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I n  t h i s  paper we study the  g loba l  s t r u c t u r e  o f  the 8-degrees. A 2 

o f  8-degrees i s  a s e t  o f  @-degrees o f  the form (cI(d2 do) fo r  some f i x e d  

B-degree do, p a r t i a l l y  ordered by < The base o f  t h i s  cone i s  t he  8- 

degree do. Our main r e s u l t  i s  t h a t  i f  B i s  countable then the Tur ing 

degrees and the  8-degrees have isomorphic cones. I f  8 = uik thenXhe 8- 

degrees are the  metadegrees and i n  t h i s  case the cone o f  metadegrees w i t h  

base 0 '  = complete meta-RE degree i s  isomorphic t o  the cone of Tu r ing  

degrees w i t h  base the Tur ing degree o f  Kleene's 

- 

- -8' 

- 

6: 

I f  V = L we a l s o  cons t ruc t  some isomorphisms i n  the  uncountable case 

(sect ions two and th ree ) .  I f  8 has r e g u l a r  c a r d i n a l i t y  K and Sg i s  

< K-closed then the 8-degrees and the K-degrees have isomorphic cones. 

If 8 has s i n g u l a r  c a r d i n a l i t y  K then some cone o f  K-degrees i s  o f t e n  

isomorphic t o  a cone i n  the  regu la r  8-degrees. 

i s  t h a t  t he re  e x i s t  a tame i n j e c t i o n  S -> K; i .e . ,  an i n j e c t i o n  g w i t h  

the p roper t y  t h a t  g - l  P, F S8 f o r  each y < K .  

The hypothesis i n  t h i s  case 

B 

Much o f  t h i s  work ' i s  based on techniques o f  Maass from Maass [19781 

and Maass 119791. The uncountable case draws h e a v i l y  on Friedman [1981 

a.b,cl which p rov ide  " f i n e  s t r u c t u r e "  cha rac te r i za t i ons  of t h e  hypotheses 

used. 

These r e s u l t s  are i n  f a c t  an a p p l i c a t i o n  o f  ideas from inadmiss ib le  

recurs ion theory t o  degree theory on admiss ib le  (and inadmiss ib le )  o rd ina l s .  

*The p repara t i on  of t h i s  paper was supported by NSF Grant #MCS 7906084 
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The isomorphism ment ioned between a cone o f  T u r i n g  degrees and a cone o f  meta- 

degrees conver t s  t h e  T u r i n g  jump i n t o  t h e  weak metajump, a n o t i o n  wh ich  f i r s t  

arose o u t  o f  t h e  s tudy  o f  i n a d m i s s i b l e  o r d i n a l s .  

SECTION ONE COUNTABLE CARDINALITY 

Suppose B = (S ,B) i s  amenable; i . e . ,  8 n Sy 6 SB f o r  each y < B .  Then B 
we d e f i n e :  

l l c f ( B )  = l e a s t  y s . t .  t h e r e  i s  a I 1 ( B )  unbounded f:y + B 

1 1 p r o j ( 8 )  = l e a s t  y f : B  + y. s . t .  t h e r e  i s  a 1 1 ( 8 ) i n j e c t i o n  

I f  I l c f (B )  = l l p r o j ( B )  = w then  t h e r e  i s  a 11 (8 )  b i j e c t i o n  g:B -+ w 

and i n  t h i s  case Maass [1978] c o n s t r u c t s  A 5 w s . t .  f o r  C c_ w ,  C i s  I 1 ( B )  

i f  and o n l y  i f  C i s  ll(Sw,A). The s t r u c t u r e  A = (sw,A) i s  c a l l e d  t h e  Maass 

c o l l a p s e  o f  B. 

THEOREM 1. Suppose = (S ,B) is amenable and I l c f ( B )  = l1 proj(8) = w. Let 

A = (S ,A) be the Maass collapse of 8. Then there is an isomorphism j between 

the Turing degrees 2 Turing degree (A) and the B-degrees 2 B-degree (B). 

B 

I n  t h e  p r o o f  i t  w i l l  be conven ien t  t o  r e f e r  t o  t h e  n o t i o n  o f  B-degree: 

For  C,D 5 SB w r i t e  C 5 D i f f  C _I D v B. Then 8-degree (C) = 

I D l C  2 D,D 2 Cl. 
Theorem 1 a s s e r t s  t h a t  t h e  A-degrees and t h e  8-degrees a r e  i somorph ic .  

The A-degrees a r e  d e f i n e d  s i m i l a r l y .  I n  t h i s  te rm ino logy  

D e f i n e  C c _ w  t o  be B-bi-immune i f  n e i t h e r  C n o r  w-C c o n t a i n s  an i n f i -  

n i t e  B - f i n i t e  s e t .  The f o l l o w i n g  lemma i s  proved on pages 154-5 o f  Maass [19781. 

LEMMA 2 .  Each A-degree contains a 6-bi-immune representative. 

The s i g n i f i c a n c e  o f  6 -b i - immun i t y  i s  t h i s :  The r e d u c i b i l i t i e s  5 A,( agree 

For, by t h e  key p r o p e r t y  o f  t h e  Maass c o l l a p s e  t h e  r e d u c t i o n  on B-bi-immune s e t s .  

procedures c o i n c i d e  f o r  these r e d u c i b i l i t i e s  and B-b i - immuni ty  i n s u r e s  t h a t  t h e  

neighborhood c o n d i t i o n s  a r e  a l s o  t h e  same. 

P roo f  o f  Theorem 1. De f ine  j: A-degrees -> 8-degrees by j ( 4 )  = 8-degree (D) 

f o r  any B-bi- imnune 

ism. We show t h a t  j i s  onto.  To do so we w i l l  make use o f  t h e  r e d u c i b i l i t i e s :  

D E 4. By t h e  above remarks t h i s  i s  a w e l l - d e f i n e d  monomorph- 
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Choose a B - r e c u r s i v e  ( t h a t  i s ,  I 1 ( B ) )  b i j e c t i o n  g:SB <--a w. 
h h 

Given E 5 S we c o n s t r u c t  a 6-bi-immune E cw such t h a t  E,E have t h e  same 

B-degree. L e t  E* = { z E S 8 1 z ~ E I  v I z E S g I z n E + O 1 .  Then l e t  E** = g [E* l  and 

6 

f i n a l l y  choose E t o  be any 8-bi-immune s e t  o f  t h e  same A-degree as E**. 
h 

Then I z c : S B ( z z E I  v { z c S B t z n E E = 0 }  Zfs E*, E* 2 fE E** and E** 5 fB E 

( s i n c e  f o r  any C,D 5 W ,  C 5 A D i f f  C fB 0 ) .  P u t t i n g  t h i s  c h a i n  o f ,  r e d u c i -  

b i l i t i e s  t o g e t h e r  and u s i n g  t h e  d e f i n i t i o n  o f  5 we see t h a t  E 5 E. 
h 

h h 

Moreover E 5 fB  E**, E** - < f B  E* and E* E. T h i s  v i e l d s  E 5 fB E .  
h h 

Since E i s  B-bi-immune we have E 5 E. -1 
The a p p l i c a b i l i t y  o f  Theorem 1 depends on t h e  p o s s i b i l i t y ,  g i v e n  a eountable 

l i m i t  o r d i n a l  6, o f  choosing B 5 SB such t h a t  B = ( S  ,B) i s  amenable and 

ll c f ( 8 )  = l1 p r o j ( B )  = w. Our n e x t  r e s u l t  says t h a t  t h i s  i s  always p o s s i b l e .  

THEOREM 3. Suppose f: 8 <-> w is a bijection. There is B 5 S B ,  B LfB f 
such that B = (SB,B) is amenable and 1, cf(B) = l1 proj(B) = w.  

Proof. D e f i n e  6 = {(6 o,...,Bn)\f(Bi) = i f o r  a l l  il. Then B n S i s  t h e  

f i n i t e  f o r  a l l  y < B .  Moreover f i s  11(S8,B) and B f . -1 

B 

Y 

I n  case B = wlCK we have: 

COROLLARY 4 .  

degrees L 0' = the complete meta-RE degree. 

Proof. By Theorem 3 we can 

choose a A (L  CK)  s e t  B 5 L CK such t h a t  (L CK,B) obeys t h e  hypo thes i s  o f  

Theorem 1. Bu t  Q i s  a A2 master  code f o r  L CK; i . e . ,  A SI,! i s  A ( L  CK) 

iff A 5 0 ( f o r  a p roo f  see Jockusch-Simpson [1976]) .  I f  (Lw,A) i s  t h e  

Maass c o l l a p s e  of  (L CK, B v C)  where C = a r e g u l a r  complete meta-RE se t ,  t hen  

A zT 0' s i n c e  A i s  A * ( L  CK) and O'zT A s i n c e  U' i s  A ( L  CK, C).  So by 

Theorem 1 t h e  T u r i n g  degrees 2 T u r i n g  degree (@) 

degrees 2 metadegree (B v C )  = 0 ' .  -1 

The Turing degrees 2 Turing degree (@ are isomorphic to the meta- 

There i s  a A ( L  CK) b i j e c t i o n  between wlCK and w. 

w1 w1 w1 

w1 

w1 

w1 
a r e  i somorph ic  t o  t h e  meta- 

Fo r  o t h e r  o r d i n a l s  B < U: we can choose t h e  l e a s t  p a i r  (y,n) so t h a t  
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t h e r e  i s  a A (S ) b i j e c t i o n  B <--A w. Then t h e  T u r i n g  degrees 2 T u r i n g  

degree(A) a r e  i somorph ic  t o  t h e  B-degrees B-degree (A) where A i s  a B -b i -  

imnune An master  code f o r  S The 6-degree o f  A i s  t h e  l a r g e s t  6-degree 

n Y  

Y' 

of a s e t  D c_ S such t h a t  b o t h  { z  E S I z  E_ D l  and I z  E S I z  n D = 01 a r e  
B B B 

1 (S 1. 

isomorphic  t o  t h e  T u r i n g  degrees 2 O ( B )  = Bth jump o f  0, where A = w+B. 

degree O ( B )  i s  j u s t  t h e  T u r i n g  degree o f  Ha where a E ~ 9 9  i s  a n o t a t i o n  f o r  

B and Ha i s  t h e  assoc ia ted  Kleene H-set . )  I f  A = unCK = nth a d m i s s i b l e  

g r e a t e r  t han  w then  t h e  A-degrees 1. A-degree (complete A-RE s e t )  a r e  i somorph ic  

t o  the  T u r i n g  degrees > @(n) = nth hyperjump o f  0. I f  A = U wnCK then  t h e  

A-degrees a r e  isomorphic  t o  t h e  T u r i n g  degrees 1. T u r i n g  

r e c u r s i v e  j o i n  o f  (e,&2),&(3) ,... > .  

For  example, if A i s  a r e c u r s i v e  l i m i t  o r d i n a l  t hen  t h e  A-degrees a r e  

(The 
n~ 

n - 

where &w)  = 

We now d i scuss  what  e f f e c t  t h e  isomorphism j o f  Theorem 1 has on r e l a t i v e  

RE-ness. I f  C,D c_ SB then  C i s  tamely  6-RE r e l a t i v e  t o  D i f  I z E S B t z _ c C }  

i s  B-RE F e l a t i v e  t o  D. I f  8 = (S ,B) i s  amenable then  C i s  tamely  8-RE 

if C i s  tamely  8-RE r e l a t i v e  t o  B. The f o l l o w i n g  r e s u l t  desc r ibes  t h e  range 

o f  j on t h e  A-RE degrees. 

THEOREM 5. If j is the isomorphism of Theorem 1 then an A-degree contains 

an A-RE set iff j(g) contains a tamely 8-RE set. 

B 

h 

Proof. I f  D E d i s  A-RE then  so i s  D, t h e  canon ica l  B-bi-immune s e t  o f  t h e  

same A-degree as D o b t a i n e d  f rom Maass [1978]. B u t  t hen  D i s  tamely  8-RE 

s i n c e  D i s  8-RE and Iz E S I z  5 0 1  = I z  E S Iz i s  f i n i t e ,  z 5 0 1 .  So j(d) 

con ta ins  t h e  tamely  8-RE s e t  0. 

h 

h h h 

B B 

Conversely  i f  E 5 SB i s  tamely  8-RE then  we show t h a t  E has t h e  same 

8-degree as a 5-bi- imnune A-RE s e t .  Consider  t h e  s e t s  E*,E**, E f rom t h e  

proof  o f  Theorem 1.  As E i s  tamely  8-RE we see t h a t  E* i s  8-RE. Hence E** 

i s  8-RE and t h e r e f o r e  A-RE. Once again,  E i s  a l s o  A-RE as i t  i s  o b t a i n e d  

as the  canon ica l  B-bi-immune s e t  o f  t h e  same A-degree as E**. The p r o o f  o f  

Theorem 1 showed t h a t  E,E have t h e  same 8-degree. -1 

h 

h 

Note t h a t  i f  8 = ( S  ,B) s a t i s f i e s  t h e  hypo thes i s  o f  Theorem 1 t hen  eve ry  
B 

8-degree i s  r e g u l a r ;  t h a t  i s ,  eve ry  8-degree c o n t a i n s  a s e t  C such t h a t  (SB,C) 
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i s  amenable. For, if f : w  -> B i s  an o r d e r - p r e s e r v i n g  unbounded I1 (B )  f u n c t i o n  

then any E 5 SB has t h e  same B-degree as f [ E l ,  where E comes f rom t h e  

proof of Theorem 1. 

h ,. 

As a r e s u l t  Theorem 5 can be a p p l i e d  t o  y i e l d :  

COROLLARY 6. If j is the isomorphism of Theorem 1 then for A-degrees dl,d2: 

dl is A-RE relative to d <-> j(d ) is tamely B-RE relative to j(d ). 2 1 2 

Proof. J u s t  no te  t h a t  i f  C has €3-degree j ( d 2 ) ,  (S ,C) amenable, t hen  

(SB,C) obeys t h e  hypo thes i s  o f  Theorem 1 and t h e  r e s u l t i n g  isomorphism i s  

j r (A-degrees 2 d2) .  Thus by Theorem 5 dl i s  A-RE r e l a t i v e  t o  d2 <-> j ( d l )  

i s  tamely  (SB,C)- RE <-> j ( d  ) i s  tamely  B-RE r e l a t i v e  t o  j ( d 2 ) .  -1 

B 

1 

We end t h i s  s e c t i o n  by de te rm in ing  t h e  i n v e r s e  image under j o f  t h e  

B-RE degrees. The answer comes f rom work o f  Maass [1979]. Theorem 1 of t h a t  

paper i m p l i e s  t h a t  i n  case B = (S J) obeys t h e  hypo thes i s  o f  o u r  Theorem 1 then  

a B-degrec. con ta ins  a r e g u l a r  B-RE s e t  ( i . e . ,  a B-RE s e t  C such t h a t  (SB,C) 

i s  amenable) if and o n l y  i f  i t  c o n t a i n s  a R-bi-immune s e t  S such t h a t :  D i s  

A-RE r e l a t i v e  t o  E f o r  some A-RE s e t  E & D. Our remark a f t e r  Theorem 5 

i m p l i e s  t h a t  each B-RE degree c o n t a i n s  a r e g u l a r  B-RE s e t .  Thus t h e  B-RE 

degrees i n  t h i s  case correspond under j t o  t h e  A-degrees which a r e  A-RE r e l a t i v e  

t o  an A-RE predecessor .  

Maass [1979], t h i s  a l s o  works f o r  any s t r u c t u r e  B s a t i s f y i n g  t h e  c o n d i t i o n s  o f  

our  Theorem 1. 

B 

As Maass remarks i n  s ta temen t  3 )  a f t e r  Theorem 1 o f  

We g i v e  Maass’ p r o o f  s p e c i a l i z e d  t o  t h e  p resen t  c o n t e x t .  

THEOREM 7. If, j is the isomorphism of Theorem 1 then for any A-degree 2, 

j(d) is %RE iff 4 is A-RE relative to some A-RE degree e Zg. 

Proof. L e t  g: S <-> w be a I 1 ( B )  b i j e c t i o n  and f o r  D 5 w l e t  D be t h e  

canonica l  B-bi-immune s e t  o f  t h e  same A-degree as D. 
B 

If c 5 SB i s  B-RE l e t  C* = I z  E s I z  n C + 01 v { z  E S B l z  n (SB-C) + 0) 
B 

and l e t  D = g$?*]. Then C = D and D i s  B-bi-immune. B u t  D i s  A-RE 

r e l a t i v e  t o  t h e  A-RE s e t  g [C] :  To see t h i s ,  i t  s u f f i c e s  t o  show t h a t  g[C*l 

i s  A-RE r e l a t i v e  t o  g [C l .  Bu t  w E g[C* l  <-> [ ( g - l ( w )  = (o,z), z n C + 0) 

o r  (g-’(w) = (1 ,z), z n (SB-C) + 01 <-> [3x  E g[CI(g- ’ (w)  = ( 0 , ~ )  and 

9 ( x )  €2) o r  3 x  4 g[C](g- ’ (w)  = (1,z) and g - l ( x )  E z ) ] .  So g[C*] i s  B-RE 

r e l a t i v e  t o  g [C l  u s i n g  o n l y  f i n i t e  ne ighborhood c o n d i t i o n s  on g [ C l .  Thus 

B 

-1 
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g K * l  i s  A-RE r e l a t i v e  t o  gtC1. Also note t h a t  g[Cl zfB g[C*l and hence 

gtC1 3 gtC*1 3 D. 

Conversely, suppose D,E S W  are-.B-bi-imnune and E i s  A-RE, E 3 D, D 

i s  A-RE r e l a t i v e  t o  E. 

fES ls  E w) a ,!,(A) enumeration of E. Choose a 11(8) 

f :  w + 8 .  Then def ine :  

L e t  {DSls E d be a I1(A,E) enumeration o f  D and 

increasing, unbounded 

c = ~ ( f ( n ) , s . K , t ) l n  E D'+' -D',K = E n s,t  = 

t l e a s t  t s s . t .  E n s = F n sl. 

C i s  co-B-RE as DS+ l  on ly  depends on E n s and the cond i t i on  on t i s  

co-A-RE (hence co-B-RE). Then D zfB C as n c D  <-> 3s ,K , tELw( ( f (n )s ,K , t )EC)  

and n 4 D <-> { f f n ) }  x Lu x Lw x Lw c_ SB-C. As D i s  8-bi-immune t h i s  gives 

D 3 C .  To show t h a t  C 5 0: To determine C n S 

stage s where D n n = DS n n. This can be determined from D n n given a la rge  

enough t s . t .  E n s = E n s .  Thus C < D v E and we are done since E 3 D 

and E i s  6-bi-immune. -1 

one need on ly  know a 
f (n )  

t 
4 

A consequence o f  Coro l la ry  6 i s  t h a t  f o r  any B-degree b there i s  a l a rges t  

B-degree which i s  tamely B-RE r e l a t i v e  t o  b. This B-degree i s  c a l l e d  the weak 

B-jump o f  b. 

B-jump(b) = l a rges t  B-degree which i s  B-RE r e l a t i v e  t o  b. Thus we have: 

COROLLARY 8 .  For any A-degree A, j(cJ') = weak B-jump(j(9)) and j@") = j @ ) '  

Some Remarks 

the 8-RE degrees whenever I1 cf(B)  = I1p ro j (B )  = o ( f o r  example B = SB, B a 

recurs ive  o rd ina l ) .  For i t  i s  no t  d i f f i c u l t  t o  show t h a t  f o r  any A c _ w  these 

theorems ho ld  i n  {Tur ing degree ( B )  1A zT B , B  i s  RE i n  some C zT B such t h a t  

C i s  RE i n  A) .  

2) 

degrees w i t h  jump are not isomorphic t o  the metadegrees w i t h  metajump. 

t h i s  were the case then the Tur ing degrees between 0 '  and 0" would be i s o -  

morphic t o  the metadegrees between metajump (0) 

the above r e s u l t s  the l a t t e r  i s  isomorphic t o  the Tur ing degrees between @' and 

~9)'. But as i n  Feiner [1970] any a r i t h m e t i c a l l y  presented l i n e a r  o rder ing  can be 

Theorem 7 imp l ies  t h a t  weak €3-jump (weak B-jump (b)) = b' = 

1)  Theorem 7 es tab l i shes  the dens i ty  and s p l i t t i n g  theorems f o r  

Shore po in ted  out t o  me t h a t  another c o r o l l a r y  o f  t h i s  work i s :  The Tur ing 

For, if 

and metajump (metajump (0)). By 
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embedded as an i n i t i a l  segment o f  t h e  T u r i n g  degrees between O and 0", 

b u t  f o r  some l a r g e  N any topped i n i t i a l  segment o f  t h e  degrees between 0 '  and 

0" i s  O ( N )  p resen tab le .  There a r e  a r i t h m e t i c a l  l y - p r e s e n t a b l e  1 i n e a r  o rde r ing5  

which a re  n o t  O(N)-presentable.  

SECTION IWO UNCOUNTABLE REGULAR CARDINALITY -- 

We now i n v e s t i g a t e  how t h e  work o f  t h e  p reced ing  s e c t i o n  can be adapted t o  

o r d i n a l s  B o f  c a r d i n a l i t y  K,K r e g u l a r .  Assume B = (SB,B) i s  amenable and 

l lc f (B)  = l l p r o j ( B )  = K. As b e f o r e  t h e r e  i s  a A c_ K such t h a t  f o r  C c_ K, C i s  

l l (B)  if and o n l y  i f  C i s  ll(LK,A). Moreover Maass' p r o o f  o f  L e n a  2' a l s o  

covers t h e  p r e s e n t  s i t u a t i o n :  Thus, i f  A = (LK,A) then  each A-degree con ta ins  

a B-bi-immune s e t .  We must now examine t h e  p r o o f  o f  Theorem 1. 

The f u n c t i o n  j :  A-degrees -> B-degrees can be d e f i n e d  as be fo re .  It i s  

c l e a r l y  a monomorphism b u t  a f u r t h e r  hypo thes i s  i s  now needed t o  stlow t h a t  i t  i s  

Onto. Given E 5 s  de f ine  E*, E**, E as i n  t h e  p r o o f  o f  Theorem 1. Also,  f o r  

C1, C2-cS d e f i n e  C1 5 KB C2 i f f  { ( z l  ,z2) Izl 5 C, ,z2 n C1 = 0, 

B-card(zl U z2) < KI ~ f B I z 1 , z 2 ) I z 1  5 C2,z2 n C 2  = 0, B-card(zl U z2)  < K ) .  'Then as 

before one can show t h a t  IJzl ,z2) lzl  ,z2 E SB, z, 5 E, z2 n E = 01 L ~ ~ E *  L ~ E * * ' ~ ~ E  

and hence E 5 E. The problem i s  i n  showing E 2 E. We have E $B E** b u t  t o  

have E** E* we need t h e  p r o p e r t y :  g - l  [XI E SB whenever x E LK(g i s  tame). 

More s e r i o u s l y ,  t o  g e t  E* $ B  E we need t o  have: I f  z E SB has 8 - c a r d i n a l i t y  

< K and E z(w n E 0) t hen  t h e r e  i s  z '  E S s . t .  z '  5 E and w n 2 '  0 

f o r  a l l  w E z ( s i m i l a r l y  f o r  SB-E as w e l l ) .  O f  course b o t h  o f  these p r o p e r t i e s  

a re  guaranteed i f  we assume t h a t  SB i s  (K-Closed; i . e . ,  i f  we assume t h a t  any 

f :  y + Sg y < K be longs t o  SB. Thus we have: 

,. 

B 

n 

,. h n 

B 

THEOREM 9 .  Suppose 8 = (SB,B)  i s  amenable and l,cf(B) = 1 proj(B) = K,K 

regular. Let A = (LK,A) be the Maass collapse of 8. Further assume that 

i s  (K-closed. Then there i s  an isomorphism j between the A-degrees and the 

B-degrees. 

1 

sB 

B '  Theorem 3 goes o v e r  i n  t h i s  s i t u a t i o n  i f  one assumes t h e  (K-c losure o f  S 
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For, i f  f : 5  <--> K i s  a b i j e c t i o n  then  t h e  (K -c losu re  o f  S guarantees 

t h e  a m e n a b i l i t y  o f  (S5,B) where B = {(5,,51,...,5y)ly < K, 

6 2 y}. And B &B f, f i s  11(S5,B). The rema in ing  r e s u l t s  o f  s e c t i o n  1 a l s o  

c a r r y  o v e r  when S5 i s  (K-closed, p r o v i d e d  uses o f  zfg a r e  r e p l a c e d  by &g. 

To summarize: 

5 
f ( B 6 )  = 6 f o r  a l l  

THEOREM 10. Suppose 5 has regular cardinality K, S5 i s  (K-closed. 

Then there i s  A 5 K and isomorphism j between the K-degrees 2 K-degree(A) 

and the @degrees 2 6-degree(A) . I f  dl, d 2  are K-degrees K-degree@) then 

dl i s  K-RE re la t ive  t o  d 2  i f f  j (d l )  i s  tamely &RE re la t ive  to j ( d 2 ) .  

Moreover j(dl)  is  @-RE re la t ive  t o  j (d2)  i f f  dl i s  K-RE re la t ive  t o  some 

d -1 < d  

and j(4") = ( j ( d ) ) ' .  

_ -  
- - - - 

- - - 

such that d3 i s  K-RE re la t ive  t o  d 2 .  Thus j ( 5 ' )  = weak B-jump(j(d)) 
- - - 

I n  case 5 < ( K ' ) ~  = l e a s t  L - c a r d i n a l  g r e a t e r  t han  K then  A can be chosen 

t o  be a An master  code f o r  . S  where y i s  t h e  l e a s t  o r d i n a l  > 5 such t h a t  

t h e r e  i s  a A ( S  ) b i j e c t i o n  @ <--> K.  

- Y 

n y  

If we assume V = L, Friedman I1981bJ p r o v i d e s  a c h a r a c t e r i z a t i o n  o f  those 

5 such t h a t  S5 i s  (K-ClOSed i n  terms o f  t h e  c r i t i c a l  p r o j e c t a  o f  5. I n  t h e  

te rm i  no1 ogy o f  t h a t  paper, s5 i s  (K-closed i f f  t h e  c r i t i c a l  p r o j e c t a  o f  5 a l l  

have c o f i n a l i t y  K .  We s h a l l  have g r e a t  use f o r  t h e  c r i t i c a l  p r o j e c t a  i n  t h e  n e x t  

s e c t i o n .  

SECTION THREE SINGULAR CnkDINALITY 

I n  t h i s  case we do n o t  o b t a i n  isomorphisms, o n l y  monomorphisms. (We know o f  

cases where an isomorphism does n o t  e x i s t . )  Thus l e t  5 have s i n g u l a r  c a r d i n a l i t y  

K and assume B = (S .B) 15 amenable, l , p r o j ( B )  = K.  Our f i r s t  o b s t a c l e  i s  t h e  

f a c t  t h a t  t h e  Maass c o l l a p s e  does n o t  app ly  i n  t h i s  c o n t e x t  un less  

T h i s  l a s t  c o n d i t i o n  i s  a l o t  t o  hope f o r  when K i s  s i n g u l a r  as K may ve ry  w e l l  

be s i n g u l a r  i n s i d e  s5. However we show t h a t  i f  l l c f ( B )  = z , ( B )  - cof (K)  then  

5 
I l c f ( B )  = K .  

neve r the less  t h e r e  does e x i s t  a A1 master  code f o r  B; i .e . ,  a s e t  A 

such t h a t  f o r  C C_K,  C i s  I1 (LK,A) i f f  C i s  l l ( S ) .  We can then  

s t r u c t u r e  A = (LK,A> i n s t e a d  o f  t h e  Maass c o l l a p s e  o f  B .  

LEMMA 11. I f  Ilcf(B) = I,(S) - COf(K), l proj(B) = K then there i s  a 1 

5 K, 

use t h e  
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-1 11(8)bijection g:  S <-> K which is  e; i . e . ,  g [z]  E S6 for each 

z E LK and the function z I-> g-l[zI 

Proof. Much l i k e  Lemma 4 o f  Friedman [1981c]. L e t  yo= r l c f ( B ) .  F i x  a l l ( B )  

i n j e c t i o n  f :  S -> K and a l l ( B )  p a r t i t i o n  (P / y  < yo) o f  K i n t o  

yo - many subsets  o f  o r d e r t y p e  K .  We assume t h a t  h ( y  + 1 )  - h ( y )  5 P where 

h: y -> K i s  a l l ( B )  orde rp rese rv ing ,  unbounded f u n c t i o n  and h ( 0 )  = 0. A l so  

choose an o rde rp rese rv ing ,  unbounded l l (B - ) - func t i on  k :  yo -> 6 and f o r  each 

y < yo l e t  fy be t h e  yth approx ima t ion  t o  f ( t h u s  i f  graph( f )  = 

$(x,y)>). We can assume t h a t  Range(fY+’)-Range(fY) has o rde rype  K f o r  each 

y < yo. Thus we can choose a I 1 ( B )  sequence (E Iy < yo) such t h a t  f o r  each 

y < yo, !Z i s  a b i j e c t i o n  between Range(fY )-Range(fY) and P We a r e  Y Y‘ 
f i n a l l y  prepared t o  d e f i n e :  

6 

i s  l l ( 6 ) .  

B Y 

Y’ 

{ ( x ~ Y ) I B F + ( x , . v ) ~ . +  I1 then graph (fy) = I(x,Y)I ( s k ( y ) ’  B n s k ( y ) > k  

Y 
+1 

+1 g ( x )  = Ry o fy ( x ) ,  where y = l e a s t  y s . t .  x E Oom(fY+’). 

Then g i s  a l l ( B )  b i j e c t i o n  between S6 and K .  The tameness o f  g f o l l o w s  

from t h e  f a c t  t h a t  z E LK -> z n K c_ h ( y + l )  

-> g [ z l  can be computed from fY+l. -1 
COROLLARY 12.  Under the hypothesis of Lemma 11 there i s  a A1 master code for 

B .  

- Proof.  L e t  $(e,x) be a u n i v e r s a l  2, f o rmu la  and s e t  

f o r  some y < yo -> z n K t_ P Y 
-1 

T = I(e,x,o)/(Su,B n So)] = $ ( e , x ) l .  By Lemma 11 choose a tame g: S <-> K 

and l e t  A = g [T ] .  Then (A n yIy < K) i s  l l ( B )  s i n c e  b y  t h e  tameness o f  g 

the sequence (T n g- [y] Iy < K) i s  l l ( B ) .  From t h i s  i t  f o l l o w s  t h a t  any C 

which i s  ll(LK,A) i s  a l s o  l,(B). B u t  i f  C C K  i s  I 1 ( B )  then  f o r  some e 

X E C <-> j o ’ ( ( g ( e ) , g ( x ) , o ’ )  E A ) .  As we can assume g r K i s  ll(LK,A) ( f o r  

example, r e q u i r e  g ( y )  = y + y )  t h i s  shows t h a t  C i s  ll(LK,A). -1 

1 

Our second o b s t a c l e  t o  overcome i s  t h a t  Lemma 2 may n o t  a p p l y  i n  t h e  s i n g u l a r  

case. ( I n  f a c t  i f  K i s  s i n g u l a r  i n  S and V = L then  no s u b s e t - o f  K i s  

B-bi-immune.) I n s t e a d  we need a d i f f e r e n t  way o f  choosing r e p r e s e n t a t i v e s  of  t h e  

‘A-degrees so t h a t  > and 2 agree on these s e t s .  T h i s  method i s  o b t a i n e d  as 

8 
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an ex tens ion  o f  Lemma 11 o f  Friedman [1981a]. 

D e f i n i t i o n .  C F K  i s  B-reduced i f  

{(X,Y) E SB. lX  5 c,y n c = 01 2 f B u x , y )  E LKIX 5 c,y 17 c rJ1 
I t  i s  c l e a r  t h a t  if C1 ,C2 5 K a r e  E-reduced then  C < C <-> C < C 

1 4 2  1 4 2'  
Lemma 13. (V = L )  Suppose K is singular with respect to functions. Then 

any A-degree contains a B-reduced set. 

Proof. 
bounded I 1 ( B )  f u n c t i o n s  f : y -> 6 and g: y -> K such t h a t  g(y)  i s  a 

c a r d i n a l  f o r  each y < yo. Choose a parameter p E S such t h a t  f,g a r e  l l ( B )  

w i t h  parameter p and f o r  each y < y l e t  Hy = l1 Skolem h u l l  o f  g ( y )  u { p }  

i n s i d e  8 = (Sf(y),B n S f (y ) ) .  Fo r  each y < yo, s = Hy n g ( y )  = l e a s t  o r d i n a l  

n o t  i n  H 

L e t  yo = & c f ( B )  = 1 1 ( ~ )  - c o f ( K )  < K. Choose o rde r -p rese rv ing ,  un- 

B 

+ 
Y Y 

Y' 
Given C 5 K we l e t  gc(y) = rank (C n g ( y ) )  i n  t h e  canon ica l  w e l l o r d e r i n g  

of LK. Thus g c ( y )  < g(y)+ f o r  each y < y . 
some y < yo, g ( y )  5 6 and ( 6  < sy + g c ( y )  o r  Hy n (6,6+)+ @ ) I .  The s e t s  C 

and C* have t h e  same A-degree as t h e  sequences (g(y) Iy  < yo), (syly < yo) a r e  

b o t h  l l ( A )  and gc and C code t h e  same i n f o r m a t i o n .  

F i n a l l y ,  C* = {6 < K I Fo r  

The p o i n t  o f  C* i s  t h a t  i f  x E H , x E S E  t hen  whether o r  n o t  x i s  a sub- 
Y 

s e t  of C*  o r  i s  d i s j o i n t  f rom C* o n l y  depends on C*  n g (y ) .  For ,  i f  x E H 

t hen  f o r  a l l  6,  u (x  n 6') E H . So, x 5 C* i f f  I x  n 6'1 < 6' f o r  each 6 and 

x n g(y) 5 C*. Moreover, i f  x E H x n [ 6 , & + )  f 0 f o r  some 6 2 g ( y )  then  

x n C* $ 0. Thus x n C* = 0, x E H .-> x c LK. As any x c Sg belongs t o  

H f o r  some y < yo we see t h a t  C* i s  B-reduced. -1 

Y 

Y 

Y' 

Y 

Y 
We now see how t o  d e f i n e  t h e  monomorphism j. Assume V = L. Suppose 

B = (SB.B) 

l l c f ( B )  = K d e f i n e  A and j as i n  s e c t i o n  2. O t h e n r i s e  l e t  A = (LK,A) 

where A i s  a Al master  code f o r  8 and f o r  any A-degree 4 de f ine  j(4) = 

8-degree(D) where D E 4 i s  8-reduced. Then j i s  a w e l l - d e f i n e d  monomorphism. 

THEOREM 14. If j is defined as above then j is an isomorphism between the 

A-degrees and the regular 8-degrees. 

i s  amenable and l , p r o j ( B )  = K, l l c f ( B )  = I 1 ( B )  - c o f ( K ) .  Then if 



The Turing Degrees and the Metadegrees have Isomorphic Cones 15s 

Proof. N o t i c e  t h a t  i f  f :  yo -> B, g: yo - > K a r e  l1 (B) ,  o r d e r p r e s e r v i n g  

and c o f i n a l  (yo = r l c f ( B ) )  t hen  any 8-reduced s e t  D c_ K has t h e  same 8-degree 

as { f ( y ) ,D  n g ( y ) )  Iy < yo} and t h i s  s e t  i s  r e g u l a r .  Thus Range( j )  5 r e g u l a r  

8-degrees. 

Conversely, suppose E 5 SB i s  r e g u l a r  and ( s i m i l a r l y  t o  t h e  proof  o f  Theorem 

1 )  de f i ne  E* = { z  E SEtIz 5 E )  v Iz 6 S B , / z  n E 01, E** = g[E*] where g comes 

from Lemma 11, E a 8-reduced s e t  o f  t h e  same A-degree as E**. As b e f o r e  i t  i s  

easy t o  show t h a t  E 2 E.  B u t  conve rse l y  E 3 E**, 

{ ( x J )  E LKilx 5 E**,y n E** = 0) &8 E* 

r e g u l a r i t y  o f  E .  -1 
I n  case K = Nu 

1 

* 

* 

by t h e  tameness o f  g, E* 2 Es by t h e  

(and V = L )  t h e  r e s u l t s  o f  Friedman [1981al show t h a t  t h e  

A-degrees a r e  we1 1-ordered.  

i t  i s k n o w n t h a t  t h e  B-degrees a r e  not w e l l - o r d e r e d  i n  t h i s  case and thus t h e  

monomorphism j o f  Theorem 14 i s  n o t  o n t o  a l l  t h e  8-degrees. I t  i s  n o t  known a t  

p resen t  i f  j i s  o n t o  when K =Nu. ( I n  t h i s  case t h e  A-degrees a r e  n o t  w e l l -  

ordered. ) 

Thus t h e  r e g u l a r  8-degrees a r e  we1 1 -o rde red  However 

As i n  e a r l i e r  s e c t i o n s  one can determine t h e  Range o f  j on t h e  A-RE degrees 

and t h e  i n v e r s e  image under j o f  t h e  8-RE degrees. Thus j [A-RE degrees] = 

Tamely 8-RE degrees and j-' [B-RE degrees] = I! E A-degrees/! i s  A-RE r e l a t i v e  

t o  an A-RE e 5 $. The p r o o f  uses t h e  tameness o f  g and a s l i g h t l y  m o d i f i e d  

c o n s t r u c t i o n  o f  8-reduced s e t s  (so as t o  produce an A-RE 8-reduced s e t  i n  a 

g i ven  A-RE degree) .  

F i n a l l y  we determine under what c o n d i t i o n s  g i v e n  an o r d i n a l  B o f  c a r d i n a l i t y  

K, t h e r e  e x i s t s  B c_ SB such t h a t  8 = (S ,B) i s  amenable and s a t i s f i e s  o u r  

above hypotheses; i . e . ,  

seen t h a t  t h i s  i m p l i e s  t h e  e x i s t e n c e  o f  an i n j e c t i o n  g: S -> K such t h a t  

9 - l  r y  € SB f o r  each y < K ( i f  l l c f ( B )  = K then  l e t  g be any I , (B)  i n -  

j e c t i o n  S -> K; o the rw ise  use Lemma 11 ) .  B u t  i f  g i s  any such i n j e c t i o n  we 

can de f i ne  B c_ SB such t h a t  o u r  c o n d i t i o n s  a r e  s a t i s f i e d :  B = 1 g - l  yIy < K) .  

The r e g u l a r i t y  of B f o l l o w s  from t h e  key p r o p e r t y  o f  g. C l e a r l y  Z,proj(B) = K 

B 

l l p r o j ( B )  = K,  l l c f ( B )  = 1 ( 8 ) - c o f ( K ) .  We have a l ready  

B 

B 
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as g i s  I1(B). And, &cf(B) = I1(B)-COf(r)  as there i s  a I , ( B )  co f ina  

funct ion K --> 8 :  L e t  f ( y )  = l e a s t  6 s . t .  g- b y  F s6. 1 

Now the existence o f  g can be completely analyzed using the techniques of 

Frienman I1981cJ (see the proo f  o f  Theorem 9 o f  t h a t  paper). This y i e l d s  the  

next r e s u l t .  

THEOREM 15. (V = L) Suppose 8 has c a r d i n a l i t y  K and the  c r i t i c a l  p ro jec ta  of 

5 a l l  have c o f i n a l i t y  = cof ina l i ty (K) .  Then there  is an i n j e c t i o n  g: S --> K 

such tha t  g 

there  i s  a s e t  A 5 K such t h a t  the  K-degrees 2 K-degree(A) 

the  regular  5-degrees B-degree(A). I f  dl, d2 a r e  K-degrees 2 K-degree&) then 

dl is K-RE r e l a t i v e  t o  dz i f f  j ( d l )  i s  tamely &RE r e l a t i v e  t o  j (d2 )  and 

j (d l )  is 6-RE r e l a t i v e  t o  j (d2 )  i f f  dl is K-RE r e l a t i v e  t o  some d < d s . t .  

d3 is K - R E  r e l a t i v e  t o  dz. Thus j ( 6 ' )  = weak 5-jump (j(4)) and j (g")  = 

( j (9 1 ' . 

B 
-1 r y  F S5' f o r  a l l  y < K .  Moreover t h i s  l a s t  condition implies t ha t  

a r e  isomorphic t o  

_ -  
- - - - 

- - 3 - 1  - - 
- - 
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