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s ° ġ−1 · x ∈M

u
OQPS]@OQPS]#XZ[B]#røV#aF]�g8[BaLp�b�XZaUaUX
^`Tlb�[BXZrùkKPS]#TB]_k�^�X�V#ayg8RUr}T�u���aFg8RFr ¸ RUT�V#aF]�g�[ � g8T

RLb
x
h�]�aUXZcS�ZT�kKX

M
kKPS]#c

g−1 · x
h�]#aFXZcS�8T�kBX

x
b�XZ[�]#jZ]#[\p

g ∈ S∞

� g8c�d�V�XZc¢jZ]�[\TB]�aLp �
RLb
x
dSX"]�T`cSX8k`h�]�aUXZcS�@kKX

M
� kKPS]#c

g−1 · x
h�]�aFX8cS�ZTvkKX

M
b�XZ[QcSX

g ∈ S∞
u

��ayg�RFr Ç RUT�xS[\X
jZ]#d�h p�RFcSd�YSV#kBRFXZc{X8c{kKPS]� �XZ[\]�a�[Kg�cS®mX8b
M

u�×'XZ[�TBRUrtxSaURUV#RLk�p
g�TBTBY�rt]�kKP'g!k

L
P'g8T�¨\YST�klXZc�]JhSRUc'g8[�p�[B]�aFg�kKRUXZc

R
uS�©b

M
RFTvX8b0kBPS]Wb�XZ[\r

{x ∈ N 2 |
(k, l) ∈ x}

kBPS]�cnRUb
k, l

g8[B]�aF]#TBT0kBP'g8c
n
kHg�®8]

ϕn
M(v0, . . . , vn−1)

kBX5hÈ]
R(vk, vl)

g8cSd
X�kKPS]#[\^`RUTB]�kKg8®8]

ϕn
M(v0, . . . , vn−1)

kKX_h�]Jg8c p�V#XZc kB[Kg8d�RFV#kBRFXZc�u��©b
ϕn

M(v0, . . . , vn−1)RUTQdS]#fScS]�d�kKPS]#c�kHg�®8]
ϕn
∼M(v0, . . . , vn−1)

kKX¥h�]8°
∧

k≥n
ª �©b (u0, . . . , uk−1)

RFT�g�c�RFc
¨\]�V#kBRUjZ]5T\]�i YS]�c�V�]J]��"kK]�c�dSRFcS�
(v0, . . . , vn−1)

kKPS]#c
∼ ϕk

M(u0, . . . , uk−1))
u

ª OQPSRUTz^�XZ[B® T�h�]�V�g8YSTB] ∼ M
RFT5V�X�o©rt]�g8�Z]#[5h�]�aFX$^

s
RL��kBPS]_V#XZr}xSaF]#rt]#c k5X8b

M
RFT

c�X8k5V#X�o�r}]�g��Z]�[Qh�]�aFX$^úg8c p§]G�"kK]#cSTBRUXZc¤X8b
s
uÀ¬`×�RFc'g8aUaÖp � RLb

M
RFTQkBPS]�RFc kB]�[\TB]�VGkKRUXZc�X�b

Mj

�
j ∈ N

kKPS]#c�kHg�®8]
ϕn

M(v0, . . . , vn−1)
kKX}h�] ∧

j ϕ
n
Mj

(v0, . . . , vn−1)
u
2

û§�¢ü¡��E�
���� æ 354�?BA�C�;ED!687F?G4�=H?�IK?G7L68:<;>M!4�Ã\M!4�6 � M�IK?G7¢NGC�²GN$?G:�M�¼Q6z|lM!7.;FNH~�N���6"=H?�Æ5;FN
V#ayg�TBTBRLf�g8hSaU]�h¢pJV�X8YSc kKg8hSaF]�T\kB[BYSVGkKYS[\]�T ; îµ;E:·;FN � M!IK?G7.ý�IH?BÐ8C'=G;�²�7F?�:�Mz:E~'?�;FN$M!»�M!I©�'~";FNG»
IK?G7L68:�;>M!4

'L

M!4e:E~'?@=HM!C"4':©6¢²�7F?�NG:�IGC'=G:�C�IK?HN�¼�M!I�6�=HM!C�4S:©6¢²�7F?J7L684"´8C�6$´"?
L ð

½2¦�Í�Õ£T�g8[B]vXZh�kHg8RUcS]�d_h p_[\]�T�kK[BRUV#kBRFcS�zkKP�]QaFX8�ZRUVvg�V#kKRUXZc
jL

kKXJg8c@RFc¢j�g8[\Ryg8c¢k� �XZ[B]#a
T\]#k

B
u Ù YSV�Pëg�[B]#ayg�kBRFXZc«RUT�kK[\RUj"Ryg�aUaLpq �XZ[B]#aLo�[\]�dSY�V�RFh�aF]�kKX

'L

� j"Ryg�kBPS]eRUdS]�c¢kKRLk�p
[\]�T�kK[BRUV#kB]�d�kKX

B
u

Ê{]zV�g8c�g8aUTBX�[\]�T\kB[BRUV#k
jL

h p}[\]�xSaFg8V#RFcS�
S∞

h¢p}XZcS]5X�b¾RLkKT�V�aUXZTB]#d�TBYShS�8[BXZY�xST
G
u

OvPS]z[B]#TBYSaLkKRFc���]�i YSRLj�g8aU]�cSV#]z[\]�ayg!kKRFX8c
'G

L

RFT�]���x�[B]�T\TB]�d�h¢pÈ°
x 'G

L y
RU�
x
g8c�d

y
g8[\]

RUTBX8rtXZ[\xSPSRUVzj"Ryg¥g@x�]�[\r@Y�kHg�kBRFXZc§RUc
G
u

â



ì �0� ���
�"� ç ó ~'?n?BA�C";ED!687F?G4�=H?�IK?G7L68:�;>M!4
'G

L

;E4�Ð8C�=H?BÐt²�9t6§=G7FM$N$?BÐ_NGC�²�´8IKM!C
�
G

M�¼
S∞

;FN@=G7L6!NHNG; þ�6 ²�7U?�²�9�=HM!C"4':>6 ²�7U?WN�:<I�C�=G:�C"IH?HN ð
|�IKM$M�¼ ð ×'XZ[zg8c¢p x ∈

Á�X"d
L
dS]Gf'cS] � Y�k

x = {g ∈ S∞ | g · x = x}
� kKPS]n�Z[BX8YSx�X8b

g�Y�kKX8rtXZ[\xSPSRUTBr}TvX8b
x
u

ÿ��"�������ôó ~'?W=G7FM$N$?BÐ�NGC�²�´8IKM!C
�'NJM�¼
S∞

68IK?J? º 6"=G:�7.9n:E~'?W68C":�M!»�M!I©�'~";FNG»Ñ´8IKM!C$�'N
M�¼n=HM!C"4':©6¢²�7F?�NG:�IGC'=G:�C�IK?HN�¼�M!I�6�=HM!C�4':>6¢²�7F?J7L684"´8C�6$´"? ð
|�IKM$M�¼}M�¼ Â ?G»@»}6�� ð ��aF]�g8[BaLp�]�g�V�P�g8Y�kKXZr}XZ[Bx�PSRFT\rã�8[BXZYSxeRUTWg�V�aUXZTB]#dmT\YShS�Z[\XZYSx·u
×'X8[QkBPS]�X8kBPS]�[`dSRF[\]�VGkKRFX8c � aF]Gk

G
h�]�g¥V�aUXZT\]�d�T\YShS�Z[\XZYSx�X8b

S∞
u�½¾]#k

In
h�]JkKP�]�TB]Gk

X�b
G
o©XZ[BhSRLkKT¯XZc

Nn
� R>u£]8u � kKP�]lTB]Gk�X8b�]�i YSRLj�g8aU]�cSV#]lV�ayg�TBTB]#T�X8b�]�aU]�r}]�c¢kKT�X8b

Nn
YScSdS]#[

s ∼ t
RL�
t = g ◦ s

b�XZ[5T\XZr}]
g ∈ G

u
In

RFTzgtV#XZYSc kKg8hSaU]�TBYShST\]#kWX8b
P(Nn)

u�½¾]Gk
Ih�]@kKPS]¥YScSRUXZcmX8b�kKPS]

In
Õ£T � b�XZ[�g�c p

i ∈ In
aU]#k

Ri

hÈ]}g8c
n
o�g8[\p�[B]#ayg�kBRFX8ceT\p"r_h�XZa

g�cSd�aU]#k
L

h�]}kKP�]t[B]�T\YSaUkBRFcS��aFg8cS�ZY'g��Z]8u2álX
^ dS]#fScS]
x ∈

Á�X"d
L
g8T�b�XZaUaUX
^`T#°2×'XZ[

i ∈ In
�
x ² Ri(k0, . . . , kn−1)

RU�
(k0, . . . , kn−1)

h�]#aFX8cS�ZTzkKX
i
u�OQPS]�c

G =
� Y�k

x

�
Y�TBRFc��¥kBPS]Wb�g8V#kQkKP'g!k

G
RFTQV#aFXZT\]�d·u

2
ª ½2]#rtrtg Ü ¬

á5X$^úkKX�TBPSX$^ kKPSg�k
'G

L

RFT5V#ayg8T\TBRLf�g8hSaU]�h p�V#XZYSc¢kHg8hSaU]nT�kK[\YSV#kBYS[B]#T�b�XZ[5g�V#aFXZT\]�d
T\YShS�Z[\XZYSx

G
X8b
S∞

� ^`[BRLkK]
G

g8T � Y�k
y

b�XZ[@TBXZr}]�V�XZY�c kHg�hSaF]�T�kK[BYSVGkKYS[\]
y
b�XZ[¥g

aFg8cS�8Y'g8�Z]
L′ dSRUT�¨\XZRUc k5b�[BX8r L

u�OvPS]@r�g�x
x 7→ (x, y)

RFT5kKPS]#c�g§ �XZ[B]#a¡[B]#dSYSV#kBRFXZc
X�b

'G
L

kBX
'L∪L′

u
2

� *,+��·*.- ���!���"��/0�21��"�
ì �0� ���
�"� � ó ~'?_?BA�C�;ED!687F?G4�=H?n=G7L6!NHN$?HNnM�¼�684'9 Â2¹�Ä 68IK? � M!IK?G7 ð
|�IKM$M�¼ ð Ê{]nYSTB]JÎ Ù V#X8kBk�g8c'g�aUp"TBRUT�ÏHu�½¾]#k

A
�
B

h�]nT\kB[BYSVGkKYS[B]#T�b�XZ[zgtV�XZY�c kHg�hSaF]�[B]#ayg!o
kBRFX8c'g8a�ayg8cS�8Y'g8�Z]

L
g8cSd§aU]#k

ā
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ẋ0Eẋ1

u
álX
^ RLb

x0

�
x1

g8[B]ng8c¢p
P
o��8]�cS]#[BRUV�[B]�g8aFTlRFc

X
� kBPS]�[\]nRFT5g

P
o��8]�cS]#[BRUV�[B]�g8a

y
RUc
YT\YSVHP§kBP'g�k�h�X8kKP�x'g8RU[BT

(x0, y)
g�cSd

(x1, y)
g8[B]

P 2 o©�Z]�c�]�[BRUV  RUk�b�XZaFaUX$^`T�kBP'g�k x0

g8cSd
x1

g8[B]
E
o�]#i YSRUj�g�aF]#c k�u

á5X$^ V�XZcST\RFdS]#[}kKP�]�b�XZ[BV#RFcS�
P2

� V�X8cSTBRUT\kKRUcS�{X8bWg8aUaQcSXZcS]#rtx�k�p
Σ1

1

T\YShSTB]GkKT�X�b
X × X

u¯�©b
G

RFT
P2

o©�Z]�cS]#[BRUV�kKP�]�cêkBPS]�RUc kB]�[BT\]�VGkKRFX8cêX8blkBPS]�T\]#kKT¥RUc
G

RFT@gex'g8RU[
(x0, x1)

X�b�[B]�g8aFTzRUc
X

TBYSVHPekKP'g!kWh�X8kBP
x0

g8cSd
x1

g8[\]
P
o©�Z]�c�]�[BRUV_g8cSd�kKP�]�[B]Gb�XZ[B]

h¢p�kBPS]Jg�hÈX$jZ]Jg�[B]
E
o©]�i YSRUj!g8aF]#c k�uS �Y�k`RLb

G
V�XZc¢kHg8RUcST�kKP�]WV�X8cSdSRLkKRFX8c

(X ×X) \Eª ^`PSRUV�Pmh¢pe½¾]�r}r�g ÔZÔ RUT�cSXZcS]#r}x�k�p�¬ � kKPS]#cmkBPS]@[B]#TBYSaLkKRUcS�
x0

�
x1

V�g8cScSX�kJh�]
E
o

]#i YSRUj!g8aF]#c k�g8T¡kKPS]vxSg8RF[
(x0, x1)

h�]�aUXZcS�ZT�kKXzkKPS]vV#XZr}xSaF]#rt]#c k¡X8b
E
� V�XZc¢kK[Bg8dSRFVGkKRUXZc·u

2

á5X$^ kKX�f'cSRUTBPqkKPS]�xS[BX"X�bWX8bWOQP�]�XZ[\]�r ¸Z¸ � hSYSRUaFdqg{x�]�[�b�]�V#k�T\]#k
A

X�bW[B]�g8aFT
RUc
H

T\YSVHP�kKP'g�k�g�c p�dSRFT�kKRFc�V#k5x'g8RU[lb�[\XZr
A

RFT
P 2 o©�Z]�c�]�[BRUV8u�OQPS]�ceh¢p¤½¾]�r}r�g ¸
Ü �

d�RFT\kBRFcSVGk2[B]�g8aFT2RUc
A
g�[B]

E
o©RFcS]#i"Y�RUj�g�aF]�c¢k � g8cSdJkKPS]#[B]Gb�XZ[B]�^�]�P'g$jZ]�gl �XZ[B]#a [\]�dSY�V#kKRUXZc

X�b
(R,=)

kKX
E
u
2

� *.+�) & *Ö- �������"��/��21��"�
Ê{]�c�]G�"klkHg�®8]�g¥V�aUXZTB]#[`aUX"XZ®�g�kQkKPS]WkKP�]� �XZ[B]#a2½2¦�Í�Õ£T�u

û§�¢ü¡��E�
���� )%�'& ¼
E

;FN�684Ñ?BA�C";ED!687F?G4�=H?�IH?G7Ö6Z:�;>M!4ÑM!4ú6�|`M!7.;FNH~«N���6"=H?
X

:E~'?G4
E+

;FN_:�~'?t?BA�C�;ED!687F?G4È=�?nIK?G7L68:�;>M!4êM!4{:�~'?�|lM!7.;FNH~�N��S6"=H?
XN

Ð"?�þ�4�?BÐ�²�9)(
xE+y

; î
{[x(n)]E | n ∈ N} = {[y(n)]E | n ∈ N} ð & ¼ Ei

;FN�684ë?BA�C�;ED!687F?G4�=H?�IK?G7L68:<;>M!4
M!4

Xi

¼�M�I¥?B6"=H~
i ∈ I

:�~'?G4 ∨
i∈I Ei

;FN_:E~'?¥Ð8;FN*��M!;E4':�C"4';>M!4�M�¼n:E~'?
Ei

Å N ï ; ð ? ð ï :E~'??BA�C";ED!687F?G4�=H?_IK?G7L68:<;>M!4µM!4 ⋃
i∈I{i} × Xi

Ð"?�þ�4�?BÐ¤²�9
(i, x) ∼ (j, y)

; î
i = j

684�Ð
xEiy ð,+ ?�þ�4�?�:�~'?�IK?G7L68:<;>M!4�N

Fα ï α < ω1

6!NW¼�M!7E7FM


N�(
F1

;FN�?BA�C�687.;E:<9�M!4 � 68;EIK?
N©�S6"=H? ï Fα+1 = F+

α ï 684�Ð Fλ =
∨

α<λ Fα

¼�M!I_=HM!C�4':>6¢²�7F?J7.;E»@;E:QM!I\Ð8;E4�687ÀN
λ ð

ì �0� ���
�"� ) 	 3z4 Â2¹�Ä ;FN � M!IK?G7�; îú;E:�;FN � M!IH?G7.ý�IK?BÐ8C'=G;�²�7F?�:�M@N$M!»�?
Fα ï α < ω1 ð

|�IKM$M�¼ ð ��aF]�g8[BaLp�]�g8VHP
Fα

RFT`gt �X8[B]�a¾]#i"Y�RUj�g�aF]�c�V�]�[B]#ayg�kBRFXZc � T\XtRUkQb�X8aFaUX
^`TvkBP'g�k5g8c¢p
½2¦�Í� �XZ[B]#aLo©[B]�d�YSV�RUhSaF]zkBX}T\XZr}]

Fα

r_YST�k5g8aUTBX¥h�]� �X8[B]�a<u
O0X}xS[\X
jZ]�kKPS]WV�XZc¢jZ]�[\TB] � ^�]�g8�¢g8RUc§YST\] Ù V�X�kBklg8c'g�aUp"TBRUT�uS �p�RFcSd�YSV#kBRFXZc§X8c

α <
ω1

^�]_dS]#f'c�]@]�i YSRLj�g8aU]�cSV#]@[\]�aFg�kKRUXZcST
≡α

st

XZc
P(N 2) ª = h�RFc'g8[�p�[\]�ayg!kKRUXZcST5XZc

N
¬

b�X8[
s, t ∈ N<ω

X8b0kKPS]JTBg8rt]WaF]#cS�8kBP�g�TQb�XZaFaUX$^`T�°

¸
Ü



A ≡0
st B

RU�
A(si, sj) ↔ B(ti, tj)

b�XZ[
i, j <

aF]�c��8kKP
s =

aF]�c��8kKP
t
u

A ≡α+1
st B

RU�
∀k∃l(A ≡α

s∗k,t∗l B)
g�cSd

∀l∃k(A ≡α
s∗k,t∗l B)

u
A ≡λ

st B
RU�
A ≡α

st B
b�XZ[`g8aUa

α < λ
�
λ
aURFr}RÖk�u

 �p�g}h'g�V�®Zo�g�cSd�o©b�X8[\kKP¤g�[B�ZYSr}]#c k �
A ' B ª r}XZ[\]�xS[\]�V#RFTB]#aUp �

(N,A) ' (N,B)
¬QRL�

A ≡α
∅∅ B

b�XZ[`g8aUa
α < ω1

u
ÿ��"����� ) ( Ø C$�¢�'M$N$?v:�~�68:

P
;FNl6

Σ1
1

N$?G:¡M�¼0��68;EIHN
(A,B) 


~'?GIK?
A,B

68IH?`²�;E4�68I�9
IK?G7L68:�;>M!4�N¥M!4

N
684�ÐtNGC$�¢�'M$N$?�:E~�68:

P
;FN YSc h�XZYScSd�]�d ;E4�:E~'?�N$?G4�N$?�:E~�68:�¼�M!I¥?B6"=H~

α < ω1 ï P =HM!4':©68;E4�N56l��68;EI
(A,B)

NGC'=H~t:E~�68:
A ≡α

∅∅ B ð ó ~'?G4 P =HM!4':>68;E4�Nz6l��68;EI
(A,B)

NGC'=H~�:E~�68:
A ' B ð

|�IKM$M�¼�M�¼ Â ?G»@»}6 ð ½¾]Gk F h�]Wg�V�XZc¢kKRFc YSXZY�T�r�g�x�b�[\XZr
NN

XZc¢kKX
P
u�×'XZ[

u ∈ N<ωaU]#k
Pu

h�]
{F (a) | u ⊆ a}

u�OQPS]#[B]eRUT�g{TBrtg8aFaU]�T�k
n0

TBY�V�PwkKP'g�k
P〈n0〉

RUT�T�kKRFaUa
Y�c"h�XZY�cSdS]�d�u�½¾]Gk

k0 = 0
u·OQPS]�c�kBPS]�[\]}RUT

l0
T\YSV�P�kBP'g�k

P〈n0〉
RFTWT\kBRFaUa¡YSc"h�XZY�cSdS]#d

Î�X
jZ]#[
〈k0〉, 〈l0〉

ÏQRFc_kKPS]`T\]�cST\]lkKPSg�k�b�XZ[�]�g8V�P
α < ω1

�
P〈n0〉

V�XZc¢kHg8RUcST�gWx'g8RF[
(A,B)T\YSVHP{kKP'g!k

A ≡α
〈k0〉,〈l0〉

B
u¾�©kB]�[Bg�kKRUcS��kBPSRFT � ^�]}V�g8c{xS[BX"d�YSV�]}c"Y�r@h�]#[BT

nm, km, lmT\YSVHPmkKP'g�kWh�X8kBP
〈km | m ∈ ω〉

g8cSd
〈lm | m ∈ ω〉

g8[\]@x�]#[Br_Y�kHg!kKRFX8cST�X�b
N

g8cSd
b�X8[Qg8c¢p

m
� kKPS]�TB]#k

P〈n0,...,nm〉
RUTvYSc"h�X8YScSdS]#d�X
jZ]#[

〈k0, . . . , km〉, 〈l0, . . . , lm〉
uS½¾]#k

a
h�]

〈nm | m ∈ N〉
g8cSd

F (a) = (A,B) ∈ P
u

OQPS]#c�kBPS]Jx�]�[Br_Y�kHg�kBRFXZc
f(km) = lm

^`RUkKc�]�TBT\]�T
A ' B

u
2

ª ½¾]�r}rtg ¸$å ¬
á5X$^úT\YSxSx�XZT\]�kKPSg�k

E
RFTlgt �X8[B]#a0½2¦�ÍJu�OQP�]�c

E
RFTl �X8[B]�aÖo�[\]�dSYSV#RFhSaU]�kKX

'
XZc

h�RFc'g�[\p�[\]�aFg�kKRUXZcST  aF]#k Θ
h�]�g} �X8[B]#a¾[B]#dSYSVGkKRFX8c·u'OQP�]�c

{(Θ(x),Θ(y)) |∼ xEy}
RUT

g
Σ1

1

TB]GkJg8c�d�dSX"]�TzcSX8kzRFc kB]�[\TB]�VGk
'
uÈ�©kzb�XZaUaUX
^`T`b�[BXZr�kKPS]naF]#rtrtg@kKP'g!kzb�XZ[5T\XZr}]

α < ω1

�
Θ

[\]�dSYSV#]�T
E

kKX
≡α

∅∅

u�OQP"YST�kBX�fScSRFT\P«kKPS]¤xS[\X"X8b�^�]�X8cSaUpêcS]�]#dwkKPS]
b�X8aFaUX$^`RUcS�S°
ÿ��"����� ) �ÑÂ ?G:

≡α
Ð"?G4�M!:�?

≡α
∅∅

¼�M!I�684'9
α < ω1 ð ó ~'?G4 ≡α

;FN � M!IK?G7.ý�IH?BÐ8C'=G;�²�7F?
:�M@N$M!»�?

Fβ ð
|�IKM$M�¼_M�¼ Â ?G»@»}6 ð Ê{]�T\PSX
^ÝkKPSg�kl]�g8VHP

≡α
st

RUTl �X8[B]#aLo�[\]�dSY�V�RFh�aF]zkKX¥TBX8rt]
Fβ

uSOQPS]
[\]�aFg�kKRUXZcST

≡0
st

P'g$jZ]�V#XZYSc¢kHg8h�aUp¢o�rtg8c p¥V�aUXZx�]�c�]�i YSRLj�g8aU]�cSV#]�V�aFg8TBT\]�T � g8cSd�PS]�cSV#]Jg8[\]
 �XZ[B]#aLo©[B]�d�YSV�RUhSaF]nkKX

F0

� ^`PSRFVHP�^�]tV�g8c�kKg8®8]¥kKX�h�]}]#i Y'g8aURUk�p�XZc
N
u2×'XZ[W]�g8VHP

α
�

kBPS]�b�YScSVGkKRUXZc
(s, A) 7→ {(s ∗ k,A) | k ∈ N}

RFTtg� �XZ[B]#al[B]#dSYSVGkKRFX8c«X8b
≡α+1kBX

(≡α)+ u0×'XZ[�aURFr}RÖk
λ < ω1

� ^`[\RUkK]
λ
g8T�kBPS]taFRUr}RÖkJX8b`g�c�RFcSV#[B]�g8TBRUcS��TB]#i YS]�cSV�]

〈λn | n ∈ ω〉  kKPS]#c (s, A) 7→ {(m, s,A) | m ∈ N}
RUT�g� �XZ[B]#a�[B]#dSYSV#kBRFXZc�X8b

≡λkBX
(
∨

n∈N ≡λn)+ u
2

¸$Þ



Ä ?G»}68I�� ð �©k§RFT�g8aUTBX�c�X8k§dSR-�}V�YSaLk�kKX�TBPSX$^ãkKP'g�k�]�g�V�P
Fα

RUT§g�c ½0¦�ÍJu�OQPSRUT�RFT
h�]#V�g�YSTB]�kBPS]JV�X8aFaF]#V#kBRFXZc�X8b¯½2¦�ÍJÕÓT`RFTQV#aFXZT\]�d�YScSd�]�[`kBPS]JXZx�]�[Bg�kKRUXZcST + g�cSd ∨

n∈N

u
á5X�kK]¥kKPSg�k/.�g8YS�ZP¢k�Õ£T�V#XZc!¨\]#V#kKY�[B]}^�XZY�aFd�b�X8aFaUX
^Ñb�[\XZr Ù RFaLjZ]�[#ÕÓTWkKPS]#XZ[\]�r RUb�^�]

V#XZYSaUd�T\PSX
^ kBP'g�k�]�g8VHP�½2¦�ÍëRUT�]�RLkKPS]#[v �X8[B]�a�XZ[�V�XZr}xSaU]#kK] � g8Tvg8c¢ptV#XZrtx�aF]#kB]z½2¦�Í
PSg8T`V�XZc¢kKRUc"YSY�r¥o©r�g�c p�]#i YSRUj!g8aF]#cSV�]JV�aFg8TBT\]�T�u ß c�b�X8[\kKY�c'g�kK]#aUp�°
ì �0� ���
�"� %�&ôó ~'?GIH?J;FN�684 Â0¹�Ä 


~";>=H~�;FNJ4�?G;E:�~'?GI � M!IK?G7·4�M!I_=HM!»z��7F?G:�? ð
O0X�xS[\X
jZ]�kBPSRFT@^�]�kHg�®8]¤g8cq]G��V#YS[BT\RFXZc«RFc¢kKXmkBPS]�kBPS]�X8[\pêX8b � h�]#aFRyg�cêkKXZ[\TBRUXZc

�8[BXZY�xST � R>u£]�u �·� h�]#aFRyg�cm�Z[\XZYSxST
(G,+)

^`RUkKPekKPS]¥xS[\XZx�]�[�k�p�kKPSg�kJb�XZ[W]GjZ]�[�p
g ∈ GkBPS]�[\]¥RFT

n ∈ N
T\YSVHP�kKP'g!k

g + g + · · · + g ª n kBRFr}]�TK¬5]�i Y'g8aUT
0
u·OQPS]@b�XZaUaFX$^`RUcS�

aU]�r}rtg8T�TBPSX$^ëkKP'g!k
'Atg

� kKP�]WRUTBXZr}XZ[Bx�PSRUTBr [B]#ayg�kBRFX8c�XZc�kKPS]#TB]W�Z[BX8YSxST � T\]�[�jZ]�Tlg8T
g_^`RUkBcS]�T\T`kKX¥XZYS[vkKPS]#XZ[B]#r�u
ÿ��"�����{% ) Ã�027.» ;E4'D!68I�;�684':EN�Æ ó ~'?GIH?�;FNe6841��6¢²GN$M!7.C�:�?¤IK?BÐ8C�=G:�;>M!4 � M�¼

'Atg

:�M
?BA�C�687.;E:�9�M!4

N<ω1 ð
Ê{]}V�g8cmkHg8®8]nÎ�g�hSTBXZaUY�kK]#aUp¤[\]�dSY�V�RFh�aF]GÏnkKX�rt]�g8c·°·TBX8rt]_b�XZ[Br_YSaFg�dS]#f'c�]�Tng§[B]Go

d�YSV#kBRFXZc§^`PSRFVHP�^�X8[B® TlRFc�g8c¢p�kB[Kg8cST\RUkBRUjZ]Wr}X"dS]#a·X8b ª ]�cSXZY��ZP�¬vTB]GklkBPS]�X8[\p8u
ÿ��"�����{%�%12 M!:`?GD8?GIG9 Â2¹�Ä ;FNn6¢²GN$M!7.C":�?G7.9}IK?BÐ8C'=G;�²�7F?J:�M§?BA�C�687.;E:<9§M!4

N<ω1 ð
ÿ��"�����{% æ

'Atg

;FN_=HM�»z��7F?G:�?�6Z4�6Z7,9�:�;>=n6!N�6§²�;E4�68I�9}IK?G7L68:<;>M!4 ð
½¾]�r}r�g�T Ç"¸ g8cSd Ç Ú RFr}xSaLp5kKPSg�k

'Atg

RUT2cSX8k0V#XZr}xSaF]GkK]�g8T�g�cn½2¦�Í�g8cSd�½¾]�r}r�g
Ç�Ô RUrtx�aURU]�T�kBP'g�k`RUkQRFTQcSX8kl �XZ[\]�a>u
|�IKM$M�¼�M�¼ Â ?G»@»}6¥÷"õ ð � c p � h�]�aFRFg8ctkKX8[BTBRUXZc��8[BXZYSx

G
V�g�c§h�]z^`[BRLkBkK]#c�g�TQgndSRF[\]�V#k

T\YSr ∑
pGp

� ^`P�]�[B]
p
j!g8[BRU]�TlX$jZ]�[lxS[BRUr}]�Tlg8c�d

Gp

RUTlg
p
ý�´8IKM!C
� ª R>u£]8u � b�XZ[`]�g�V�P xkBPS]�[\]_RFTzg8c

n
TBYSVHPekBP'g�k

pn · x = x + x + · · · + x ª pn
kBRFr}]�TH¬Q]�i Y'g8aUT

0
uÈ�©b

G
RFT

g
p
o��Z[\XZYSx�kKPS]#c

G
RFc�kKYS[\c�V�g�c�h�]t^`[\RUkBkB]�c�g8T

Gr ⊕ Gd

^`PS]�[\]
Gd

RFT Ð8;ED$;FNG;�²�7F?
ª R>u£]8u � b�XZ[�]�g8VHP

x
kKPS]#[B]�RFT

y
T\YSVHP�kKP'g�k

p · y = x
¬�g8cSd

Gr

RUT IH?BÐ8C'=H?BÐ ª R>u£]8u � GrPSg8TWc�X�d�RUj"RFT\RFhSaU]�T\YShS�Z[\XZYSxSTWX8kBPS]�[zkKPSg8c
{0}

¬Gu·álX
^
Gd

RFT�¨\YST�k�g�dSRU[B]#V#kWT\YSr¶X�b
V#XZxSRU]�T¥X8b

Z(p∞)
� kBPS]��Z[BX8YSxµX8b

pn
o©kBPµV#XZr}xSaF]���[BX"X8kBT¥X�bzYSc�RUk�p �

n > 0
u Ù XmkBX

V#ayg�TBTBRLbEp � h�]�aFRFg8c{kKXZ[\TBRUXZc��Z[\XZYSxST � RUknTBY��tV#]�T@kBXeV#ayg�TBTBRLbEp{[\]�dSYSV#]�d
p
o��8[BXZYSx�T � b�XZ[

kBPS]Wj�g8[\RFXZY�T`x�[BRFr}]�T
p
u

×¡RÖ��g_x�[BRFr}]
p
uS×'XZ[vg�c p�V#XZYSc kKg8hSaU]

P
o��Z[\XZYSx

G
�
pG

dS]�cSX�kK]�T
{p · x | x ∈ G}

u
OvPS]�c�dS]#fScS]8°

¸ â



p0G = G
pα+1G = p(pαG)
pλG =

⋂
α<λ p

αG
�
λ
aURFr}RÖk�u

OvPS]�c
p∞G ª = pαG

b�XZ[zTBY��}V#RF]�c¢kKaLp¤ayg8[\�Z]
α
¬5RUTzkBPS]@d�RUj"RFT\RFhSaU]�x'g�[\k

Gd

X8b
G  X�bV#XZYS[\TB]JRLb

G
RFTv[B]#dSYSV#]�d�kBPS]�c

p∞G = {0}
uSOQPS]WaF]�g�T\k

α
TBYSVHP�kKP'g�k

pαG = pα+1GRUTQV�g8aUaF]#d§kBPS] 7F?G4"´8:�~�M�¼
G
� ^`[BRLkBkK]#c

l(G)
u

×'XZ[
α < l(G)

^�]�g8T\TBX"V�RFg�kK]mg�V�g8[Bd�RFc'g8azc YSr_h�]�[
UG(α)

� V�g�aFaU]�dwkKP�]
α
ý�:�~

027.» ;E4'D!68I�;�684':�M�¼
G
u¾O0X�dS]Gf'cS]¥kKPSRUT � c�X8kK]@kKP'g!k�]#jZ]#[\p�]#aF]#rt]#c kJX8b

pαG/pα+1GPSg8TnXZ[\dS]�[
p
� g8c�d�kKP�]�[B]Gb�XZ[B]}kKPSRUT�i YSX8kKRU]�c¢knV�g8c�hÈ]t[B]��Zg8[BdS]#d�g8Tng�j8]�V#kBXZ[nTBx'g�V�]

X$jZ]�[
Zp

� kBPS]tf']#aFd{^`RUkBP
p
]#aF]#rt]#c kKT � ^`RUkKP�T\XZr}]�d�RFr}]�cST\RFXZc·u·Ê{]�aF]#k

UG(α)
h�]

kBPSRFTWdSRFr}]�cST\RFXZc � ^`PSRUVHP{RFT�g�c{]#aF]�r}]#c k�X8b
{1, 2, . . . ,∞}

u2×'XZ[
α ≥ l(G)

� ^�]}TB]Gk
UG(α) = 0

u
027.» Å N ó ~'?HM!IK?G» ð �©b G g�cSd

H
g8[B]5[B]#dSYSV�]#d

p
o©�Z[BX8YSxST�kKPS]#c

G
g8cSd

H
g8[\]zRUTBXZr}XZ[�o

x�PSRFV�RU��kKP�]#p�P'g$jZ]�kKPS]WTKg�rt] ß aUrÌRFc¢j�g8[\Ryg8c¢kKT � R<uÓ]�u � RL�
UG(α) = UH(α)

b�XZ[v]GjZ]�[\p
α
u
½¾]�r}r�g Ç"¸ cSX$^�b�XZaFaUX$^`T�° � T\TBX"V#Ryg�kB]�kKX5]�g8VHPnV�XZYSc¢kHg8h�aF] � h�]#aFRyg�c�kBXZ[BT\RFXZc��Z[BXZY�x

G
RUkKTvTB]#i"Y�]�cSV�]�X�b ß aFrÌRUc j�g�[BRyg�c kKT � kKX8�Z]#kBPS]�[v^`RUkBP�g

0
XZ[

1
� RUcSdSRUV�g�kBRUcS�n^`PS]#kBPS]�[

X8[}cSX8k
G

RFT}[\]�dSYSV#]�d·u�OQPSRUT�g8T\TBX"V#Ryg�kBRFXZcµRUTtg8cwg8h�TBXZaUY�kK]�[B]#dSYSVGkKRUXZc«X8b
'Atg

kKX
]#i Y'g8aURUk�p�XZc

N<ω1
u
2

|�IKM$M�¼�M�¼ Â ?G»@»}6{÷43 ð �©ktRUTtg�[\]�TBY�aUktX8b�P¢p"x�]�[Kg�[BRUkBPSr}]#kKRUV§kKP�]�XZ[�pêkBP'g�k}kBPS]�[\]�RFT
g� �XZ[\]�azr�g�x

L 7→ L∗ b�[\XZr aURFcS]�g8[�XZ[\dS]�[\T�X�b
ω

kKX�RLkKTB]#aUb � T\YSVHPëkBP'g�k
L

RUT§g
^�]�aUaFXZ[\dS]�[\RFcS��RL�

L∗ RUTJg�^�]�aUaFXZ[\dS]�[\RFcS��RL�
L∗ + L∗ RFT�cSX�kJRFT\XZrtX8[BxSPSRUV�kBX

L∗ u·O0X]�g8VHP�aFRUcS]�g8[zXZ[\dS]�[\RFcS�
L

g8T\TBX"V#Ryg�kB]_kKPS]_kK[B]#]
TL

� V�X8cSTBRUT\kKRUcS�§X8b�f'cSRLkK]@d�]�TBV#]�cSdSRUcS�
L
o�T\]�i YS]�c�V�]�T�u
á5X$^Ëj"Ryg§g�V�XZcST�kK[\YSV#kBRFXZcmX8b�×']#b�]#[Brtg8c � b�YS[�kKPS]#[Jg8TBT\X"V�Ryg!kK]_kBX�]�g�V�PekK[B]#]

T
X�b

fScSRUkB]�TB]#i YS]�cSV�]�TQb�[BXZr
N

g8c � h�]#aFRFg8c
2
o��Z[\XZYSx

GT

u�OvPS]W�Z]�c�]�[Kg!kKXZ[\TQX8b
G

g8[\]
gs

�
s ∈ T

� TBY�h�¨\]#V#klkKX@kKP�]Jb�X8aFaUX$^`RFc��@[\]�aFg�kKRUXZcST�°
×'X8[

s
X�b5aU]�cS�8kBPê�8[B]�g!kK]�[nkKP'g8c

1
�
gs + gs = gs−

ª ^`PS]#[B] s− RFTnkKPS]§RUrtr}]#dSRFg�kB]
x�[B]�d�]�V#]�TBTBXZ[5X�b

s
RUc
T
¬Gu

×'X8[
s
X8b¡aU]�cS��kKP

1
�
gs + gs = 0

u

¸$å



OvPS]�c�RUk�RFT�cSX8k�P'g8[\d{kKX¤T\]�]tkKPSg�knRLb
T

RUTng�^�]�aUaLo>b�XZYScSd�]�d�kK[\]�]tX8bQ[Bg8cS®
α
� kKPS]#c

kBPS] ß aUr [Kg8c�®�X8b
GT

RFT5g8xSx�[BX���RUr�g!kK]�aLp
α
u���c�x'g�[\kKRUV�YSaFg8[ � RUb

T ′ RUT5g8cSX8kBPS]�[l^�]�aFaÖob�X8YScSdS]#d�kB[B]�]}^`PSX8TB]�[Bg8cS®mRUT�r_YSVHP�hSRU�Z�Z]�[WkKP'g�c
α
� kBPS]�c

GT

g8cSd
GT ′

g8[\]tcSX�k
RUTBX8rtXZ[\xSPSRUV8u Ù X¥^�]JP'g$j8]JkKPSg�k`b�X8[`g8c p�aFRFc�]�g8[vX8[BdS]#[BRFc��

L
°

L
RFTQcSX�k5g_^�]�aUaFXZ[\dS]�[\RFcS�_RU�

L∗ RFTQcSX8klg@^�]�aFaUXZ[Bd�]�[BRUcS�@RL�
L∗ + L∗ RUTQRFTBX8rtX8[BxSPSRUVzkBX

L∗ RL�
TL∗

RUT`RUTBXZr}XZ[\xSPSRUVzkKX
TL∗+L∗

RL�
GTL∗

RUT`RUTBXZr}XZ[\xSPSRUVzkKX
GTL∗+L∗

u
OvPS]@ayg�T\k�]�i YSRLj�g8aU]�cSV#]@P�XZaFdSTzh�]�V�g8YST\]¥RUb

L∗ RFT�g�^�]�aFaUXZ[Bd�]�[BRUcS��X�b�aF]#cS�8kBP
α
� kKPS]#c

kBPS]�[Kg8cS®�X8b
TL∗+L∗

RFTQk�^`RUV�]JkBP'g�k5X�b
TL∗

u Ù X}^�]�PSg$jZ]n �XZ[B]#aLo�[\]�dSY�V�]#d�kKP�]�T\]#kzX�b
^�]�aUaFXZ[\dS]�[\RFcS�ZTQX8b

N
� g}V#XZrtx�aF]#kB]�g�c'g8aUp kBRFVJT\]#k � kBX}kKPS]�RUTBXZr}XZ[\xSPSRUTBr [B]�aFg�kKRUXZc§b�XZ[

� h�]�aURyg8c
2
o©�Z[BX8YSxST�u

2

)�)'*,+$) % *.- ���!���"��/0�01��"�
ÿ��"�����{% ç 2 M!:`?GD8?GIG9 Â2¹�Ä ;FNn6¢²GN$M!7.C":�?G7.9}IK?BÐ8C'=G;�²�7F?J:�M§?BA�C�687.;E:<9§M!4

N<ω1 ð
|�IKM$M�¼ ð � c¤]G��g8r}xSaU]�RUT

E0

� ]#i Y'g8aFRLk�p�rtX"d�f'cSRLkK]Jb�X8[lT\YShSTB]GkKTzX8b
ω
u Ù YSx�x�XZTB]�kKP'g�k

F
^�]�[B]�g�c�g8hSTBX8aFY�kB]5[B]#dSYSVGkKRFX8ctb�[BXZr

E0

kKX
N<ω1

� XZ[�]#i YSRUj�g�aF]#c kKaLp � kBXnV�X8YSc kKg8hSaF]
T\]#kBTlX�b�V�X8YSc kKg8hSaF]�XZ[BdSRUc'g8aUT�u�½¾]#k

M
h�]Jg@V�X8YSc kKg8hSaU]�kK[Bg8cSTBRLkKRLjZ]�rtX"d�]�a�X8b�]#cSXZYS�ZP

T\]#k�kKPS]#XZ[\p8u � dSdtgJ��XZPS]#ct[\]�g8a
g
X
jZ]#[

M
� g8cSd¥V#XZcSTBRUdS]�[¯kKP�]

E0

o©]�i YSRLj�g8aU]�cSV#]`V#ayg�TBT
[g]

X�b
g
uSOQPS]#c

F ([g])
RFTQg@V#XZYSc¢kHg8h�aF]�TB]#k`X8b0V�XZYSc¢kHg�hSaF]�XZ[Bd�RFc'g8aUT�RFc

M [g]
� h p�kBPS]

g�hSTBX8aFY�kB]�cS]#TBTWX�b�kKPS]n[B]�d�YSV#kBRFXZc
F
u� �Y�k�h¢p�kKP�]_PSXZr}XZ�8]�cS]#RUk�p�X8b���XZP�]�c�b�XZ[BV#RFcS� �

kBPS]�T\kHg!kK]�r}]�c¢k_Î
α

h�]#aFXZc��ZT@kKX
F ([g])

Ï§RFT@dS]�V#RFdS]#dqh p�kKPS]�]�r}x�k�p�V�X8cSdSRUkBRFXZc�X8b
��XZPS]�c{b�X8[BV�RUcS�§b�XZ[J]�g8VHP{V�XZYSc¢kHg8h�aF]¥XZ[BdSRUc'g8a

α
X8b
M [g]

g8cSd�kBPS]�[\]#b�XZ[\]
F ([g])

RFT
RUc§b�g8V#k`RFcSdS]#x�]�cSd�]�c¢kzX8b0kKPS]JVHPSXZRUV�]JX8b�kBPS]���XZPS]#c¤[\]�g8a

g
u� �Y�k`kKPS]#[B]�g8[B]Jd�RFT\kBRFcSVGk

��XZPS]�c�[\]�g8aUT
g0

�
g1

^`RUkKP
[g0]

YScS]#i Y'g8a0kKX
[g1]

� V#XZc kB[Kg8d�RFV#kBRFcS�@kKPS]�b�g8VGk5kBP'g�k
F

RFT
g@[B]#dSYSVGkKRFX8c·u

2

ì �0� ���
�"� %5�ãó ~'?GIH?v;FNl6WNG;-6!?5=HM!4':<;E4'C"C�»é684':<;>=H~�68;E4t;E4�:E~'?zM!I\Ð"?GIG;E4"´_M�¼l=�M!C"4':>68ý
²�7U? � M!IK?G7�?BA�C";ED!687F?G4�=H?�IH?G7L68:�;>M!4�NWÃ�684�ÐJ:E~'?GIH?�¼�M!IK?v;E4t:�~'?zM!I\Ð"?GI�;E4"´_M�¼ Â0¹�Ä�Å N�ÆWC"4�Ð"?GI
� M!IH?G7.ý�IK?BÐ8C'=G;�²�;E7.;E:<9 ð
¹ »}²G?BÐ¢Ð¢6¢²�;E7.;E:�9¥IK?G7L68:<;>M!4�N�( Â MB´8;>=�7vC�6!NG;Eý ± IBÐ"?GIKN¥Ã Â 7 ± Å N�Æ

� A�C�6!NG;EýBM!IBÐ"?GI RUTQgn[B]G�']G��RUjZ] � kK[Bg8cSTBRLkKRLjZ]z[B]#ayg�kBRFXZc�u"�©b
R

RFTvg_i Y'g�TBRLo©XZ[Bd�]�[�kKPS]#c
kBPS] ?BA�C�;ED!687F?G4�=H?�IK?G7L68:<;>M!4{Ð"?GI�;ED8?BÐz¼�IKM!»

R
RUT5�8RUjZ]�c¤h¢p

xEy
RU� ª xRy g8c�d

yRx
¬�u

¸��



��7FMB´8;>=¥A�CS6!NG;EýBM!I\Ð"?GI�� XZ[�Â 7 ± � RFTzkBPS]@[B]#T\kB[BRFVGkKRUXZceX�b�kBPS]@i Y'g8T\RLo�X8[BdS]#[�X8b�]�r_h�]�d"o
dSg8hSRUaFRLk�p�kBX�kKP�]}V#XZYSc¢kHg8hSaU]¥r}X"dS]#aFTWX8b�g�TB]#c kB]�cSV#]�X�b

Lω1ω
ª b�XZ[WT\XZr}]¥V�X8YSc kKg8hSaF]

aFg8cS�8Y'g8�Z]
L
¬�u

×¡RU[BT\kQXZhST\]�[\jZ]JkKP�]Jb�X8aFaUX$^`RUcS�Su
ì �0� ���
�"� % � ó ~'?GIH?J;FN�6

≤B

ýB=�M!»z��7F?G:�?�684�687.9�:�;>=nA�C�6!NG;EýBM!I\Ð"?GI ð
|�IKM$M�¼ ð ½¾]#k W0

h�]�g�cµg�c'g8aUp kBRFVtTBYShST\]#k}X�b
(2ω)3 ^`PSRUV�P�RFTnYScSRLjZ]�[BTBg8a�b�XZ[@g�c'g8aUp¢o

kBRFV�TBY�hSTB]GkKTWX8b
(2ω)2

� R>u£]8u � g8c¢p¤g8c'g8aLp kKRFV�TBYSh�TB]#kWX8b
(2ω)2 RFT5X8b�kBPS]nb�X8[Br

{(y, z) |
(x, y, z) ∈ W0}

b�XZ[�T\XZrt]
x
u¡Éz]Gf'cS]

W1
h p�°

(x1, x2)W1(y1, y2)
RU� ª x1 = y1 ∧

(x1, x2, y2) ∈ W0

¬ � g8cSd�aF]Gk
W2

h�]}kKPS]taF]�g8T\k�[B]G�']G��RUjZ]�g8c�d�kB[Kg8cST\RUkBRUjZ]}[\]�ayg!kKRFX8c
V#XZc¢kHg8RUcSRFcS�

W1
u�OQPS]#c

W2
RFT5gtV#XZr}xSaF]GkK]�g8cSg8aUp kKRUVJi Y'g8TBRÖo�XZ[\dS]�[#°È��aF]�g8[BaLp�RLk5RUT5g8c

g�c'g8aLp"kBRFVWi"YSg8TBRÖo�XZ[\dS]�[ � g8T5g8c'g8aLp kKRFVW[B]#ayg�kBRFXZc�Tlg8[\]�V�aFX8TB]�d�YScSdS]#[5]G��RFT�kK]#c kKRFg8a2i Y'g�c�o
kBRUf'V�g�kBRFXZc�X$jZ]�[�[\]�g8aUT�u��©b

R
RUT�g8c¢p¤g8c'g8aLp kKRFV�i Y'g8T\RLo©XZ[BdS]#[zXZc

2ω
^`RUkBP

W0

o©V�X"dS]
x
�

kBPS]�c
y1Ry2 ↔ (x, y1)W2(x, y2),g�cSd�kKPS]#[B]Gb�XZ[B]WkKP�]�rtg8x

y 7→ (x, y)
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R
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|�IKM$M�¼ ð Ù Y�xSx�XZTB]zkKP'g!k R RUTvgnV#XZrtx�aF]GkK]zg8c'g8aLp kKRFVli Y'g8TBRÖo�X8[BdS]#[�u��©b

F
RFT�g8c§g8c'g8aLp"kBRFV

]#i YSRUj!g8aF]#cSV�]�[B]#ayg�kBRFXZc�XZc�g���X8aFRUTBP�T\x'g8V�] � kKPS]#c
F

RUTlRFc�x'g8[�kKRUV�YSaFg8[lg}i Y'g8TBRÖo�XZ[\dS]�[
g�cSd�kKPS]#[B]Gb�XZ[B]§RFT@ �XZ[\]�aÖo�[B]#dSYSV#RFhSaU]tkKX

R
u¯ �Y�k@kBPS]�c�kKPS]§TKg8r}]§[\]�dSY�V#kKRUXZcêT\PSX
^`T

kBP'g�k
F

g�aFTBX� �XZ[B]#aLo�[\]�dSY�V�]#T�kKX
≡R

� ^`P�RFVHPtRUT�kBPS]�[\]#b�XZ[\]5gJV#XZr}xSaF]GkK]`g8c'g�aUp kKRUVQ]#i YSRLo
j!g8aF]#cSV�]J[B]#ayg!kKRFX8c·u

��XZc¢jZ]�[BT\]�aLp � TBY�xSx�XZTB]�kBP'g�k
E

RUT¥geV�XZr}xSaU]#kK]§g8c'g8aLp kKRUV�]�i YSRLj�g8aU]�cSV#]�[\]�ayg!kKRUXZc
X8c

X
g8cSd�aU]#k

R0

h�]_g�V#XZr}xSaF]GkK]ng�c'g8aLp"kBRFV�i Y'g8T\RLo©XZ[BdS]#[5XZc
2ω

uÈ½¾]#k
f : 2ω → Xh�]Wg@ �XZ[\]�a�[\]�dSYSVGkKRUXZc§X8b

≡R0

� kKP�]W]�i YSRLj�g8aU]�cSV#]W[B]#ayg�kBRFX8c�d�]�[BRLjZ]�d�b�[BXZr
R0

� kKX
E
u

É5]#f'cS]�°
xRy ↔ xEy ∨ ∃a∃b(xEf(a) ∧ yEf(b) ∧ aR0b).OvPS]�c

R
RFTzg8c'g8aLp"kBRFV�g8cSd�V�XZc¢kHg8RUcST

E
u�½¾]Gk

X0
h�]

{x | ∃a(xEf(a))}
g8cSd

X1 =
X \ X0

u¾á5X8kB]@kKPSg�kJb�X8[
x, y ∈ X0

^`RLkKP
x(R \ E)y

g8cSd{g8c¢p
a, b

^`RLkKP
xEf(a)g�cSd

yEf(b)
� X8cS]_r_YST�k�P'g$jZ]

aR0b
� T\RFcSV#]

f
[B]#dSYSV#]�T

≡R0

kKX
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g8cSd
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R
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≡R
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E

g8cSd
f

RUT_g�[\]�dSY�V#kKRUXZc�X�b
R0

kKX
R
� TBX�kKPSg�k

R
RFT

V#XZr}xSaF]GkK]�u
2

Íl]#V�g�aFa2kKPSg�k�cSX§½2¦�ÍÑRUT5V�XZr}xSaF]GkK]ng8T�g�ceg8c'g8aLp"kBRFV�]�i YSRLj�g8aU]�cSV#]_[\]�ayg!kKRFX8c·u�¿lX�o
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684�687.9!:�;>=@?BA�C";ED!687F?G4�=H?WIH?G7L68:�;>M!48Æ ð
|�IKM$M�¼ ð ×¡RU[BT\k�^�]�RUc kB[BX"dSYSV#]�g�xSg8[\kBRFV�Y�ayg8[JV#XZrtx�aF]#kB]�g8cSg8aUp kBRFV}i Y'g�TBRLo©XZ[Bd�]�[

≤max

�
g�cSd�kKPS]#c�YST\]�RLkQkKX¥TBP�X
^ÝkKPSg�klg¥V�]#[\kKg8RFc�½;:�� RFT`g8aUTBX¥V#XZr}xSaF]GkK]8u

�©b
s, t

g8[\]zf'cSRLkK]zTB]#i"Y�]�cSV�]�T`b�[\XZr
ω
X8b¾kKPS]�TKg�rt]zaF]�c��8kKP � kBPS]�c�^�]�^`[\RUkB]

s ≤ tRL�
s(i) ≤ t(i)

b�X8[�g8aUa
i < |s|

g8cSd
s + t

b�XZ[WkKPS]}TB]#i"Y�]�cSV�]�X�bvaF]#cS�8kKP
|s|

^`PSXZT\]
j!g8aFY�]Wg�k

i
RUT
s(i) + t(i)

u�×'XZ[�g8c ptTB]#k
X
� g :<IK?H? XZc

X
RFTvgnTBY�hSTB]GklX8b

X<ω
V#aFXZT\]�d

Y�cSdS]#[J[B]�T�kK[\RFV#kBRFXZc�u��©b
T

RFTWg�kK[\]�]@XZc
X × ω

kKPS]#cm^�]¥TBg$p¤kKP'g!k
T

RFT 4�M!I�»}687 RL�
^QPS]�cS]GjZ]�[

(u, s)
h�]#aFXZcS�8T�kKX

T
g�cSd

s ≤ t
kKPS]#c

(u, t)
h�]#aFXZc��ZT�kKX

T
u�×'XZ[

s ∈ ω<ωT\]#k
T (s) = {u ∈ X<ω | |u| = |s| ∧ (u, s) ∈ T}

u·OvP"YSTWb�XZ[Wc�XZ[Brtg8a
T

^�]¥PSg$jZ]
s ≤ t→ T (s) ⊆ T (t)

u
� b�YScSVGkKRFX8c

f : ω<ω → ω<ω
RFT_Â ;À�'N$=H~";E:<6 RL�

f
xS[B]#TB]#[\jZ]�TnhÈX�kKP{aF]#cS�8kKP{g8cSd

]��"kK]#cSTBRUXZc·u
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²�99(

S ≤max T ↔ ∃
Â ;À�'N$=H~";E:<6

f : ω<ω → ω<ω ∀s ∈ ω<ω S(s) ⊆ T (f(s)).

OvPSRFT@RFT@geT�kK[BX8cS�e^vg�p�X8blTKg�p�RUcS�ekBP'g�k@kBPS]§xS[BX!¨\]�VGkKRUXZcêX�b
S
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SM!4
2 × 2 × ω

NGC'=H~�:E~�68:@(
Ã>;ÀÆ

R
;FNn:�~'?l��IHMA��?H=G:�;>M!4�M�¼

S ï ; ð ? ð ï xRy ; îµ¼�M!I�N$M!»�?
z ï (x|n, y|n, z|n) ∈ S

¼�M!I
687y7

n ðÃ>;E;ÀÆ
S

;FN�4�M!I�»}687 ï ; ð ? ð ï ; ¼ (u, v, s)
²#?G7FM!4"´!NW:�M

S
684�Ð

s ≤ t
:�~'?G4

(u, v, t)
²G?G7FM!4"´!N

:�M
S ðÃ>;E;E;ÀÆ & ¼

u ∈ 2<ω
684�Ð

s ∈ ω<ω
~�68D8?_:�~'?�N�68»�?n7F?G4"´8:�~ ï :E~'?G4 (u, u, s)

²G?G7FM!4"´!N_:�M
S ðÃ>;EDBÆ & ¼

(u, v, s)
684�Ð

(v, w, t)
²G?G7FM!4"´}:�M

S
:�~'?G4�N$M�Ð"M$?HN

(u,w, s+ t) ð
|�IKM$M�¼ ð Ù kHg8[�k�^`RUkBP�g8c¢ptkB[B]#]

T0

XZc
2× 2× ω

^`RUkKP
R

kBPS]�xS[BX!¨\]#V#kKRUXZc�X8b
T0

u��©b2^�]
T\]#k

T1 = {(u, v, t) | ∃s ≤ t(u, v, s) ∈ T0}
kKPS]#c

T1
RUT`cSXZ[Brtg8a¾g8c�d�^�]�PSg$jZ]JkKP'g�k

R
RUT`g8aFT\X@kKPS]JxS[\X�¨\]#V#kBRFXZc�X8b

T1

u � aUTBX � RUb0^�]JaF]Gk
T2

h�]
T1 ∪ {(u, u, s) | |u| = |s|}kBPS]�c

T2
TKg!kKRFT�f']�T ª Ry¬ � ª RFRF¬�g8cSd ª RFRFRF¬Gu

×¡RUc'g8aUaLp§^�]_dS]#f'c�]
S

h p�°
(∅, ∅, ∅) ∈ S

g8cSd�b�XZ[
k, n ∈ ω

�
u, v ∈ 2k

�
s ∈ ωk

�
i, j ∈ 2

°
(u ∗ i, v ∗ j, n ∗ s) ∈ S

RL�
∃u0, u1, . . . , un ∈ 2k(u0 = u ∧ un = v ∧ ∀l <

n(ul, ul+1, s) ∈ T2)
u ª Ù X¥RUb

n = 0
�
(u ∗ i, v ∗ j, 0 ∗ s) ∈ S

RU�
u = v

uÀ¬
OQPS]#c

S
^�XZ[\®"T#° ��aU]�g8[\aUp�RLk¯RUT¯gzkB[B]#]8u8O0XWVHPS]�VH® ª Ry¬ � cSX�kK]�f'[\T\k¯kBP'g�k¯RUb (x, y, a) RUTg`hS[Kg8c�V�P�kBPS[BXZY��ZP

T2

kBPS]�c
(x, y, 1∗a)

RUT�glh�[Kg8cSVHP�kKP�[BXZYS�8P
S
u Ù X

R
RUT�glT\YShSTB]Gk¯X8b

kBPS]lxS[\X�¨\]#V#kBRFXZc}X8b
S
u"��XZc jZ]#[BT\]�aUp � TBYSxSx�X8TB]lkKP'g�k

(x, y, n∗a)
RFT�gJhS[Kg8c�V�P}kKPS[\XZYS�ZP

S
u¯�©b

n = 0
�
x = y

g8cSd
(x, y) ∈ R

u¡�©b
n > 0

^�]§�Z]#k_b�XZ[n]�g8VHP
k
T\]�i YS]#cSV�]�T

(uk
i )i≤n

RFc
2k

^`RLkKP
uk

0 = x|k
�
uk

n = y|k
g8cSd�b�X8[

i < n
�
(uk

i , u
k
i+1, a|k) ∈ T2

u� �p
kBPS]`V�XZr}x'g8VGkKcS]#TBT�X8b

2ω
� ^�]`V�g8c¥f'cSd�gJT\YShSTB]#i Y']�cSV�]

(kl)
g�cSd}b�X8[

i ≤ n
]�aU]�r}]�c¢kKT

zi

X8b
2ω

T\YSV�PmkKPSg�k
ukl

i → zi

� g8T
l → ∞

u¾ �Y�kWkKPS]#cmb�XZ[
i < n

�
(zi, zi+1, a)

RFTWg
h�[Kg8cSVHP�kKP�[BXZYS�8P

T2

� PS]�cSV#]
ziRzi+1

u � T
z0 = x

g�cSd
zn = y

� h p§kK[Kg8c�TBRUkBRUj"RLk�p�^�]
�8]#k

xRy
� g8T`dS]#TBRU[B]#d·u

O0X�V�PS]#V�® ª RFRE¬ � aF]#k (u, v, s) ∈ S
g8cSd

t ≥ s
u¾OQPS]tV�g8TB]}X8b

(∅, ∅, ∅)
RFTWkK[\RUj"Ryg�a<u

Ù XeT\YSxSx�XZT\]
u = u′ ∗ i

�
v = v′ ∗ j

�
s = n ∗ s′

g8cSd
t = m ∗ t′

� ^`RUkKP
n ≤ mg�cSd

s′ ≤ t′
u � T

T2
RUT�cSXZ[\r�g8a¯^�]�g8aUTBX�PSg$jZ]

(u, v, n ∗ t′) ∈ S
� ^`RLkKP�kKP�]tTKg8r}]

^QRUkKc�]�TBT\]�T
(ui)i≤n

u � aUTBX � YSTBRUcS��xS[BXZx�]#[\k�p ª RURFRF¬QX8b T2

^�]_V�g8ce[B]#x�]�g�k�kBPS]n^`RUkBcS]�T\T
u0 (m− n)

kBRFr}]�T�kKX¥�Z]#kQ^`RUkKc�]�TB]#T`b�XZ[
(u, v,m ∗ t′) ∈ S

� g8TQdS]�T\RF[B]#d·u
ª RURFRF¬�b�XZaFaUX$^`T_b�[BXZr ª RFRy¬ng8cSdµkBPS]�b�g8VGk}kBP'g�k}RLb

|u| = |s|
g�cSd

s(0) = 0
kKPS]#c

(u, u, s) ∈ S
u

×¡RUc'g8aUaLp � kBX¤VHPS]�VH® ª RUj�¬ � aF]Gk u = u′ ∗ i
�
v = v′ ∗ j

�
w = w′ ∗ k

�
s = n ∗ s′g�cSd

t = m ∗ t′
TBg�kKRUT\bEp

(u, v, s) ∈ S
g8cSd

(v, w, t) ∈ S
u¡ �p ª RURE¬z^�]§g8aUTBX¤P'g�jZ]

(u, v, n∗(s′+ t′)) ∈ S
g�cSd

(v, w,m∗(s′+ t′)) ∈ S
� g8T¯^`RUkBcS]�T\TB]#dth p_TKg�p

(ui)i≤n

�
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(vj)j≤m

uZ �Y�k�kBPS]�c
(ui)i<n∗(vj)j≤m

RFT¯gz^`RUkBcS]�T\T�kBP'g�k
(u,w, (n+m)∗(s′+t′)) ∈

S
� g8T`dS]#TBRU[B]#d·u

2
ª ½2]#r}r�g Ô)� ¬

á5X$^ ^�]�TBP�X
^ kKP'g�kvg8c p�g8c'g�aUp kKRUV5i Y'g8T\RLo�X8[BdS]#[
R

X8c
2ω

RFT� �XZ[B]#aLo©[B]�d�YSV�RUhSaF]`kKX
≤max

u ½¾]#k
S
h�]`kBPS]QkK[B]#]5g�TBTBX"V#Ryg�kB]�d¥kKX

R
h¢p@kBPS]`aF]�r}rtgWg8c�dtd�]#f'cS]

f : 2ω → Th¢p
f(x) = Sx = {(u, s) ∈ (2 × ω)<ω | (u, x ¹ |u|, s) ∈ S}.

OvPS]QkK[B]#]
Sx

RUT�cSX8[Brtg8aSg8T
S
RFT#u8Ê{]`VHPS]#V�®nkKP'g!k

f
RUT¯kKP�]`dS]#TBRU[B]�d} �XZ[B]#aS[B]#dSYSV#kBRFXZc�u

Ù YSxSx�XZT\]@f'[BT�kWkKP'g�k
Sx ≤max S

y
� ^`RLkKcS]#TBT\]�d�h p¤kBPS]¥½¾RFxST\V�P�RUkK�_rtg8x

ϕ : ω<ω →
ω<ω

u2OQP�]�c{kKPS]}T\]�i YS]�cSV�]�T
ϕ(0k)

�
k ∈ ω

� ]G�"kK]#cSd�]�g8VHP�X8kBPS]�[�g8c�d{PS]�cSV#]thSYSRFaUd
T\XZr}]

a ∈ ωω
uS �p�xS[\XZx�]�[�k�p ª RURFRy¬ � b�XZ[vg8aFa k � (x|k, 0k) ∈ Sx

� PS]#cSV�]
(x|k, ϕ(0k)) ∈

Sy
u Ù X

(x, y, a)
RFT`g@hS[Kg�cSV�P�kKPS[\XZYS�8P

S
g8cSd�h¢p ª Ry¬ � xRy u��XZc¢jZ]�[BT\]�aLp � TBY�xSx�XZTB]

xRy
g8cSdÝaU]#k

a
h�]�TBYSVHPÝkKP'g!k

(x, y, a)
RUT�gqh�[Kg8cSVHP

kBPS[BX8YS�ZP
S
u!Éz]Gf'cS]

ϕ : ω<ω → ω<ω
h¢p
ϕ(s) = s+(a ¹ |s|)

u
OQP�]�rtg8x
ϕ
RFT2V�aU]�g�[BaUp

½¾RUxSTBVHPSRLkK�8u � aFT\X � RLb
s ∈ 2k

g8c�d
u
RUT�TBYSVHP§kKP'g!k

(u, s) ∈ Sx
^�]W�8]#k

(u, x|k, s) ∈ Sg�cSd
(x|k, y|k, a|k) ∈ S

u¾¿5]#cSV�]¥h pex�[BXZx�]#[\k�p ª RLj�¬zX8b S � (u, y|k, ϕ(s)) ∈ S
g8cSd

(u, ϕ(s)) ∈ Sy
u Ù X

ϕ
^`RUkBcS]�T\TB]#T

Sx ≤max S
y
� g8T`d�]�TBRU[B]#d·u

)¢ç2*,+$) � *.- ���!���"��/0�01��"�
×¡RUc'g8aUaLpJ^�]` �XZ[\]�aÖo�[B]#dSYSV#]

≤max

kKXWg�x'g8[�kKRUV�YSaFg8[¡½;:J� � c'g�rt]#aUp � kKP�]Q]#r@h�]#dSd'g
o
h�RFaURLk�p@[B]#ayg�kBRFXZctX8c ª V#XZYSc kKg8hSaU]$¬ =HM!»t²�;E4�6Z:�M!I�;�687�:<IK?H?HNG� R<uÓ]�u � T�p�r}r}]#kK[\RFV � RF[\[B]G�']G��RUjZ] �
V#XZcSc�]�V#kB]�d � g8V#p"V#aFRFV�hSRUc'g8[�p�[B]�aFg�kKRUXZcST#u�×¡RL��TBXZr}]nRUc!¨\]�VGkKRUXZc

θ
X�b

2<ω
RFc¢kKX

ω
TBY�V�P

kBP'g�k
|s| ≤ |t|

RUrtx�aURU]�T
θ(s) ≤ θ(t)

uÈ×'X8[5]�g8VHP
T ∈ T

^�]_d�]�TBV#[BRUh�]�kKPS]�V�XZr_hSRUc'g!o
kBXZ[BRFg8aÈkB[B]#]

GT

u
×¡RU[BT\kn^�]�g�dSd � b�X8[_]�g8VHP

s ∈ ω<ω \ {∅}
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