
CO-STATIONARITY OF THE GROUND MODELNATASHA DOBRINEN AND SY-DAVID FRIEDMANAbstrat. This paper investigates when it is possible for a partial orderingP to fore P�(�) n V to be stationary in V P. It follows from a result ofGitik that whenever P adds a new real, then P�(�) n V is stationary in V Pfor eah regular unountable ardinal � in V P and all ardinals � > � inV P [4℄. However, a overing theorem of Magidor implies that when no new!-sequenes are added, large ardinals beome neessary [7℄. The followingis equionsistent with a proper lass of !1-Erd}os ardinals: If P is �1-Cohenforing, thenP�(�)nV is stationary in V P, for all regular � � �2 and all � > �.The following is equionsistent with an !1-Erd}os ardinal: If P is �1-Cohenforing, then P�2(�3) n V is stationary in V P. The following is equionsistentwith � measurable ardinals: If P is �-Cohen foring, then P�+(��) n V isstationary in V P. 1. IntrodutionSuppose V � W are models of ZFC with the same ordinals, � is regular andunountable in W , and � is a ardinal > � in W . We say that the groundmodel V is stationary or that (P�(�))V is stationary in W if (P�(�))V is astationary subset of (P�(�))W . We say that the ground model is o-stationaryor that (P�(�))V is o-stationary in W if (P�(�))W n (P�(�))V is stationary in(P�(�))W . Note that (P�(�))V = (P�(�))W\V ; hene, (P�(�))W n(P�(�))V =(P�(�))W n V .The problem of preserving the stationarity of the ground model has been ex-tensively studied. It is well-known that any �-.. foring preserves all stationarysubsets of P�(�) for all ardinals � > �, hene preserves the stationarity of(P�(�))V in (P�(�))VP. Shelah has proved the following general theorem.Theorem 1.1 (Shelah's Strong Covering Lemma [12℄). Suppose V � W aremodels of ZFC, � is unountable regular in W , (�+)V = (�+)W , and Jensenovering holds between V and W . Then for all � � �+, (P�(�))V is stationaryin (P�(�))W .The problem of making the ground model o-stationary in the P�(�) of thelarger model has reeived onsiderably less attention. The purpose of this paperis to investigate the following general problem.1991 Mathematis Subjet Classi�ation. 03E35,03E45.Key words and phrases. P��, o-stationarity, Erd�os ardinal, measurable ardinal.This work was supported by FWF grants P 16334-N05 and P 16790-N04.1



2 NATASHA DOBRINEN AND SY-DAVID FRIEDMANMain Problem. Given a partial ordering P and unountable ardinals � < � inV P with � regular in V P, when is (P�(�))V o-stationary in V P?The following theorem of Gitik shows that any P whih adds a new real makes(P�(�))V o-stationary in V P, for all ardinals �1 � � < � in V P with � regularin V P.Theorem 1.2 (Gitik [4℄). Let V � W be two models of ZFC with the sameordinals, � a regular unountable ardinal in W , and � � (�+)W . Suppose thatthere is a real in W n V . Then (P�(�))V is o-stationary in W .Naturally, one wonders what happens if no new reals are added, but a new!-sequene is added.Question 1.3. Suppose P adds no new reals but does add a new !-sequene.Let �0 be least suh that P adds a new funtion r : ! ! �0. Does it followthat (P�(�))V is o-stationary in V P, for all ardinals �1 < � < � in V P with �regular in V P and � � �0?We do not urrently know the answer to this, although we do have some partialresults (see Fat 2.3, Theorems 3.2, 5.6, and 5.7, and Example 5.8).Question 1.4. Suppose P adds no new !-sequenes but does add a new subsetof �1. Does it follow that for all regular � > �1 in V P and all � � �+ in V P that(P�(�))V is o-stationary in V P?We have obtained the equionsisteny of a positive answer to Question 1.4:Theorem 3.8 (Consisteny of Global Gitik). The following are equionsistent:(1) There is a proper lass of !1-Erd}os ardinals.(2) If P is �1-Cohen foring, then (P�(�))V is o-stationary in V P for allregular � � �2 and all � > �.(3) If P adds a new subset of �1 and is �2-.. (or just satis�es the (�+; �+; <�)-distributive law for all suessor ardinals � � �2 and is �-.. forall strongly inaessible �), then (P�(�))V is o-stationary in V P for allregular � � �2 and all � > �.Why are !1-Erd}os ardinals required for Global Gitik? Consider the followingspeial ase of Question 1.4.Question 1.5. Suppose P adds no new !-sequenes but does add a new subsetof �1. Does it follow that (P�2(�3))V is o-stationary in V P?Magidor's Covering Theorem shows that at least one !1-Erd}os ardinal is ne-essary.Theorem 1.6 (Magidor [7℄). Assume there is no !1-Erd}os ardinal in KDJ ,where KDJ is the Dodd-Jensen ore model. Then for every ordinal � one ande�ne in KDJ a ountable olletion of funtions C on � suh that every subsetof � losed under C is a ountable union of sets in KDJ .



CO-STATIONARITY OF THE GROUND MODEL 3It follows from Theorem 1.6 that if KDJ has no !1-Erd}os ardinal and P isa (!; �<�)-distributive partial ordering in V (for example, if P adds no new !-sequenes), where � > � � �2 in V P and � is regular in V P, then there is alub C � P�(�) in V P (namely, the one generated by the funtions from thetheorem) suh that C � V . Hene, (P�(�))V is not o-stationary in V P. Itfollows that if KDJ has no !1-Erd}os ardinal and P adds no new !-sequenes,then for all � > � � �1 with � regular in V P, (P�(�))V is not o-stationary inV P. We will show that an !1-Erd}os ardinal is the exat onsisteny strength ofa positive answer to Question 1.5 for (�3;�3;�1)-distributive partial orderings.(These inlude all �2-.. partial orderings.)Theorem 3.6. The following are equionsistent:(1) There is an !1-Erd}os ardinal.(2) If P is �1-Cohen foring, then (P�2(�))V is o-stationary in V P for all� � �3.(3) If P adds a new subset of �1 and is (�3;�3;�1)-distributive, then (P�2(�))Vis o-stationary in V P for all � � �3.Now onsider the following generalisation of Question 1.5.Quest(�; �). Suppose � is regular, P adds a new subset of � but adds no new< �-sequenes, and � > �+ in V P. Does it follow that (P�+(�))V is o-stationaryin V P?Using indisernibles, we have shown the following.Theorem 3.2. Suppose that in V , � > �, � is regular, and � is �-Erd}os. Let Pbe �-Cohen foring (or any partial ordering whih adds a new subset of � and is(�; �; �)-distributive). Then (P�+(�))V is o-stationary in V P for all � � �.The next theorem shows the neessity of a �-Erd}os ardinal.Theorem 1.7 (Magidor [7℄). If there is no �-Erd}os ardinal in KDJ , then forevery ordinal �, there exists a ountable olletion C of funtions on � suh thatevery subset of � losed under C is the union of < � sets in KDJ .Hene, if KDJ has no �-Erd}os ardinal, and P is a partial ordering in V whihis (�; �<�)-distributive for all � < � (whih is weaker than saying that no new< �-length sequenes are added), where � > � � �+ and � is regular in V P, then(P�(�))V is not o-stationary in V P. Thus, we have the following equionsisteny.Theorem 3.3. The following are equionsistent:(1) � is regular and there is a �-Erd}os ardinal.(2) � is regular and there is a � > �+ suh that if P is �-Cohen foring, then(P�+(�))V is o-stationary in V P.(3) � is regular and there is a � > �+ suh that if P is any partial orderingwhih adds a new subset of � and is (�; �; �)-distributive, then (P�+(�))Vis o-stationary in V P.



4 NATASHA DOBRINEN AND SY-DAVID FRIEDMANWhen � < �!2, the following theorem implies that at least a measurable ar-dinal is required in order to make the ground model o-stationary in P�3(�).Theorem 1.8 (Magidor [7℄). Assume there is no inner model with a measurableardinal. Let � < �!2. Then in V one an de�ne a ountable set of funtionssuh that every subset of � losed under these funtions is a union of �1 sets inKDJ .It follows that if there is no inner model with a measurable ardinal, then theanswer to Quest(�2; �) is negative for all �3 < � < �!2. The next theorem isa strengthening of Theorem 1.8 whih implies that for any � � �2, if there isno inner model with � measurable ardinals, then the answer to Quest(�; �) isnegative for all �+ < � � �� (in fat, strongly negative in that every (< �; ��)-distributive partial ordering fores that the ground model is not o-stationary).Theorem 4.3. Let � � �2 be regular and assume that there is no inner modelwith � measurable ardinals. Then there is a ountable olletion C of funtionson �� suh that every subset of �� losed under C is the union of < � sets inKM , Mithell's ore model for sequenes of measures.Whenever the Free Subset Property Fr�(�; �) holds (see De�nition 4.4), thenQuest(�; �) has a positive answer for all partial orderings whih are (�; �; �)-distributive.Proposition 4.5. Suppose in V that Fr�(�; �) holds. Suppose P adds a newsubset of � and is (�; �; �)-distributive. Then (P�+(�))V is o-stationary in V P.Shelah has shown that from � measurable ardinals, one an obtain a model ofZFC in whih Fr�(��; �) holds [11℄. Using this, we obtain the following equion-sisteny.Theorem 4.7. The following are equionsistent.(1) �� > � and there are � measurable ardinals.(2) �� > �, and if P is the �-Cohen foring, then (P�+(�))V is o-stationaryin V P for all � � ��.(3) �� > �, and if P adds a new subset of � and is (��;��; �)-distributive,then (P�+(�))V is o-stationary in V P for all � � ��.2. Basi Definitions and FatsThroughout this paper, standard set-theoreti notation is used. �; �;  areused to denote ordinals, while �; �; �; �; � are used to denote ardinals. P�(X) =[X℄<� = fx � X : jxj < �g. Usually we use [X℄<! instead of P!(X) to denotethe olletion of �nite subsets of X. (X)<� denotes the olletion of all funtionsfrom an ordinal less than � into X; i.e. the olletion of all sequenes of lengthless than � of elements of X. We will hold to the onvention that if V � W are



CO-STATIONARITY OF THE GROUND MODEL 5models of ZFC with the same ordinals and � < � are ardinals in W , thenP�(�)denotes (P�(�))W .Certain distributive laws imply preservation of the stationarity of the P�(�)of the ground model. In addition, they will aid us in obtaining extension modelsin whih the ground model is o-stationary. We present the foring-equivalentde�nitions of distributivity, refering the reader to [6℄ for the Boolean algebraiversions.De�nition 2.1. Let �; �; � be ardinals with � � �. A partial ordering P is(�; �)-distributive if foring with P adds no new funtions from �� into ��. (Thisimplies all ardinals � �+ are preserved.) P is (�; �;< �)-distributive if for anyfuntion _f : �� ! ��, there is a funtion g : � ! [�℄<� in V suh that for eah� < �, _f(�) 2 g(�) in V P. We will say that P is (�; �; �)-distributive if it is(�; �;< �+)-distributive.Fat 2.2. (1) If P is �+-.., then P is (�; �; �)-distributive for all � and forall � > �.(2) The (�; �; �)-d.l. holds i� every subset of � of size � in V P an be overedby a subset of � of size � in V .(3) If � > � and P is (�; �; �)-distributive, then P perserves all ardinals �with �+ � � � �. Moreover, every stationary subset of (P�+(�))V in V isa stationary subset of (P�+(�))VPin V P. Hene, (P�+(�))V is stationaryin V P.(4) If P is (< �; �)-distributive and (�; �; �)-distributive, then P perserves allardinals � �.Suppose � is a regular ardinal and � > �+. The question of whether (P�+(�))Vis o-stationary in V P is ompletely solved if P adds no new subsets of �. To seethis, let � be least suh that P adds a new funtion r : � ! �. Note that � > 2implies � > 2�. If � = 2, then P adds a new subset of �. (Of ourse if P addsno new subsets of � of size � �, then (P�+(�))V = (P�+(�))VP, so the groundmodel annot be o-stationary.) If � > 2, we have the following.Fat 2.3. Let V � W be models of ZFC with the same ordinals. If � is a ardinalin W and � > � is the least ardinal in V suh that W n V has a new funtionfrom � into �, then 8� � �, P�+(�) n V ontains a one. Moreover, for allardinals �; � in W with � regular in W , � < � � � � �, and f(�) � � in V ,then P�(�) n V ontains a one.Proof. Let r : � ! � be in W n V . Let z 2 (P�+(�))V . There is an injetionb : z ! � in V . If z � ran(r), then r = b�1 Æ (b Æ r) 2 V , sine b Æ r : � ! �and hene must be in V . Contradition. Therefore, the one fx 2P�+(�) : x �ran(r)g \ V = ;.Now assume f(�) � �. Any x 2 (P�(�))V annot ontain ran(r), sine ran(r)is unbounded in �. �



6 NATASHA DOBRINEN AND SY-DAVID FRIEDMANRemark. However, this tells us nothing about the o-stationarity of (P�(�))Vfor � > � > �. Theorem 5.6 will give suÆient onditions for making (P�(�))Vo-stationary for � > � > � when P adds a new funtion from !1 into �.Next we state a well-known result of Menas.Theorem 2.4 (Menas [8℄). Let A � B with jAj � �. For X � P�(A), letX� = fx 2 P�(B) : x \ A 2 Xg. If C � P�(A) is lub then C� is lub inP�(B). For Y � P�(B), let Y � A = fy \ A : y 2 Y g. If C � P�(B) is lub,then C � A ontains a lub set in P�(A).Two speial fats follow from this theorem.Fat 2.5. Let V � W be models of ZFC with the same ordinals and � be regularand � > � in W .(1) If (P�(�))V is o-stationary in W , then for all � � �, (P�(�))V is alsoo-stationary in W .(2) If (P�(�))V is stationary in W and � � � < �, then (P�(�))V is alsostationary in W .Proof. Suppose C is lub in P�(�) and � � �. Then C � � ontains a lub inP�(�), so there is a y 2 (C � �) \ (P�(�) n V ). y = x \ � for some x 2 C, andy 62 V =) x 62 V . If C is lub in P�(�), then C� is lub in P�(�), so there isan x 2 C� \ V . Then x \ � 2 C and x \ � must also be in V . �Thus, to show that (P�(�))V is o-stationary in W for all � � �+, it suÆesto show that (P�(�+))V is o-stationary in W .3. �-Erd}os ardinals and Global GitikIn this setion, we �rst look at Erd}os ardinals and how they an be used tofore o-stationarity at a single ardinal of the ground model. After this, weonentrate on !1-Erd}os ardinals, ulminating in the equionsisteny of a globalGitik-type result for partial orderings whih add a new subset of �1.De�nition 3.1. [2℄ Let � � �, � a limit ordinal. � is �-Erd}os if whenever Cis lub in � and f : [C℄<! ! � is regressive (f(a) < min(a)), then f has ahomogeneous set of order type �.The following is a model-theoreti equivalent of being �-Erd}os: � is �-Erd}osi� for any struture A with universe � (for a ountable language) endowed withSkolem funtions, for any lub C � �, there is an I � C of order type � suh thatI is a set of indisernibles for A and in addition I is remarkable; i.e. whenever�0; : : : ; �n and �0; : : : ; �n are inreasing sequenes from I with �i�1 < �i, � is a termand �A(�0; : : : ; �n) < �i, then �A(�0; : : : ; �n) = �A(�0; : : : ; �i�1; �i; : : : ; �n). (See [1℄.)Theorem 3.2. Suppose that in V , � > �, � is regular, and � is �-Erd}os. Let Pbe �-Cohen foring (or any partial ordering whih adds a new subset of � and is(�; �; �)-distributive). Then (P�+(�))V is o-stationary in V P for all � � �.



CO-STATIONARITY OF THE GROUND MODEL 7Proof. Let G be P-generi over V . Let C � P�+(�) be lub in V [G℄. In V [G℄,there is a funtion g : ��[�℄<! ! � suh that Cg � C, where Cg = fx 2P�+(�) :8(�; y) 2 � � [x℄<!; g(�; y) 2 xg. Using the (�; �; �)-distributivity of P, we anobtain a set F = ff� : � < �g of funtions suh that F 2 V , eah f� : [�℄<! ! �,F is losed under ompositions (we identify a �nite subset of � with its stritlyinreasing enumeration), and CF � C, where CF = fx 2P�+(�) : 8� < �; 8y 2[x℄<!; f�(y) 2 xg.Let A be the struture h�;2; f�(� < �)i. Let I � � be a set of indiserniblesfor A with o.t.(I) = �. De�ne l(x) = x [ ff�(y) : � < �; y 2 [x℄<!g. Note thatfor eah x 2P�+(�), l(x) 2 CF , sine F is losed under �nite ompositions. Leth�� : � < �i enumerate I in inreasing order. Let J = f�� : � < � and � is a limitordinalg. Note that if ��1 < � � � < ��n are in J , � < �, and f�(��1 ; : : : ; ��n) 2 I,then f�(��1 ; : : : ; ��n) 2 f��1 ; : : : ; ��ng. Thus, for all x � J , l(x) \ I = x.Now let r be a new subset of � in V [G℄. Let hs� : � < �i enumerate J ininreasing order. De�ne x = fs� : � 2 rg. Let u = l(x). Then u 2 CF . From uwe an read o� r; hene, u 62 V . The result for P�+(�) n V for all � � � followsfrom Fat 2.4. �The preeding theorem along with Theorem 1.7 yield the following equionsis-teny.Theorem 3.3. The following are equionsistent:(1) There is a �-Erd}os ardinal.(2) There is a � > �+ suh that if P is �-Cohen foring, then (P�+(�))V iso-stationary in V P.(3) There is a � > �+ suh that if P is any partial ordering whih adds a newsubset of � and is (�; �; �)-distributive, then (P�+(�))V is o-stationaryin V P.The proof of Theorem 3.2 works for P�+(�) only when � is �-Erd}os. If wewish to make � smaller, we need a di�erent method. The rest of this paper isdevoted to shrinking � below a �-Erd}os ardinal. In this setion we onentrateon those partial orderings whih add a new subset of �1. The next lemma is ageneralization of an argument due to Baumgartner, whih he used to onstruta model in whih every lub subset of P�2(�3) has maximal size [1℄. The �rstpart of this lemma will enable us to obtain o-stationarity of (P�2(�))V when� is smaller than the least !1-Erd}os ardinal and a new subset of �1 is added.The seond part will be used in Setion 5 to obtain a partial result when no newsubsets of �1 are added but a new !1-sequene is added (see Theorem 5.6).Lemma 3.4. (1) Suppose that in V , j2!j < � < �, � is regular, and � is!1-Erd}os. Let Q = Col(�;< �) and G be Q -generi over V . Then inV [G℄, given a funtion g : [�+℄<! ! [�+℄<�, there is a tree T isomorphito 2<!1 suh that for any two branhes b;  in T , b \S g00[℄<! � b \ .



8 NATASHA DOBRINEN AND SY-DAVID FRIEDMAN(2) Suppose that in V , � � �1, j�!j < � < �, � is regular, � is �-Erd}os, andQ = Col(�;< �). Then in V [G℄, given a funtion g : [�+℄<! ! [�+℄<�,there is a tree T isomorphi to �<!1 suh that for any branhes b;  in T ,b \S g00[℄<! � b \ .Proof. (1) We losely follow the argument of Baumgartner in Theorem 5.9 of[1℄, using Col(�;< �) in plae of Col(�2; < �) and heking that everythinggoes through as before while supplying more details. Let _g : [��℄<! ! [��℄<�.Let _Rn be an (n + 1)-ary relation on �� suh that _Rn(�; �0; : : : ; �n�1) holds i�� 2 _g(f�0; : : : ; �n�1g). Let _A be a Q -name for the struture h�; _Rnin<!. LetB = hV�;2; <;Q ;�i, where � ranges over the formulas of _A and � is therelation f(p; �0; : : : ; �n�1) : p  \ _A j= �(�0; : : : ; �n�1)"g.Let C � � be a lub suh that whenever � is a term of B and �0; : : : ; �n areinreasing from C, then �(�0; : : : ; �n�1) < �n (provided �(�0; : : : ; �n�1) is anordinal). We let T 0 � C be a set of remarkable indisernibles for B of order type!1, with min(T 0) > �+. By standard arguments, we an assume eah indisernibleis Mahlo. Enumerate T 0 as h�� : � < !1i and let T = f�� : � < !1 and � is alimit ordinalg. Put a tree ordering <T on T so that (T;<T ) is isomorphi to 2<!1and � <T � ! � < � for all �; � 2 T . Unless otherwise spei�ed, by a branh ofT , we mean an !1-branh through T .Fix a branh b0 � T . Using Baumgartner's Lemmas 5.4 - 5.6 of [1℄, there isa G(b0) � HB(b0) whih is Q -generi over HB(b0); meaning, for eah maximalinompatible D � Q suh that D 2 HB(b0), D \GB(b0) 6= ;.Now, for any branh  � T , let � : b0 !  be an order-preserving bijetion.Note that if �(�0; : : : ; �n�1) 2 G(b0), then HB() j= �(�(�0); : : : ; �(�n�1)) 2Q . Let G() = f�(�(�0; : : : ; �n�1)) : � is a term, �0; : : : ; �n�1 2 b0, and�(�0; : : : ; �n�1) 2 G(b0)g. Then G() is Q -generi over HB(), by indiserni-bility. Let G(T ) denote SfG() :  is a branh through Tg.Claim 1. Any two elements in G(T ) are ompatible.Let p; q 2 G(T ). Let b;  be branhes of T suh that p 2 G(b) and q 2 G(). Wewill show that pkq. Let �; � be terms suh that p = �(�b(�0); : : : ; �b(�k�1)), where�0; : : : ; �k�1 2 b0; and q = �(�(�0); : : : ; �(�m�1)), where �0; : : : ; �m�1 2 b0. Letpb0 = �(�; : : : ; �k�1) and qb0 = �(�0; : : : ; �m�1). Then pb0kqb0 , sine they areboth in G(b0). Let r =  (0; : : : ; n�1) 2 G(b0) suh that r � pb0 ; qb0 . Letrb =  (�b(0); : : : ; �b(n�1)) and r =  (�(0); : : : ; �(n�1)). Then rb � p andr � q, by indisernibility.We will show that rbkr. jdom(rb)j � �, so every � 2 dom(rb) is de�nable in Bfrom parameters in � and f�b(0); : : : ; �b(n�1)g. Say � = �(�0; : : : ; �l�1; �b(0);: : : ; �b(n�1)), where �0; : : : ; �l�1 2 �. Let i be suh that 8j < i, �(j) = �b(j),and 8j � i, �(j) 6= �b(j). Suppose that also � 2 dom(r). It an be shownusing indisernibility and remarkability that � < �b(i) and � < �(i). Hene,



CO-STATIONARITY OF THE GROUND MODEL 9� = �(�0; : : : ; �l�1; �(0); : : : ; �(n�1)), by remarkability. Again by remarkabil-ity, r(�) = rb(�). Thus, Claim 1 holds.Sine jG(T )j � j2!j < �, we have that p = VG(T ) 2 Q . Let G be Q -generiwith p 2 G. Let W = V [G℄ and work in W .Claim 2. If  is any branh in T and �x 2 [℄<!, then g(�x) 2 HB().We will show that there is a q 2 HB() \ G() whih deides _g(�x). If we an�nd suh a q, then W j= \� 2 g(�x)" i� q  \ _A j= _Rn(�; �x)" i� (q; �; �x) 2 �,where �(�; �x) = _Rn(�; �x). Then B j= 9z8�(� 2 z $ (q; �; �x) 2 �). Hene, bya Skolem funtion, suh a z is in HB().De�ne q 2 D i� B j= 9z((q; z; �x) 2  ), where  is 8�( _Rn(�; �x) $ � 2 z).D is dense sine Q is �-losed. Eah maximal inompatible subset of D is in B,sine Q is �-.. By elementarity, there is a maximal inompatible M � D suhthat M 2 HB(). Thus, M \G() 6= ;, whih proves Claim 2.Claim 3. For all branhes b 6=  of T , b \S g00[℄<! � b \ .Let �x 2 [℄<!. All elements of T are above �+, and we an use parametersin �+ and still enjoy remarkability and indisernibility. Let � be a term and0; : : : ; k 2  suh that g(�x) = �(0; : : : ; k). B j= \There is an ordinal �and a bijetion f : � ! g(�x)". By elementarity, this is true for HB(), sineg(�x) 2 HB(). Take suh �; f in HB(). Suppose � 2 b \ g(�x). Then � < � and� = f(�) for some � < �. But then � is de�nable from � and parameters in ;hene, � 2 . Thus, we have proved Claim 3, and (1) of the Lemma follows.The proof of (2) is analogous, giving the set of indisernibles of size � anappropriate tree ordering isomorphi to �<!1 and making the neessary hangesin ardinals. �The next theorem will be used to obtain an equionsisteny for Quest(�1;�3)(Corollary 3.6) and to obtain a result akin to Gitik's when a new subset of �1 isadded (Theorem 3.8).Theorem 3.5. Suppose V j= \ j2!j < � < �, � is regular, and � is !1-Erd}os".Let Q = Col(�;< �), G be Q -generi over V , and W = V [G℄. In W , let Pbe �1-Cohen foring (or any partial ordering whih adds a new subset of �1 andsatis�es the (�+; �+; < �)-d.l. if � is a suessor ardinal, or the �-.. if � isinaessible). Then (P�(�))W is o-stationary in W P for all � � �+.Proof. We assume P is �-.., noting that if � is a suessor ardinal, then wean weaken this assumption to the (�+; �+; < �)-d.l. Assume P adds no newreals (sine otherwise Theorem 1.2 of Gitik suÆes). In W , let _C be a P-namefor a lub subset of P�(�+). There is a funtion _f : [�+℄<! ! [�+℄<� suh thatC _f � _C, where C _f = fx 2P�(�+) : 8y 2 [x℄<! _f(y) 2 xg. Sine P is �-.., thereis a funtion h : [�+℄<! ! [�+℄<� in W suh that 8x 2 [�+℄<!, _f(x) 2 h(x). Let



10 NATASHA DOBRINEN AND SY-DAVID FRIEDMANCWh = fx 2 (P�(�+)W : 8y 2 [x℄<!; h(y) � xg. Then CWh is lub in (P�(�+))W ,and CWh � C _f .From h we de�ne a useful funtion g : [�+℄<! ! [�+℄<� in W by indutionon jxj. Let g(f�g) 2 CWh suh that g(f�g) � h(f�g) [ f�g. If jxj = n + 1, letg(x) 2 CWh suh that g(x) � Sfg(y) : y 2 [x℄ng[h(x). InW , let T � �+ be a treeisomorphi to 2<!1 satisfying Lemma 3.4 for g. Note: for any branh b throughT in W P, g00[b℄<! is a direted subset (in W P) of CWh , hene S g00[b℄<! 2 _C.Let r : !1 ! 2 be a funtion in W P nW . We use r to de�ne a new branhthrough T as follows: Let � : 2<!1 ! T be a tree isomorphism. Let ~b � 0 = h i.~b � � = �(r � �) for � < !1. Note that for limit ordinals � < !1, ~b � � 2 W ,sine P adds no new reals. Let ~b = S�<!1 ~b � �. Let ~z = S g00[~b℄<!. Then ~z 2 _C.We will show that ~z 62 W .Claim. Suppose � = � + 1 < !1. There is a unique �-length branh � in T suhthat ~z \ � = �. Moreover, ~b � � = �.Let � = ~b � �. � � Sfg(f�g) : � 2 �g � g00[�℄<! � ~z; so �\~z = �. Now let � be abranh of length � suh that � 6= ~b � �. Let  < � be least suh that �() 6= ~b().Then �\(~b � �) = � � . For all � � Æ < !1, for any branh b inW extending ~b � Æ,for any branh  inW extending �, �\S g00[~b � Æ℄<! � \S g00[b℄<! � \b = � � .Therefore, � \ ~z = SÆ<!1(� \ S g00[~b � Æ℄<!) � � �  ( �. Hene, � \ ~z = � i�� = ~b � �. Hene, with ~z as an orale we an deode r in W . �Theorem 3.5 together with Theorem 1.6 of Magidor yield the following equion-sisteny.Theorem 3.6. The following are equionsistent:(1) There is an !1-Erd}os ardinal.(2) If P is �1-Cohen foring, then (P�2(�))V is o-stationary in V P for all� � �3.(3) If P adds a new subset of �1 and is (�3;�3;�1)-distributive, then (P�2(�))Vis o-stationary in V P for all � � �3.Next we takle Question 1.4. In preparation, we prove Lemma 3.7.Lemma 3.7. Suppose j2!j < �� < � and � is !1-Erd}os. Let Q = Col(��; < �)and G be Q -generi. Let _R be a Q -name for an ��+1-losed partial ordering inV [G℄. Let H be _R -generi over V [G℄. Then for eah g : [��+1℄<! ! [��+1℄<�� inV [G℄[H℄, there is a tree T 2 V suh that T �= 2<!1 and for all branhes b;  in T ,b \S g00[℄<! � b \ ; that is, T satis�es Lemma 3.4 (1) for g.Proof. Let G be Q -generi over V . � beomes ��+1 in V [G℄. In V [G℄, supposep  ( _g : [��+1℄<! ! [��+1℄<��), where p 2 _R and _g is an _R -name over V [G℄.Fix an enumeration hx� : � < �i of [�℄<! in V suh that for eah ardinal� < � in V , hx� : � < �i enumerates [�℄<!. In V [G℄, form a dereasing sequene



CO-STATIONARITY OF THE GROUND MODEL 11hp� : � < ��+1i of elements of _R with p0 � p suh that for eah � < ��+1, p�deides _g(x�). hp� : � < ��+1i is in V [G℄, so it evaluates _g to be some funtionin V [G℄, all it h. By Lemma 3.4, there is a tree T � ��+1 with T �= 2<!1 suhthat for all branhes b;  in T , b \ Sh00[℄<! � b \ . (T 2 V and has the samebranhes in V , V [G℄, and V [G℄[H℄ sine Q and _R are �2-losed.)Let � = sup(T ). Then � < � in V . Let � = (j�j+)V . Then � < ��+1in V [G℄, and p�  ( _g � [��℄<! = h � [��℄<!). Hene, given branhes b;  in T ,b \ Sh00[℄<! � b \  in V [G℄, and p�  (b \ S h00[℄<! = b \ S _g00[℄<!), sine � �. Thus, for eah p 2 _R there exist a q � p and a tree T suh that q  (Tsatis�es Lemma 3.4 (1) for _g). �We are now ready to prove an analog of Gitik's Theorem 1.2 for partial order-ings whih add a new subset of �1.Theorem 3.8 (Consisteny of Global Gitik). The following are equionsistent:(1) There is a proper lass of !1-Erd}os ardinals.(2) If P is �1-Cohen foring, then (P�(�))V is o-stationary in V P for allregular � � �2 and all � > �.(3) If P adds a new subset of �1 and is �2-.. (or just satis�es the (�+; �+; <�)-distributive law for all suessor ardinals � � �2 and is �-.. forall strongly inaessible �), then (P�(�))V is o-stationary in V P for allregular � � �2 and all � > �.Proof. Con(3) =) Con(2): Trivial.Con(1) =) Con(3): Suppose there is a proper lass of !1-Erd}os ardinals andj2!j � �2. We onstrut an iterated foring as follows. For indexing reasons,we let Q 0 , Q 1 , and Q 2 be the trivial partial ordering. Let �3 be !1-Erd}os andQ 3 = Col(�2; < �3). �3 beomes �3 in V Q3 . In V Q3 , let �4 > �3 be !1-Erd}os.Let _P4 be a Q 3 -name for Col(�3; < �4) and Q 4 = Q 3 � _P4. In general, in V Q� , let��+1 > �� be !1-Erd}os. Let _P�+1 be a Q� -name for Col(��; < ��+1) in V Q� andQ�+1 = Q� � _P�+1. We use reverse Easton support. Let Q denote the iteratedforing. For eah suessor ordinal � > 2, �� beomes �� in the extension.If in V Q �� is regular, then Q�+1 took are of P��(��+1); that is, Lemma 3.4(1) holds for P��(��+1) in V Q�+1 . Continuing the iteration still preserves this:the remainder foring is ��+1-losed in V Q�+1 , so Lemma 3.7 guarantees thatLemma 3.4 (1) still holds for P��(��+1) in V Q. Let W = V Q. The remainder ofthis diretion of the proof follows as that of Theorem 3.5.Con(2) =) Con(1): The neessity of a proper lass of !1-Erd}os ardinalsfollows from a natural generalization of Magidor's Theorem 1.6: Let � be anordinal, and assume there is no !1-Erd}os ardinal greater than � in KDJ . Thenfor every ordinal � > � one an de�ne in KDJ a ountable olletion of funtionsC on � suh that every subset of � ontaining � as a subset whih is losed underC is a ountable union of sets in KDJ . �



12 NATASHA DOBRINEN AND SY-DAVID FRIEDMAN4. Equionsisteny for P�+(��)In the previous setion we showed that the existene of an !1-Erd}os ardinalis equionsistent with P foring (P�2(�))V to be o-stationary in V P for all (orany) � � �3, where P is �1-Cohen foring. However, the analog of this does nothold when � > �1. The next theorem implies that when � > �1, � measurableardinals are neessary in order to even have a hane at a positive answer toQuest(�; �) when � � ��. This theorem is a strengthening and generalizationof Theorem 1.8 of Magidor.Theorem 4.1. Assume that there is no inner model with �2 measurable ardinals.Then there is a ountable algebra on �!2 suh that the universe of any subalgebrais the union of �1 sets in KM , Mithell's ore model for sequenes of measures.Proof. We use ideas from [7℄ together with the modern approah to overing (see[9℄). Let � denote �!2 and suppose that X is the intersetion of H(�)KM withan elementary submodel of H(�+). We argue that X is the union of �1 sets inKM . As in the proof of the Covering Lemma for KM , let �K denote the transitiveollapse of X and � the isomorphism of �K onto X.As in [9℄, �K does not move in the omparison of KM with �K. Let �N be theresult of this omparison on the KM -side. Then �N end-extends �K. As in [7℄,let �M be the least initial segment of �N where � deomposes (i.e., for some n,� is inluded in the n-hull in �N of some ordinal less than � together with someountable set of parameters). Then � lifts to an (appropriately elementarity)embedding of �M into M , an element of KM .We show by indution on � � Ord( �K) that �[�℄ is the union of �1 sets inKM . If � has o�nality less than !2 then the result is immediate by indution.If � = !2 = �(!2) then as !2 is not a Jonsson ardinal, � is the identity on !2,so the result is trivial. So we may assume that �(�) is greater than !2 and � haso�nality greater than !1.It will suÆe to show that the part of the iteration of KM to �N below � isbounded in �. For then, as in [7℄, �[�℄ is an intial segment of a hull in M of�[�℄ for some � < � together with ountably-many parameters parameters, andtherefore by indution is the union of !1 sets in KM .Suppose that the iteration of KM below � is unbounded in �. Then somemeasure is used at least !2 times below �, generating a losed set �C of ritialpoints �i, i < !2 less than �.First note that all suÆiently large �(�i) have the same ardinality. Otherwisehoose i < !2 of o�nality !1 suh that the ardinality of �(�j) for j < i hasno maximum. Then �(�i) must be a ardinal of o�nality !1, as it is the leastelement of X greater than the �(�j), j < i. But �(�i) is regular in KM , and by[9℄ this yields an inner model with a measurable ardinal of order !1, ontrary toour hypothesis that no inner model has !2 measurables.



CO-STATIONARITY OF THE GROUND MODEL 13Let  be the ardinality of �(�i) for suÆiently large i < !2. We may assumethat  is at least !2, as otherwise � is the identity on !2 and � = �(�) = !2.Now apply the following Lemma.Lemma 4.2. Suppose that � is greater than !2, is not a ardinal, is regular butnot measurable in KM and is not the limit of ardinals whih are measurable inKM . Then the o�nality of � equals the ardinality of �.Proof. We have assumed that there is no inner model with !2 measurables andtherefore the Covering Lemma (see [9℄) holds relative to KM . Suppose that �has o�nality less than its ardinality. The proof of the Covering Lemma showsthat � is inluded in the hull inside an initial segment of KM of some ordinal lessthan its ardinality together with a set of indisernibles assoiated to measurableardinals � �. By hypothesis this set of indisernibles is bounded in �, andtherefore � is singular in KM , ontradition. This proves the Lemma. �It follows from Lemma 4.2 that all suÆiently large �(�i), i < !2, have thesame o�nality, and therefore by hoie of X, all suÆiently large �i have thesame o�nality. But this is absurd, as for limit i, the o�nality of �i is that of i.This proves the Theorem. �The previous argument generalizes to show the following.Theorem 4.3. Let � � �2 be regular and assume that there is no inner modelwith � measurable ardinals. Then there is a ountable olletion C of funtionson �� suh that every subset of �� losed under C is the union of < � sets inKM .It follows that if there is no inner model with � measurables, then in V , anyP whih is (�; (��)�)-distributive for all � < � (e.g. adds no new sequenes oflength less than �) fores that (P�+(��))V is not o-stationary in V P; hene theanswer to Quest(�;��) is negative in a strong sense. Moreover, if P adds nonew < �-sequenes, then for all � < � � �+ with � regular in V P and � � ��,(P�(�))V is not o-stationary in V P.On the other hand, it turns out that free subsets for strutures with � manyfuntions solve Quest(�; �) for (�; �; �)-distributive partial orderings. We nowreview free sets and the equionsisteny results for when they exist.De�nition 4.4. [11℄ Let A be a struture. For any set X � jAj, let A[X℄ denotethe substruture generated by X in A. We say that X is free in A i� for anyy 2 X, y 62 A[X n fyg℄. Let �; �; � be ardinals. Fr�(�; �) holds i� for anystruture A for a language of size � � with jAj � �, there is a free subset S � jAjwith jSj � �.Proposition 4.5. Suppose in V that Fr�(�; �) holds. Suppose P adds a newsubset of � and is (�; �; �)-distributive. Then (P�+(�))V is o-stationary.



14 NATASHA DOBRINEN AND SY-DAVID FRIEDMANProof. Reall that the (�; �; �)-d.l. implies preservation of all ardinals �+ �� � �. Let G be P-generi, r a new subset of �, and C � P�+(�) be lubin V [G℄. Let f : � � [�℄<! ! � be suh that Cf � C, where Cf = fx 2P�+(�) : 8(�; y) 2 � � [x℄<!; f(�; y) 2 xg. By the (�; �; �)-distributivity,there is a funtion g0 : � � [�℄<! ! [�℄�� in V suh that 8(�; x) 2 � � [�℄��,f(�; x) 2 g0(�; x). Hene, in V there is a sequene of funtions g� : [�℄<! ! �(� < �) losed under omposition suh that CG � C, where CG = fx 2P�+(�) :8� < �; 8y 2 [x℄<!; g�(y) 2 xg. Let A = h�; g�i�<� and let I � � be freefor A of size �. Enumerate I = h�� : � < �i. Then we an ode r into asubset z of I as follows: Put �� 2 z i� � 2 r. Let ~z = A[z℄, whih is exatlyz [ fg�(x) : � < �; x 2 [z℄<!g. Then ~z 2 CG, but from ~z we an deode r, sineI is free for A. �Shelah showed that starting with �-many measurable ardinals, one an obtaina model of ZFC in whih Fr�(��; �) holds.Theorem 4.6 (Shelah [11℄). If Con(ZFC + there are �-many measurable ardi-nals and �� > �), then Con(ZFC + Fr�(��; �) holds).However, Shelah also showed in ZFC that �� is the least possible � suh thatFr�(�; �) an hold [11℄. Hene, the free subset property annot help us in thequest for a model in whih Quest(�3;�4) has a positive answer. In the otherdiretion of the equionsisteny of Fr�(�; �), Koepke showed that if � is a ardinalsatisfying !1 � � < �� and if also Fr!(��; �) holds, then there is an inner modelin whih the set of measurable ardinals below �� has order type � � [5℄.Theorem 4.1, Proposition 4.5, and Theorem 4.6 yield the following equionsis-teny.Theorem 4.7. The following are equionsistent.(1) �� > � and there are � measurable ardinals.(2) �� > �, and if P is the �-Cohen foring, then (P�+(�))V is o-stationaryin V P for all � � ��.(3) �� > �, and if P adds a new subset of � and is (��;��; �)-distributive,then (P�+(�))V is o-stationary in V P for all � � ��.5. Open ProblemsWe onlude this paper with a list of open problems.In Theorem 3.8, we obtained the equionsisteny of a generalization of Gitik'sTheorem 1.2 for �1-Cohen foring in partiular, and, in general, for all partialorderings whih add a new subset of �1 and have ertain distributivity properties,e.g. �2-.. Was the distributivity neessary?Open Problem 5.1. Find the equionsisteny of the following statement: Everypartial ordering P whih adds a new subset of �1 but no new !-sequenes fores(P�(�))V to be o-stationary for all regular � � �2 and all � � �+ in V P.



CO-STATIONARITY OF THE GROUND MODEL 15More generally, we would like to know the equionsisteny of Global Gitik forpartial orderings whih add a new subset of some ardinal �.Open Problem 5.2. Find the equionsisteny of the following statement: Everypartial ordering P whih adds a new subset of � but no new < �-sequenes fores(P�(�))V to be o-stationary for all regular � � �+ and all � � �+ in V P.A variant of Open Problem 5.2 would be to �nd the equionsisteny for allpartial orderings whih are (�+; �+; < �)-distributive for all suessor ardinals� � �+, and �-.. for all strongly inaessible � � �+. These onditions wouldimply that P preserves all ardinals > �.In Theorems 3.3, 3.6 and 4.7, we found the equionsisteny of foring theground model to be o-stationary for partial orderings with a ertain amount ofdistributivity.Open Problem 5.3. Are the distributivity properties of P used in Theorems3.3, 3.6 and 4.7 neessary?The following are still open for �-Cohen foring, or more generally, any foringwhih adds a new subset of �. Theorem 4.3 gives a lower bound of � measurableardinals, when P adds no new < �-sequenes.Open Problem 5.4. Find the equionsisteny of Quest(�; �) for all �; � with�2 < �+ < � < ��. Of partiular interest is when � = �++, espeiallyQuest(�2;�4).A related problem whih we have briey touhed on, is when P does not adda new real but does add a new !-sequene. Having not solved Question 1.3,nevertheless, we dare to pose an even more general problem.Open Problem 5.5. Suppose � is a ardinal and � > 2 is least suh that Padds a new funtion r : �! �. (So P adds no new subsets of �; hene, � > 2�.)Is (P�(�))V neessarily o-stationary in V P for all ardinals � < � in V P with �regular, �+ � �, and � � � in V P?The following is some progress toward an answer to Open Problem 5.5. Theproof of Theorem 5.6 is analagous to that of Theorem 3.5, using Lemma 3.4 (2)in plae of Lemma 3.4 (1). We do not know if the assumption of large ardinalsis neessary if a new !-sequene is added, as in that ase, Magidor's Theorem 1.6does not apply.Theorem 5.6. Assume that in V , �1 � �, j�!j < � < �, � is regular, and � is�-Erd}os. Let Q = Col(�;< �), and let G be Q -generi over V and W = V [G℄.In W , let P be a partial ordering whih adds a new funtion r : !1 ! � andsatis�es the (�+; �+; < �)-distributive law if � is a suessor ardinal, or the�-.. otherwise. Then for all � � �+, (P�(�))W is o-stationary in W P.



16 NATASHA DOBRINEN AND SY-DAVID FRIEDMANUsing the appropriate analog of Theorem 3.7 for Lemma 3.4 (2), and the proofof Theorem 5.6, one an use reverse Easton iteration on Levy ollapses to obtainthe following global result.Theorem 5.7. Suppose �1 � � and there is a proper lass of �-Erd}os ardinals inV . Then there is a lass generi extension W of V in whih the following holds:Suppose �0 > � is regular, and P adds a new funtion r : !1 ! � and is �0-..(or just satis�es the (�+; �+; < �)-d.l. for all suessor ardinals � � �0, and is�-.. for all strongly inaessible � � �0). Then (P�(�))W is o-stationary inW P for eah regular � � �0 and all � � �+ in W P.Example 5.8 (Namba foring). Suppose there is a lass of !2-Erd}os ardinals.Let W be a model satisfying CH, j2�2 j = �3, and Theorem 5.7 for � = �2. InW , let N denote Namba foring. Namba proved that, under CH, N adds no newsubsets of �0 and that �2 is ollapsed to �1 [10℄. By results of Bukovsky andCoplakova [3℄, N ollapses �3 to �1. j2�2j = �3 implies N is �4-.. Let H beN-generi over W . Then �W [H℄1 = �W1 and �W [H℄2 = �W4 .P�1(�)nW ontains a one for eah ardinal � > �1 inW [H℄, by Fat 2.3. Foreah regular � � �W [H℄2 in W [H℄, for eah ardinal � > � in W [H℄, (P�(�))W iso-stationary in W [H℄, by Theorem 5.7.Remark. Similar results hold for Prikry foring in a model obtained by ollapsinglass many �-Erd}os ardinals, where � is measurable.Referenes[1℄ James E. Baumgartner. On the size of losed unbounded sets. Annals of Pure and AppliedLogi, 54:195{227, 1991.[2℄ A. Beller, R. Jensen, and P. Welh. Coding the Universe. Cambridge University Press,1982.[3℄ Lev Bukovsky and Eva Coplakova. Minimal ollapsing extensions of models of ZFC. Annalsof Pure and Applied Logi, 46:265{298, 1990.[4℄ Moti Gitik. Nonsplitting subsets ofP�(�+). The Journal of Symboli Logi, 50(4):881{894,1985.[5℄ Peter Koepke. Some appliations of short ore models. Annals of Pure and Applied Logi,37:179{204, 1988.[6℄ Sabine Koppelberg. Handbook of Boolean Algebra, volume 1. North-Holland, 1989.[7℄ Menahem Magidor. Representing sets of ordinals as ountable unions of sets in the oremodel. Transations of the Amerian Mathematial Soiety, 317(1):91{126, 1990.[8℄ Telis K. Menas. On strong ompatness and superompatness. Annals of MathematialLogi, 7:327{359, 1974/75.[9℄ William Mithell. The overing lemma. In Handbook of Set Theory.[10℄ Kanji Namba. Independene proof of (!; !�)-distributive law in omplete Boolean alge-bras. Commentarii Mathematii Universitatis Santi Pauli, 19:1{12, 1971.[11℄ Saharon Shelah. Independene of strong partition relation for small ardinals, and thefree-subset problem. The Journal of Symboli Logi, 45(3):505{509, 1980.[12℄ Saharon Shelah. Proper and Improper Foring. Springer-Verlag, seond edition, 1998.
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