, be the trivial forcing, Py1 = Py x Q, = P,, and

P,
Mo+l = (NQ+I)V o .
In general, let o > Jy be an ordinal and suppose we have constructed P, and u,
in VP« We construct Q, and let P, | = P, *Q,. Let y be such that 0y < a < dyy1.
l. If @ = J,, then uy = a = R, =J, = y in VP, since P, is a-c.c. So pq,
is regular in V¥, Let Q, = Col(ta. < €a41). Ear1 is collapsed to (u,)" in
Vs which is Ro i1 = (6,)F in VP, Let gon = ((6,)7)"".

2. If o =6, + 1, let Q, be the trivial forcing. Then P, is equivalent to PP,. Let
Ha+l = E5,42-

3. Ifa =6, +2. let Qu = Col(ita. < a+1). Let tiar1 = ((a)™)? ™" which is
((e5,42) 7).

4. If 6, + 3 < a < J,41 and « is a successor ordinal, then let Q, = Col(uq. <
Eas1). Let ftasr = ((1a)*)” ™", which is what e, gets collapsed to by Q.

5. If o is a limit ordinal and u, is singular in V¥, then let Q, be the trivial

forcing, and let uq 1 = ((ua)™)V """

6. If o is a limit ordinal and u, is regular in V"%« then let Q, = Col(tq. < €a+1)

and let a4t = ((a)™)"""".

Let G C P be generic over V. Suppose « is w;-Erdos hyperstrongand j : V' — M
witnesses this.

Claim 1. k remains hyperstrong in V[G].

Proor. Let / be the least w;-Erdds in M above j(k). M; = V. Let P* denote
the forcing P defined in M. In order to show that P preserves the hyperstrength
of k, we need to create a generic G* C P* over M such that j[G] C G* and

VIG]jy+1 = M[G™]j(x)11- )

Construction of G*. Let G}‘(H) = Gj(,). Let /4 denote 41, the least w1-Erdos
cardinal above  in V. Note that j(1) = . We need to ensure that j[G.1] C
Gllaysrr Pt = Pr Q. where Q, is Col(k. < ) in V[G,]. Let j* denote the
lifting of j to V[G.]. Thatis, j! : V[G,] — M[G]’.*(K>] by ji(a%) = (j(a))%w,
where ¢ is a P,.-name in V.
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Let g, denote the Q,-generic over V[G.]. g« € V)| ](K] and g, C V Gl
J T VeV s0 i1 ViG] € VilGjo)] Thus, jilgx] € ViG] = Mi[G ()] 80
there is a lower bound of j*[g.] in Col( (k),< 4)in MG, ] Call it ¢. Choose
the generic g for @* over M [G*< linside V[G(,)11] such thatg € g . This
is possible usmg the homogenelty of Q* . Then j} [g,.i] - g‘ (x)"

Now we construct G*/%)+1 the generlc for P*/ ")+ where P* factors as IP’;T(H)H *

P*/®)+ - Assume j : ¥ — M is given as an ultrapower embedding, i.e.., M =
{j(f)a) - feV.f:V; - V.aeV,}. Let D be a set-sized maximal

antichain of P*/(®)+! in M [G] (x) +1]- Then there is a ]P’*Tm ,-hame 7 in M such that

D = 1%w+. Fix f € V and a € V, such that f : V; — Vand t = j(f)(a).
We seek a condition p € G**! which extends an element of (f(a))%+' whenever
aeV;and (f(a ))9x+1 is predense in P**!. This is possible if the upper part of the
forcing has enough closure. (It will not work if we let Q1 be Col(xt1. < €x42). for
then the upper part does not have enough closure to find such a p. This is precisely
why we break our forcing into two parts, P and R.) Conditions (2) and (3) in the
construction of P ensure that P, | is &,42-closed in V' [G41]. This is enough closure
to find a condition p € G**! which extends an element of (f(a ))%+' whenever
a € Vyand (f(a)) @+ is predense in P**1.

Let jiy @ V[Gor1] — M[G]*(K 1l be given given by j:+1( gGr) = (]'(U))G’ W+
for ¢ any Pyy-name. V[G,1] = (Va € V3, if (f(a))%+ is predense in P**!,
then Ir € (f(a))%+ such that p < r). Hence, there is an s € G, such that
V I (s - (Va € V3, if f(a) is predense in P**!, then 3r € f(a) such that p < r)).
(Here p is a P.yj-name for p.) By elementarity. M = (j(s) I+ (Vb € j(V;). if
j(f)(b) is predense in j(P**!'), then 3r € j(f)(b) such that j(p) < r)). Since
j(s) € j[Ges1] C G* T MIGT 4] = (3r € D such that j* ,(p) < r)). The
same proof works for arbitrary definable maximal antichains. By elementarity,
Ji[G" 1] is pairwise compatible. In M[G,) ] let G+ = (g e prilw+l
3r e G (jr,(r) < q)}. the upward closure in P/ 0+ of j*  [GRH].

Thus, j[G] € G*. Let j* : V[G] — M[G*] be given by j* ( ) = (j(0))7",
where ¢ is any P-name in V. ]PV'("”+1 is € (,;)12-Closed in V[G](K +1l-and g, 2> A
Hence, V[G] K)+l = V[G](n +1] (k)+1+ V[G +1]](/@ +1 = VA[G +1] since 4
is inaccessible in V', and since ]P’/<"”">+1 is €(x)+2-closed. Likewise, M[G*];(x)41 =
MG ] Since V3[G () 1] = M;[G; +1] and P, and P75 ), both collapse
210 j(6)1. VIG] ()41 = MIG*1(5)11- Therefore{ K is hyperstrong in V[G]. B

Phase 2: Construction of R. The second stage of the forcing takes care of the
cases which were untouched by P. In Phase 1, we could not let Q, be a collapsing
forcing when a was the successor of an inaccessible limit of w;-Erdos cardinals,
because it was precisely at those points that we needed enough closure to lift the
embedding. In Phase 2 we correct what was left undone in Phase 1 in order that all
successors of regulars were w-Erdds cardinals in V. We must be careful that what
we obtained in regard to co-stationaity of the ground model after Phase 1 remains
valid after Phase 2.

Recall that (0, : @ € Ord) enumerates all the cardinals in 7 which are both
inaccessible and limits of w;-Erdos cardinals in V. The stages o, + 1 of the Phase 1
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forcing P were where we did not collapse anything; Qs,1 was the trivial forcing.
These are the stages where we will now do a Lévy collapse.

For each o € Ord, recall that J, is fixed by P, and in V[G], us,+1 = (Ja)"
and ps, .2 = €5,42. For each ordinal a, we take S, = Col(us, 41, < #s,12). Let
Ro11 = Ry *S,, where Ry is the trivial forcing. Let R be the reverse Easton iteration
of the R,. o € Ord. R is going to collapse the us,42’s down so that us,» becomes
(0,)*". which is the same as X, in the final extension by P+ R. Let V' = V[G].
Let H be V'-generic for R, and let W = V'[H].

Claim 2. k remains superstrong in W.

ProOOF. Let k : V! — N be an elementary embedding witnessing the super-
strength of x in V/. Let R* denote the version of R in N. Again, our goal is to
create a generic H* for R* over N such that kK[H] C H* and W,y = N[H"];()-
R} (o) = Ri(x). since V,& = Ni(s). S0 let H = H(,).

&)

Next, construct the generic for R*(%) over N [H,j(n)]. Let k;} denote the lifting
of k to V'[H,]. so thatk : V'[H,] — N[Hy(,] by k(") = (k(g))" where o
is an R,-name in V’. We assume that k is given by an ultrapower embedding, i.e.,
N ={k(g)(b):geV' . g:V/ — V' andb € Vit Let D beaset-sized maximal

antichain of R**(%) in N[H;(K>]. Let 7 be an RZ(H)-name in N such that D = /0,
andlet g € V' and b € V] such that 7 = k(g)(b). In V'[H,]. tes1 = k7. s0O
Sk = Col(k™, < €442). Hence, R* is x*-closed. So in V'[H,]. thereisa p € H"
which extends an element of (g(b))#= whenever b € V! and (g(b))~ is predense
in R". It follows that N[H{, ] = (Ir € D such that k*(p) < r). By elementarity,

&)
k*[H*]is pairwise compatible. Let H***%) = {g € R*/®) : 3r € G* (k*(r) < q)}.
the upward closure in R*/(®) of k*[H*].

Thus, k[H] € H*. Hence, k lifts to an elementary embedding k* : W —
N[H*] with k*(k) = k(k). It remains to show that Wy, = N[H*];(,). RF(R) —
Col(k(k)*. < fr(x)+2) * RFEH! hence is k (k) T-closed. So W) = V'[Hy () lk(x)-
V' Hi() k() = V/é(,i)[Hk(n)]» since k() is inaccessible. Likewise. N[H *](,) =
Nk(n)[H/:(,i)]' Hk(n) = Hlj(n)’ and Nk(,@) = V/é(n). So we have VV/C(,{) = N[H*]k(,{).
Thus, & is superstrong in W. =

As the last step, we check that every N,-c.c. forcing in W which adds a new subset
of Ny achieves global co-stationarity of IW.

Subclaim A. Let o € Ord. If pu, is regularin ¥/ and a # 6, + 1 forany y € Ord.,
then *(V’, u,) holds.

PrOOF. By Lemma 2.7, *(V[Gai1]. ie) holds. Since P**! is (u,)*-closed,
*(V', ug) holds, by Lemma 2.10. =

Subclaim B. For each regular p in W, (W, p) holds.

PrOOF. Casel. a € Ord. andin W . (6,)" < p < Jas1. Then #(V', p) holds, by
Subclaim A. R, 41 = Ry *Col((0a) ", < €5,42), SO Ry i8S €5, 12-C.C. p > €5, 420 V',
s0 *(V'[Hy+1), p) holds, by Lemma 2.9. R*™ = Col((Ja11)". < &5,,,42) * R2*2 is
(0a+1)T-closed. So by Lemma 2.10, *( W, p) holds.
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Case2. o € Ord and p = (6,)". Sa = Col((da) ™. < €5,12), 80 *(V'[Ha11]. p)
holds, by Lemma 2.7. R**! is (§,,1)"-closed in V'[H,1]. so x(W,p) holds, by
Lemma 2.10.

Case 3. «is alimit ordinal and p = J,. *(V”’, p) holds, by Subclaim A, and &, is
still strongly inaccessible in V. If & < p, then |R,| < p. If @ = p. then R,, is p-c.c.
Either way, *(V'[H,]. p) holds, by Lemma 2.9. R® = Col(p*. < gq42) * R®*! is
pT-closed; so by Lemma 2.10, *( W, p) holds. =

These three cases cover all regular cardinals p € W, so (W, p) holds for all
regular p in W. By Theorem 2.8, we finally obtain global co-stationarity of W for
any partial ordering which adds a new subset of N; and is N,-c.c. (or adds a new
subset of N| and satisfies the (p*, pT. < p)-d.L if p is less than the least regular limit
cardinal, and the 0-c.c. if € is the least regular limit cardinal). -

THEOREM 3.2. Assume V' is a model of ZFC with an w-Erdés hyperstrong car-
dinal k and a measurable cardinal above j(k), where j is an elementary embedding
witnessing the wi-Erdés hyperstrength of k. Then there is an inner model W C V
with a proper class of Woodin cardinals such that every Y,-c.c. forcing which adds a
new subset of X achieves global co-stationarity of W. If moreover k is an w\-Erdds
hyperstrong cardinal which is a limit of wi-Erdds hyperstrong cardinals, then W has a
proper class of superstrong cardinals.

ProOOF. Let ¢ be the sentence “There exists an w;-Erdos hyperstrong cardinal
k, a witnessing embedding j : ¥ — N, and a measurable cardinal above j(x)”.
Let ¥ be model of ZFC satisfying ¢, and let 6 be a regular cardinal large enough
that Hy = ¢. Let T” be a countable elementary submodel of Hy and T’ be the
transitive collapse of 7”. Since 7" is countable we can force CH over T’ by forcing
with the collection of functions from ordinals o < w; into 2. Let T denote the
extension model. Then T is still countable and T = .

In T let k denote an w;-Erdos hyperstrong cardinal, j : ¥ — N be a witnessing
embedding, and u denote a measurable cardinal above j(x). Define P imye1 I T
as in Phase 1 in the proof of Theorem 3.1. Let G € V' be P, -generic over T.
Define R (,,) as in Phase 2 in the proof of Theorem 3.1. Let H € V be R (,,)-generic
over T[G]. Let M = T[G][H]. M € V. By the same arguments, x remains
superstrong in M. Moreover, (M, p) holds for all regular cardinals p € M with
Ny < p < j(k).

Since the forcing P, 1 * R;(,) has cardinality in 7 much smaller than p, u is
still measurable in M and carries a measure in M which is iterable in V. Iterate
out u to obtain an inner model W’ C V which agrees with M up to sets of rank
less than u. That is, letting 0 be a regular cardinal in V' above u, form (in V') the
ultrapower of H (0) with respect to a measure on . Then there is an elementary
embedding j; : H(0) — Ult;, where Ult; denotes Ult(H (0). %), where %, is a
measure on u. ji(u) > p and j(u) is measurable with measure j; (%) in Ult;; so
there is an elementary embedding j» : Ult; — Ult,, where Ult, = Ult(Ult;, %),
where %1 = j1(%,) is a measure on jj(u). In this way, form the directed limit W’
of ultrapowers iterating through all the ordinals in V. This gives us an inner model
W' of ¥ such that W’ and V are the same everywhere below rank u. & is still
superstrong in W', so let Z be a measure on  in W', Let H' denote the H,+ of
W'. As before, iterate % out to obtain an inner model W satisfying (W, p) for each
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regular p € W with p > N,, and as & is superstrong in W', W has a proper class of
Woodin cardinals. That is, starting with the model H (k) in W', use a measure on
% and form the directed limit (over all ordinals in W) of iterations of ultrapowers.
This gives an inner model W of W’ which is elementarily equivalent to H (k).

If in addition, V' has an w;-Erdos hyperstrong cardinal which is also a limit of
w1-Erdos hyperstrong cardinals, then by the proof of Theorem 3.1, « is a limit of
superstrong cardinals in W’. It follows that there is a proper class of superstrong
cardinals in . -

We conclude with the following open problems.

ProBLEM 3.3. What is the internal consistency strength of global co-stationarity
for N,-c.c. forcings which add a new subset of 8;? Does the existence of an inner
model for this property follow from the existence of an inner model with a large
cardinal property weaker than superstrength?

ProBLEM 3.4. What is the consistency strength of global co-stationarity for N,-
c.c. forcings which add a new subset of X together with the existence of a measurable
cardinal?

Our final open problem refers to [3], where we showed that “Py,(R,,) \ V is
stationary in ¥'© where C is R,-Cohen forcing” is equiconsistent with X, many
measurable cardinals.

ProOBLEM 3.5. Is global co-stationarity for X;-Cohen forcing consistent?
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