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In th is  paper we provide an e x p l i c i t  pos i t i ve  so lu t ion  to Post 's Problem in m- 

recurs ion theory ,  for  many admiss ib le o rd ina ls  m. The Sacks-Simpson Theorem (Sacks- 

Simpson [72 ] )  y i e l ds  a p o s i t i v e  so lu t ion  fo r  a l l  admiss ib le m v ia  an m - f i n i t e  

i n j u r y  argument. By way of  con t ras t ,  our approach makes no use o f  the p r i o r i t y  

method. Instead we f ind  new ways to combine Skolem hu l l s  w i th  the t r a n s i t i v e  co l lapse 

lemma. Thus our proof  is r e a l l y  very close to G6del's proof  of  the G C H in L 

(G6del [ 39 ] ) .  

I f  ~ is a l i m i t  o r d i n a l ,  ~ < m, then m-co f ( l )  = m - c o f i n a l i t y  of  ~ is 

j u s t  the c o f i n a l i t y  o f  ~ when evaluated ins ide  Lm; thus,  m-co f ( l )  = l eas t  y s . t .  

there is an unbounded f :  ~ > ~, f ~ L m . A set X ~ m is low i f  ×' ~ ~' 

where X' is the s-jump of X. And, X is h~£erregu lar  i f  <Lm,X> is an admiss ib le 

s t ruc tu re .  We suggest consu l t ing  Simpson [74] fo r  f u r t he r  c l a r i f i c a t i o n  of  the basic 

not ions of  m-recursion theory .  

Theorem I .  Suppose m > m is admiss ib le  and Lm I :  There is no l a rges t  ca rd ina l .  

Then %(w) = {~ < mlm - c o f ~ )  = ~} is a low, hyperregular  ~-RE set whose s-degree 

is s t r i c t l y  between 0 and O' 

Proof:  An s -ca rd ina l  is an ord ina l  K such tha t  I_ m ~:= ~ is a ca rd ina l .  I f  

is an s -ca rd ina l  then we l e t  ~+ denote the leas t  s -card ina l  g rea ter  than m. ~!e 

show tha t  i f  m < ~ is a r e g u l a r  s -ca rd ina l  ( t ha t  i s ,  L m I=  m is  regu la r )  then 

<LK+, S(~) n L +> is a ~ l -e lementary  subst ruc ture  o f  <Lm, S(m)>. Thus any 

£1<L ,S(w)> funct ion f w i th  domain ~ (and de f i n ing  parameter p e L +) has range 

contained in L +. This es tab l ishes the a d m i s s i b i l i t y  of  <Lm,S(m)>. Also note tha t  

X = {K+I m < K is a regu la r  s - c a r d i n a l }  is ~ over L m and thus _~ 0' More- 

over i f  #(x)  is a E 1 formula de f i n ing  the complete E 1 set C fo r  <Lm,S(w)> 

then fo r  y e X: 

C n Ly : {x E LyI<L ,S(w ) n Ly> I :  @(x)} 

and there fo re  C ~  X v S(w), where V denotes ~- recurs ive  j o i n .  ~ut C has ~- 

degree S(m)' and X v S,(w) < 0 ' ,  so S(~) is low. 

Suppose then tha t  ~ < K is a regu la r  s -ca rd ina l  and <Lm,S(w)> l=~y~(x ,y ,S(~) )  

where ~ is Ao and x ~ LK+. We wish to show that  

<L +,S(w) n LK+> I :  ~y ~(x,y ,S(w) n L +).  Choose y ~ L m so tha t  

<L ,S(m)> I :  ~ (x , y ,S (~ ) )  and l e t  Z be a regu la r  s -ca rd ina l  so that  y ~ LZ. Also 
m 
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+ 
choose 6 between ~ and ~ so t h a t  x ~ LB-<LK+ and m-co f (6 )  > u. Thus any 

m- f i n i t e  w-sequence from L 6 belongs to  LB: I f  f :m + L 6 is  m - f i n i t e  then y = 

sup(Range( f ) )  < 6 and gof  c L where g is a 6 - f i n i t e  i n j e c t i o n  o f  y i n t o  ~, 

Thus f = g - l o ( g o f )  c L 6. 

Now we l e t  H = ~I Skolem hu l l  o f  L 6 u { y }  i n s i d e  <Lx,S(w) n LX>. We c la im 

tha t  any m - f i n i t e  w-sequence from H belongs to  H. For, l e t  h be a #I Skolem 

f u n c t i o n  f o r  L~ thus H = h[w x (L~ u <u) ; { y } )  ] .  I f  yo ,Y l  . . . .  ~ H is  m - f i n i t e  then 

we can choose m - f i n i t e  sequences Xo,X 1 . . . .  ( f rom(L6)  ) and no,n I . . . .  ( f rom w) so 

t h a t  Yi = h ( n i ' ~ i ' Y )  f o r  each i .  But then <(no,#o)  , ( n l , ~ l )  . . . .  > e L 6 and as 

the E 1 sentence ~z ~ i ( z ( i )  = h ( n i , ~ i , y )  ) i s  t r u e  in  L~, i t  i s  t r u e  in  H, So 

<yO,y I . . . .  > e H. 
+ 

6 < # < < , Then S(w) n H co l l apses  to T r a n s i t i v e l y  c o l l a p s e  H to Ly, _ 

S~m) n L : Cal l  the c o l l a p s i n g  map w . I f  B ~ S(m) ~ H then H con ta ins  an w- 

sequence B O, 51 . . . .  c o f i n a l  in 5. Then W(BO' ~I . . . .  ) is  c o f i n a l  in ~(B) so 

~(B) ~ S(w).  Conversely i f  w(8) E S(w) n Ly then there  is  an w-sequence w(80 ) ,  

(61) . . . .  c o f i n a l  in w (8 ) ;  then <60,81 . . . .  > ~ H and ~0,81 . . . .  must he c o f i n a l  

in B, e lse  sup B i < 8 < B f o r  some B ~ H and sup w(# i )  < w(B) < w(8) shows t h a t  
i 

~ (50 ) ,  ~(81) . . . .  i s  not c o f i n a l  in  ~ ( 5 ) .  

We now have <L~,S(w) n L~> I ~  ~ ( x , y ,S (w )  n Lk)+ <H,S(w)nH>I= ~ ( x , y , S ( ~ ) N H )  ÷ 
+ 

<LT,S(w) n Ly> 1 = ~ ( x , ~ ( y ) , S ( w )  n LT). Thus s ince  y < ~ we have <L +,S(u)  n L<+> 

I = ~y # (x , y ,S (m)  N L +) .  

I t  on ly  remains to show t h a t  S(w) is  not m - recu rs i ve .  Suppose t h a t  

~ y # ( x , y , p )  i s  a ~l fo rmula  (w i th  parameter  p, ~ is  &O) and we show t h a t  t h i s  
+ 

formula does not de f i ne  the complement o f  S(~) .  Choose a successor m-card ina l  

so t ha t  p e L and y e L m so t h a t  # (~+ ,y ,p )  holds (note t h a t  ~+ # S (w) ) .  

Choose 6 < m so t h a t  ~+, y e L~ and i n d u c t i v e l y  d e f i n e :  

HO = ~I Skolem h u l l ( L  K u {~+ ,y } )  i n s i d e  L 6 

+ 
~0 = HO n 

+ 
Hn+l = ~I Skolem h u l l ( L  u {~n, K , y } )  i n s i d e  L 6 

+ 

~ n + l  = Hn+ 1 N K • 

+ 
Then H = ~ H n is  the E l Skolem hu l l  o f  L~U {~ ,y }  i n s i d e  L , where #= sup~ . 

n n 

I f  ~:H ~ L~ then w(m +) = ~-. .~oreover LXJ= #(~ . ,w(Y) ,P) .  But then ~y#(~-,y,p)  is  

t rue  s ince ~ is  /~0"  This shows t h a t  ]~yq~ ( x , y , p )  does not de f i ne  the complement 

o f  S(w) as ~ has m - c o f i n a l i t y  ~o- 

The preceding p roo f  i s  e a s i l y  m o d i f i e d  as f o l l o w s :  I f  K is  a r e g u l a r  m- 

ca rd ina l  then l e t  S(~) = {k < ~Im - c o f ( k )  = ~ } .  I f  t he re  is  no l a r g e s t  ~ - c a r d i n a l  
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and ~ < ~ are regular m-cardinals then <L +,S(~) n L +> is a ~l-elementary sub- 

s t ructure of <L ,S(m)>, ~!oreover the same proof shows that  i f  ml,K2 are both 

regular m-cardinals less than a regular m-cardinal ~ then <L +,S(ml) n L +, 

S(~2) n I. +> is a ~l-elementary substructure of  <#m,S(ml), ~(~2)>. Thus 

S (K I )VS(K2)  is low, hyperregular and m-RE. The next resu l t  shows that  S(Kl ) ,  

S(K2) represent incomparable m-degrees. 

Theorem 2. Suppose there is no largest  m-cardinal and ~i,~2 are d i s t i n c t  re- 

gular m-cardinals. Then S(KI) is not m-recursive in S(m2). 

Proof: Suppose that # is A 0 and ~y#(x,y,p,S(K2)) defines the complement of 

S(K I )  over <Lm,S(~2)>. We derive a contradict ion by showing that <L ,S(m2)>~y@(x, 

y,p,S(m2)),  for  some x E S(ml). Choose a regular m-cardinal m so that  P' ~ I '  

m2 ELK and l e t  y ~ Lm be so that #(K+,y,p,S(m2)). The choice of y is possible 

as m+ ¢ S(ml). I f  X is a regular m-cardinal such that y E L X then induc t i ve ly  

define a ml-sequence of Skolem hu l l s :  

= u {m+,y} in <Lx,S(~2) n LX> H0 %1 Skolem hul l  of L 

+ 

T0 = H0 n 

H6+I = S1%kolem hul l  of L u {m+,y,y6} in <Lx,S(~2) n LX> 

+ 

Y6+l : tt6+1 n 

- u HB" #B = u T , , 5 l i m i t .  
HB B'<6 B'<B B 

l.emma. For 6 < ~ l '  any ~ - f i n i t e  K2-sequence from H6+ 1 belongs to H6+ I .  

Proof of Lemma: F i rs t  note that  i f  f :  m2 ÷ H6+I is ~I<Lx,S(K2 ) n LX> (with 

parameter in H6+I) then f e H6+ I .  For, i f  f ( x )  = y <-+ <Lx,S(m 2) n LX> ~ ~z~(x, 

y ,z )  where ~ is A 0 then <H6+l,S(m2) n H6+I > ~ ~bqx c K2~y,z E b~(x ,y ,z ) ,  as 
th is  sentence is true in <L~,S(m2) n LX>. So f E H6+ I .  ~1ow i t  suf f ices to show 

that  any m- f i n i t e  f :  m2 ÷ H6+l is ~I<Lx,S(~2 ) n LX>. But there is a ~I<H6+I, 

S(<2) n H6+ I>  in jec t ion  g:H6+l l÷ L and gof e L K (since ~2 < ~ and ~ is a 

regular m-cardinal ) .  So f= g- o(gof) is ZI<H6+I,S(K2) n H6+I > and hence 

ZI<Lx,S(K2) n LX>. t 

Let 
~ ( ~ + )  = ~ .  

S(<2) n k T 

H ~<u H~ and ~ = H n ~+ Then ~ ~ S(KI) and i f  ~:H ~ ~ L T then 
o E l o 

For our contradict ion i t  suf f ices to show that  ~ ( ~ 2 )  n HI = 

as th is  impl ies <LT,S(~2) n L#>~#(y ,w(y) ,p ,S(K2)  n L~), showing that  
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~y#(x,y,p,S(m2) ) does not def ine the complement of  S(KI) .  

I f  # c S(~2) n H then there is a co f ina l  f :~? ÷ 5, f • H since H is a 

El-elementary substructure of L x .  T~en ~of is co f ina l  in  ~(B) so w (~ ) •S (~  2) Con- 

verse ly ,  suppose ~(B) ~ S(~2). Choose an m - f i n i t e ,  increasing func t ion  

f:K 2 ÷ H so tha t  Tof is co f ina l  in ~(5).  Then fo r  some 6 < K l and unbounded 

m - f i n i t e  × ~ m2' g = f ~ X has range contained in H6+ l ,  By the lemma g • H~+ l 

But g is  co f ina l  in 6 as otherwise for  some ~ H, uRange(g) < B < ~ and 

u~ange(~of) < ~(6) < ~(B),  con t rad ic t i ng  the fac t  tha t  ~of is  co f ina l  in  ~(6) . - -  I 

Some Remarks and ~uest ions 

l )  The proof o f  Theorem 2 is eas i l y  extended to show: I f  there is no largest  

m-cardinal and <'ml . . . . .  ~n are d i s t i n c t  m-cardinals then S(~) is  not m-recursive 

in S(~ l )V. . .vS(mn).  Moreover S (~ l )V . . . v  S(Kn) is low and hyperregular.  

2) Suppose there is no largest  m-cardinal and ~I,~2 are d i s t i n c t  m-cardinals.  

Then is S (< l ) ,  S(~2) a minimal pa i r  ( i . e . ,  does A~<~ S(~ l ) ,  A~<~$(~ 2) imply A 

is m-recursive)? 
3) Are there any incomplete m-RE aegrees greater than a l l  of the m-degrees 

of  S(~) fo r  regu lar  m-cardinals m(assuming there is no la rges t  m-cardinal)? 

4) Problem: Find na tu ra l ,  in termediate m-RE degrees when there is a la rg -  

est m-cardinal .  I f  m* = m then there is no largest  m-stable;  is there a way of 

making use of the m-stables s im i l a r  to the ahove use of  m-cardinals? 
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