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Volume 270, Number 1, March 1982

UNCOUNTABLE ADMISSIBLES I: FORCING
BY
SY D. FRIEDMAN!

ABSTRACT. Assume V = L. Let k be a regular cardinal and for X C k let a(X)
denote the least ordinal a such that L,[X] is admissible. In this paper we char-
acterize those ordinals of the form a(X) using forcing and fine structure of L
techniques. This generalizes a theorem of Sacks which deals with the case kK = w.

Forcing has proved to be an extremely valuable tool for the recursion-theorist.
Generic sets are used to construct a minimal hyperdegree (Gandy and Sacks [1967)),
establish the plus-one and plus-two theorems in higher types (Sacks [1974], Harring-
ton [1973]), refute the (relativized) McLaughlin conjecture (Steel [1978]) and char-
acterize the countable admissible ordinals (Sacks [1976]). This is because genericity
provides a natural way to control the definability properties of sets.

In the countable case generic set existence is not a problem. (This suffices for most
applications of forcing in set theory.) However the existence of generic sets in the
uncountable case can be an obstacle. One way around it is to exploit strong closure
properties of the ground model in question.

This last technique can be illustrated as follows: Suppose « is regular and M is a
transitive set of cardinality xk which is < k-closed; i.e., any sequence from M of
length < k belongs to M. Assume that % is a partial ordering of a subset of M which
is also < k-closed, i.e., for any sequence p, = p, =p, = ... from @ of length <«
thereis p € P s.t. p < p, for each y. Then one can easily construct (in k steps) sets
which are %-generic over M.

The main result of the present paper implies that the preceding paragraph
describes the best existence theorem for generic sets in the uncountable case. We
present a simple forcing problem for uncountable L s which can be solved posi-
tively only in cases where L possesses the strong closure property stated above.

The problem in question is a generalization of Sacks’ characterization of count-
able admissible ordinals. Assume ¥ = L and let k be an uncountable cardinal. For
X C « we let a( X) denote the least ordinal a > k s.t. L ( X) is admissible.

Question (V = L). Which admissible ordinals are of the form a(X) for some
X C «?

We deal in this paper with the case where « is regular. (The singular case will be
treated in Friedman [1981a].) The answer to this Question is best phrased in terms of
a strong form of < k-closure which we call < k-admissibility.
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62 S. D. FRIEDMAN

DEFINITION. L is < k-admissible if cofinality (a) = k and L, is both closed under
and admissible relative to the function yw[y]=*, where [y]=* = {x Cy|x has
cardinality < ).

Notice that < k-admissibility implies < k-closure. It is natural to attempt to build
X as above by forcing over L,. If L, is < k-admissible then in §1 we construct a
< k-closed partial ordering % such that « = a(X) whenever X is P-generic over L.
The < k-closure of L, implies the existence of such X and thus the Question is
answered positively in this case.

The purpose of §2 is to provide a negative answer in all other cases.

THEOREM. a = a( X) for some X C « iff
Dk <a<k™,
(ii) L, is < k-admissible.

Thus even basic forcing results extend to the uncountable only in very special
cases. In §2 we will also give examples where a < k™ is admissible of cofinality k but
L, is not < k-closed and also where a < k™ is admissible, L, is < k-closed but L, is
not < k-admissible. The former example corrects an assertion made following
Problem 48 in H. Friedman’s list of problems in logic (H. Friedman [1975]). Our
methods can be used to give a negative solution to that problem in ZF (see Example
3in §2).

The “only if” direction of our Theorem (proved in §2) is established via a
combination of techniques from B-recursion theory and the fine structure of L. We
show that if a = a( X) for some X then not only a but also X, projectum (8) must
have cofinality k for various ordinals B closely related to « (for certain n € w). This
condition in turn implies the < k-closure of L, by an induction argument. The proof
of < k-admissibility uses related methods.

The “if” direction is proved by a forcing technique which extends the method of
Jensen [1972] to the uncountable. The proof is in two parts. First a predicate B C L,
is constructed so that (L,[B], B) is admissible but (L [BN L/, BNL,) is
inadmissible for each y < a. This uses (and in fact necessitates) the < k-admissibility
of L,. Second the predicate B is coded using almost disjoint set forcing by X C «.
Thus a = a( X).

1. Killing admissibles. Our goal in this section is to establish

THEOREM | (V = L). If a has cardinality w,, L, is w-admissible, then o = a( X) for
some X C w,.

<

Thus we consider only the case k = w;. We write “w-admissible” for “< w,-
admissible”. There are obvious modifications of what is described below when k is
any other regular L-cardinal.

Our proof is an extension to the uncountable of a forcing method developed by
Jensen (see Jensen [1972]). He used a combination of unbounded Lévy forcing, a

2Lemma 4 below shows that if a is admissible then the words “and admissible relative to” can be
deleted in this definition.
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special forcing for destroying recursive Mahloness and almost disjoint set forcing to
prove a strengthening of Sacks’ theorem that any countable admissible > w is the
first admissible relative to some real R C w. There are several new problems which
arise when attempting to adapt these techniques to the present context. To demon-
strate that admissibility is preserved by unbounded Lévy forcing one must use the
w-admissibility of L,. A Skolem hull argument is needed then to construct
a predicate B C L, such that (L [B], B) is admissible but for each y <a
(L,[BNL,], BN L,) is inadmissible. Finally we make use of a technical lemma
from Jensen [1975] to perform almost disjoint set coding in an admissibility-
preserving way.

An w,-closed unbounded set of inadmissibles. If a is countable and admissible then
a closed unbounded C C « is constructed in Jensen [1972] such that

(@) L,[C] = L,

(b) (L,, C) is admissible, and

(c) y € C - v is inadmissible.
Now suppose a is as in the hypothesis of Theorem 1. Then we construct a closed
unbounded C C « such that

(a) L[C] = L,

(b) {L,, C) is admissible, and

(c) ¥y € C, cofinality (y) > w — v is inadmissible.
The extra hypothesis in (c) is necessary: For, there may be a closed unbounded
D C a consisting only of admissibles. But then C N D # @ since C, D are closed
unbounded subsets of an ordinal of uncountable cofinality. We arrange that C N D
consists only of ordinals of cofinality w.

A condition p is a closed subset of a such that

(i) p has a greatest element,

(i) Y € p, cofinality (y) > w — y inadmissible, and

(i) p € L,.
If p, g are conditions then p is stronger than ¢, p < g, if p N (max(q) + 1) = q. Let
%, denote the collection of all conditions. %, is countably closed. If ¢(G) is a ranked
sentence of L, rank(¢) = B, then we define

plké > B<max(p) and Lg[p]ed(p).

So forcing for ranked sentences is a A, relation. Forcing for unranked sentences is
defined in the usual way. Thus forcing for 2, sentences is A, over L,. The existence
of sets &-generic for sentences of L, is guaranteed by the countable closure of L,
the countable closure of ¥, and the next lemma.

LeMMA 2. If p is a condition and ¢ is ranked then 3g < p (qIk ¢ or g I+ ~ ¢).

ProOF. Choose 8 < a to be inadmissible and greater than rank(¢), max( p). Then
pU{B}rporp U {B}Ir~¢.Alsop U {B} <p. O

If G is 9,-generic for sentences of L, then C = UG is a closed unbounded subset
of a such that L [C] = L,. The next lemma guarantees that (L, C) is admissible.
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LEMMA 3. Suppose B<aand f: B - ais ,(L,,C). Thenf € L,.

PrOOF. Let ¢(x, y,z,C) be a A, formula (C is a name for C). Suppose
pIrVy < B3163xé(x, y,8,C) and max(p) > B, rank(¢). Define a sequence of
conditions as follows: p, = p. P, ., =least p<p, st pltIxId¢(x,v,8,C) and
Py € Lma_x(p)' Py = U y<A py U {Sup(U y<X py)} Note that <py l Y < }‘> is
Z1(Luax(p,)) for each limit A as forcing for =, sentences is A;. So max(p,) is
inadmissible for each limit A <pB. Thus p; is an extension of p and pg
IF* “Ix¢(x, y, z, C) defines a function in L,”, where [+* denotes weak forcing. If
f€ 2L, C) is defined by Ix¢(x, y,z, C) then {p|plt “If Ix¢(x, y, z,C)
defines a function then this function is in L,”} is dense and therefore 3p € G p I+
“The function defined by 3x¢(x, y, z,C)isinL,”. Sof€ L,. O

For the application below we will need a relativized version of the preceding. If
L,[S]= L, is countably closed and (L,, S) is admissible then there is a closed
unbounded C C a such that

(a) L[S, C] = L,

(b) (L,, S, C) is admissible, and

(c) y € C, cofinality (y) > @ > (L,, § N L, ) is amenable and inadmissible.

This is proved exactly as above, replacing “admissible” by “S-admissible” and
“3,” by “Z, in §” throughout. Thus one can define a countably closed forcing 97
which is A, over (L,, S) and such that any C which is 9-generic over (L, S)
satisfies (a), (b) and (c) above.

Unbounded'Lévy forcing. Again let a be as in the hypothesis of Theorem 1. We will
choose C C a to be @Js-generic over L, where S is defined as follows. S = {(x, y)|
x, y € L,and y = [x]“}. But first we establish some properties of S which will be of
use to us in §2.

Note that L, is w-admissible if and only if cofinality (&) = w,, L, is closed under
ye[y]® and (L,, S) is admissible. We first show that this last condition is
redundant.

LEMMA 4. Suppose L, is admissible and closed under yw[y]®. Then (L, S) is
admissible.

PROOF. There are two cases.

Case 1. There is a largest a-cardinal . Then « has uncountable cofinality as
otherwise the elements of [«]“ are constructed cofinally in a. But []® € L, by
hypothesis.

We now show that S is actually A, over L,: Given y € L, let ¢ be the <;-least
injection of y into k and let z = ¢[y]. Then [y]® = {¢"'[s]| s € [z]°} and [z]® =
[z]° N L,. This gives a 2, definition for y [ y]“.

Case 2. There is no largest a-cardinal. We show that if « is a regular a-cardinal
then (L .+,S N L) is a Z,-elementary substructure of (L,, S). This establishes
the admissibility of (L, S).

Suppose « is a regular a-cardinal. Cofinality (k) > w as L, is countably closed.
Now suppose (L,, S)rAy¢(x, y, S) where ¢ is Ay and x € L . We must show that



UNCOUNTABLE ADMISSIBLES I: FORCING 65

(L+,SNL+YAyp(x, y, SN L) Choose y € L, so that (L., SYed(x, y, S)
and let A be a regular a-cardinal so that y € L,. Then (L,, S N L,) is amenable so
we may choose a 2, Skolem function 4 for this structure. As k is a regular a-cardinal
we may choose § < k* so that L is countably closed and x € Lg. Then let H = =,
Skolem hull of Ly U {y} inside L,.

We claim that H is countably closed. For, if x,, x,,... € H then x, = h(n,, v,, y)
for some n, € w, v, < 8. Then {(n,,7,)|i € w)€E Ly and as the =, sentence IzVi
(z(i) = h(n,,v,, y))is true in L, (by the countable closure of L,), it is true in H. So
(x,|]i Ew)€E H.

Now collapse H isomorphically to L., § <y < k* . Then L, is countably closed
and S N H collapses to SN L,. So as (Ly, SN Ly)e¢(x, y, S N L,) we have
(L,,SNL,k¢(x,y,SNL,) where y = image(y) under the collapse. Hence
(L, SN LaYed(x, 7, SN L+)sincepis A, O

This now gives us an explicit characterization of w-admissibility in terms of
countable closure. Countable closure is in turn characterized by a “fine structure”
condition in the next section.

LEMMA 5. L, is w-admissible iff L, is countably closed and
(%) either there is no largest a-cardinal or the largest a-cardinal has uncountable
cofinality.

PrOOF. The “only if” direction was covered in the proof of Lemma 4, Case 1. By
Lemma 4, to prove the “if” direction it suffices to show that L, is closed under
y[y]¢if L, is countably closed and obeys (*). But this is clear by Godel unless y
has cardinality = greatest a-cardinal. But ‘thenif ¢ € L, is a bijection between y and
gcathen[y]® = {c¢ '[s]|s € [gca]®} and [gc a]® = [gc «]® € Ly, by (x). O

Now let C be P -generic over L,. Then L[S, C]= L, is admissible. We seek to
build a class 4 C a such that (L [A], A, C) is admissible and L,[A]Fw, is the
largest cardinal. We construct 4 to be generic for a countably closed forcing for then
the countable closure of L, guarantees the existence of generic classes. In the
countable case this type of forcing was done in Sacks [1976] with finite conditions.
He exploits the fact that 8 < a implies [3]=“ € L, in order to help reduce this class
forcing to set forcing. The analogous property in our present context, 8 < a implies
[B]® € L,, is guaranteed by the w-admissibility of L,. Moreover by working relative
to S we can assume that the operation 8- [B]* is effective.

We now define the countably closed forcing &, for making w, the largest cardinal.
A condition p is a countable partial function @ X w, — « such that p(8, y) < B for
each (B8, y) € Domain( p). The condition p is stronger than the condition g, p < g, if
p extends q as a partial function. Thus if 4 is %,-generic over L, then L [A]F w, is
the largest cardinal. We in fact want A4 to be %;-generic over (L,, S, C') in order to
guarantee that ( L,[4], A, C) is admissible. The countable closure of L, guarantees
the existence of such an 4.

The proof of admissibility is much as in the countable case. w-admissibility is used
to “bound the forcing relation”: For < aandp € P, letp~f =p N (B X w;) X B.
Then 9;F = (p=F|p €9P,} is a member of L, and the function B~ PP s
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2(L,, S). A simple induction shows

(%) if pIF ¢, rank(¢) < B then p=F I ¢.

Forcing is defined in the usual way by induction. All instances of this induction for
ranked ¢ are clearly 2,(L,, S, C) except the negation case which is =, due to (x).
plt~¢ iff Vg <p(~qlr¢) iff 3B (rank¢ < B and Vq € P A (g <p »~ qI ¢)).
Thus the relation p I+ ¢ of p, ¢ is =, (for ranked ¢).

It is now easy to establish the admissibility of L [A4]. Suppose ¢ is ranked and
Dok Vx3yo(x, y). Thus for each p < p,, constant c there is g( p, ¢) < p, constant
d( p, c¢) such that g( p, ¢) It ¢(c, d( p, ¢)). The functions ¢, d can be assumed to be =,
as the forcing relation is =, for ranked sentences. Let 8 < a be a fixed point so that
Lgis countably closed; i.e.,

Do € LB’
p,c €Ly —q(p,c), d(p,c) € Ly,
[Le]” € L.
B exists by admissibility of (L,, S, C).
Claim. p,y I+ vxAAyPe(x, ).
PROOF OF CLAIM. Suppose p < p,, ¢ € Lg. Then p=fe L, since Ly is countably

closed. As p~f <p, we see that ¢ = q(p=*,c), d=d(p~*,c) are defined and
belong to Ls. Thus ¢ U p - ¢(c, d). So we have shown

Vp <pNc € LgAr<p3d € Lgrir¢(c,d).

This is exactly the statement of the Claim.

Now if (L,[A], 4, S,C)eVx3Ayp(x, y), ¢ ranked then for some p €4 plt
Vx3ye(x, y). By the claim, for some B<a pltVxPIyPp(x, y) so L, [A]*x
VxA3yPo(x, y). We have demonstrated I1,-reflection for (L [A4], 4, S, C).

Almost disjoint set forcing. We are now in the following situation: There are
predicates 4, S, C C L, such that

(a) (L,[4], A4, S, C) is admissible,

(b) L [A]F w, is the largest cardinal,

(c) Cis closed unbounded in «, and

(dy € C-cof(y) =wor (L,SNL,) is inadmissible and amenable.

It is now fairly easy to construct a predicate B C L, such that (L ,[B N L,], BN L.)
is inadmissible for each y < « and B is A|(L_[A], 4, S, C). Then the idea will be to
code B by a subset X of w, in a very efficient way, so that BN L, is A, over L,[X]
for each y < a and L[ X] is admissible.

The construction of B is as follows: For each y € C let w, be the L, [A]-least
wellordering of w, of ordertype y’, where y’ = least member of C greater than
y. We identify w, with a subset of «,. Let B'={y + 8|y € C and § Ew,}.
Then B = join(S, B’). (Thus B= {2u|p € S} U 2pu + 1| p € B’}.) Certainly
(L,[BN L)), BN L,) is inadmissible when vy is not the limit of elements of C as
this structure contains a wellordering of w, of ordertype = v in this case. If y < a is
the limit of elements of C and has uncountable cofinality then again this structure is
inadmissible since (L., S N L, ) is.
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We now show that (L,[B N L], BN L, is inadmissible for every y < a. Other-
wise let y be the least ordinal such that (L [B N L,], BN L,) is admissible. We
show that y has uncountable cofinality, contradicting the previous paragraph. Note
that as y is the limit point of elements of C, L,[B N L,]F w, is the largest cardinal.

Let & be a Z; Skolem function for (L,[B N L,], BN L,). Then for each § <y
hlw X Lg] is transitive as L, [B N L, ]k w, is the largest cardinal. Thus h[w X L,, ]
is of the form (L .[BN L], BN L,.) and is admissible. The leastness of y implies
that y” = y and so there is a £,(L,[B N L,], B N L,) injection g of y into w,. For
each § < w,, g~ '[8] is bounded in y by the admissibility of (L,[BNL,),BNL,).
The function 8+ sup g~ '[8] is a nondecreasing unbounded function from w, into y
so cofinality (y) = w;.

LEMMA 6. For each y = wy, L, [B N L ]k vy has cardinality w,.

PrROOF. Otherwise let y be the least § = w, s.t. Ly, ,[B N Ls]t 8 has cardinality
> w. Then L \[B N L,]Jky = w, and so certainly L [B N L,] is admissible. But
this contradicts the above established property of B. O

Now we must code B by a subset of w,. The standard way to do this is with almost
disjoint set forcing, invented in Jensen and Solovay [1970] and perfected in Jensen
[1972, 1975]. This method can be described as follows: First choose a A, (L,[B], B)
sequence (X, |y < a) of subsets of w, such that y # y" — X, N X, is countable
(X,, X, are almost disjoint). This is easily done. Also define B* =
{w, + v| the yth set in <, belongs to B}. Then consider the forcing &¥; where a
typical condition is of the form (s, Y), s a countable subset of w, and Y a countable
subset of { X, |y € B*}. We write (s, Y) < (¢, Z) if

sDt, YD Z, XYEZﬁ(s—t)ﬂXYZQ.

We identify a generic object G with X = U {s|3Y(s,Y) € G}. Thus if X is
Js-generic over (L,[B], B) then w, + y € B* < X is almost disjoint from X. So
BNL,is A over L [X,{X, |y <Y)] provided y > «, and is (say) primitive
recursively closed. Conversely we arrange that (X, |y’ <y) is A, over Lg[B N L,]
where ¥ = least p.r. closed ordinal >y U w,. Thus knowing B N L, allows one to
determine (X, |y’ <{y) which in turn allows one to recover B N L. This
“bootstrap” idea is key to the decoding process as the proof of the next lemma
indicates.

LemMMA 7. L [ X] is inadmissible for each y < a.

PROOF. It is enough to show by induction that B N L, is A, over L[ X] uniformly,
for p.r. closed y > w;. If y = &, then (X, |y’ <7vy) is A over L, so BN L, is A,
over L [X]. The uniforrriity renders trivial the case of y being a limit of p.r. closed
ordinals. Otherwise y = 6 where § > w, is p.r. closed and hence by induction B N L
is A, over Lg[X]. But then (X, |y <y) is A, over L [X] as it is A; over
L,[BN Lg]. Thus BN L, is A over L [X]asitis A, over

L[X(X, |y <y)]. O
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The proof of Lemma 7 depends on the fact that the sequence of codes ( X, |y < a)
can be chosen so that (X, |y" <) is A, over Ly[B N L,] for each y. This is
possible thanks to Lemma 6.

Guaranteeing the admissibility of L,[X] for Pc-generic X requires a further
restriction on the sequence (X, |y < ). As in Jensen [1972] one must choose the
X,’s to be generic. In Jensen [1972] it suffices to arrange that for each p.r. closed v,
X, is Cohen generic over L, [B N L,] and belongs to L;[BN L,]. For our
purposes we must use the more sophisticated technology of Jensen [1975, p. 13],
where it is arranged that for each p.r. closed y and each 1-1 function f: w —
(e — v), the sequence (Xyq), Xy),-..) is Cohen generic (as an w-sequence) over
L, [BNL)] and in addition (X,|y<¢¥) is uniformly 2, definable over
Ly[B N L,]. We now assume that the sequence (X, |y <a) has these properties
and in addition for each p.r. closed y and each Cohen condition p there is Xj
extending p, y < 8 <+¥.

LEMMA 8. L[ X] is admissible when X is Fs-generic over ( L [ B), B).

PrOOF. For each y let B = {(s,Y)YE F5| Y C {X;|8 <7v}}. We claim that if
@, <y is p.1. closed and has uncountable cofinality, M C 9 is a maximal antichain
in®yand M € L \[B N L] then M is a maximal antichain in %. From this it will
be fairly easy to establish the admissibility of L [X]. But first we establish this
claim.

Suppose not and let (s, Y) € & be a condition incompatible with each element of
M. Write Y=Y, UY, where Y, C {X;|8 <y} and Y, C {X;|8=y}. List the
elements of Y, in an w-sequence X, X),... and then since { Xyq), Xyyy,...) 18
C“-generic over L., ,[B N L,] (€= Cohen forcing) there is a condition ( py, py,. )
€ C® such that X, ,, extends p, for each i and

(Pos P1s-- (s, Y U {G(n) | n € w})
is incompatible with each element of M.”

Now (s,Y,)€ 9 for some § <y since y has uncountable cofinality. For each i
choose X, 8 < g(i) < 8, such that X,,) extends p; (see the remark immediately
before the statement of Lemma 8). As (s, Y, U {X,,)|i € w}) is a condition in %y
it is compatible with some (¢, Z)E M. Now let B = sup(t) and consider the
condition (Xy0)! B, Xyt B,...) € C“. This condition extends (pgy, p,,...) and
(weakly) forces “(s, Y, U {G(n)|n € w}) is compatible with (z, X'),” contradicting
the choice of ( py, py,...).

It now follows that if w, <y is p.r. closed and of uncountable cofinality and G is
Ps-generic over (L [B], B) then G N ¥J is ¥J-generic over L . [B N L,]. For if
M€ L, [BN L,]is a maximal antichain in ¢ then M is maximal in ¥ and thus
GNM=(GN%P)NM+* . As any dense open subset of Py contains a maximal
antichain, this proves that G N 97 is PJ-generic over L, ,[B N L,]. We now show
by inductionon ¢ € L,[B N L] that for all (s, Y) € F¢

(s, Y)Y koo (s, Y) It ¢.
9, 99

N
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Each step of the induction is clear save the negation case. If (s5,Y) kg ~ ¢ then
certainly (s, Y)Irgy ~ ¢ follows by induction. Conversely suppose (s, Y) lkgy ~ ¢.
Then for evey 9J-gemeric H over L,,,[B N L] extending (s,Y) we have
(L,[BN L, H], BN L, )~ ¢ by the truth lemma. But then for every Ps-generic G
over (L [B], B) extending (s, Y) we have (L,[B, G], B)e~ ¢ since in this case
G N 9¢ is 9J-generic over L, [B N L,]. Thus (s, Y) It¢ ¢ (since we are using weak
forcing).

We have proved that the relation (s, Y) I ¢ restricted to ranked ¢ is A; over
(L,[B], B). We can now prove the lemma. Suppose (s, Y ) I Vx3y¢(x, y) where ¢
is A;. We shall produce an ordinal y < & such that (s, Y) IF Vx, 3y ¢(x, y) (where
x,, y, range over elements of L ,[B N L, ]). Our hypothesis and the A,-ness of the
forcing relation imply the existence of a Z,(L,[B], B) function f: a - a such
that VxV(t, Z)< (s, Y)[(x € Ly[B N L;] and (1, Z)€ &) - (¢, Z') <
(t, Z)Ay(y € Ly[B N f(8)), (1", Z'y€ FL® and (¥, Z') Ik ¢(x, y))]. Let w, <7y
be a p.r. closed fixed point for f of uncountable cofinality. Then for each

x€L[BNL), D={({1,Z)e9J|AyeL[BNLJ(t,Z)Iro(x,y)}

is dense in 9 below (s, Y') and belongs to L, ,[B N L ]. Thus if (¢, Z)< (5, Y)
then (¢, Z) is compatible with some element of D and hence

v, zy<(1,Z)ay e L[BNLJ(t, Z') Fo(x, y).

We have just proved (s, Y) I Vx, 3y é(x, y). Thus II-reflection holds for L,[X]
and so L [ X]is admissible. [

2. Converse to Theorem 1. We make use of Jensen’s theory of projecta (see Jensen
[1972A]) to characterize ordinals of the form a( X') for X C w,. In fact we show that
unless L, is w-admissible there is no X C w, such that L [X] is admissible and
L [X]kw, is the largest cardinal. Our proof is best motivated by considering the
following example which provides an admissible a of cardinality and cofinality w,
such that L[ X]is inadmissible whenever L [ X]F w, is the largest cardinal.

ExamPLE 1. Choose a < w, to be admissible of cofinality w, and such that
o2pa = Z, projectum of « has cofinality w in L,. Such an « is obtained by choosing
L, = transitive collapse (M), M is an elementary submodel of L, of cardinality w,,
where y = the w,st stable past 8 . Thus 62 pa = (¥ )*= and =, cofinality (a) = w,.

Now let 8 = 02pa = (8 )"~. We can obtain a wellordering R of a subset of 8 of
ordertype a which is 2,(L,) as follows. Choose a =,(L,) injection f: a — 8 and let
R(x, y) < [ (x) <f Y»), x, y € Range( f). Jensen’s fundamental theorem about
2, projecta states that any 2 (L,) bounded subest of snpa = 2, projectum (a) is a
member of L,,,,. Thus if we let 8, = (¥,)" we see that R N (B, X B,) € L, for
each n. We can thereby “code” R by the w-sequence s: w — L, defined by
s(n) =R N (B, X B,).

Finally suppose X C w, and L [ X]k w, is the largest cardinal. Then there exists
an injection ¢: Ly — w, such that ¢ € L,[ X]. The composition ¢ ° s belongs to L,, as
¢ o s is a function from w to w, and we have assumed V' = L. Thus s = ¢ ' o (c o 5)
€ L [X]. We now have U Range(s) =R € L [X] and thus L [X] contains a
wellordering of ordertype a. So L[ X] is inadmissible.
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The idea of this example can be used to show that not only =, projectum (a) but
also many other “projecta” associated to a must have uncountable cofinality as well.
By establishing the uncountable cofinality of a sufficient number of these related
projecta we are able to ultimately show that L, is countably closed. Thus we have
also obtained a “fine structure” characterization of countable closure.

For the sake of the definition below recall the S-hierarchy of Jensen, defined and
discussed in Devlin [1973, p. 82]. This hierarchy is a more convenient way of
generating L than the usual L-hierarchy. S has very nice closure properties for limit
B. Sz N OR = B for limit B. In what follows B always denotes a limit ordinal.

DEFINITION. Let a < 8 and n a positive integer. The (n, 8) projectum of a = least
y s.t. there is a Z,(S,) injection of & into y. We write (n’, 8') <(n, B) if B’ < B or
(B’ = B and n’ < n). Then (n, B) is an a-critical pair if (n’, 8’) projectum (a) >
(n, B) projectum (a) whenever (n’, 87) < (n, B). Notice that there are only finitely
many ea-critical pairs, beginning with (1, ). Let (1, @) = (n,, B)) <(n,, B,) <
-+ - <(n,, B,) be a list of all a-critical pairs and let p, > p,> --->p, = w, be a
list of the corresponding projecta; i.e., p; = (n;, B;) projectum ().

LEMMA 9. If (n, B) is a-critical then (n, B) projectum (&) = Z, projectum (B).

PrROOF. Let 1, = (n, B) projectum (&) and 7, = £, projectum(f8). As a < g it
follows that n, <n,. Now choose a 2,(S;) injection f: @ - n,. Then R = {(x, y) |
x, y € Range(f) and f~'(x) <[ '(y)} is a Z,(S;) subset of n; X n,. But R & S as
otherwise (n’, 8’) projectum(a) < n, for some (n’, 8’) < (n, B), contradicting the
hypothesis that (n, B) is a-critical. Now by Jensen’s characterization of the =
projectum we must haven, <7u,. U

The idea used in Example 1 also establishes the next result.

n

LEMMA 10. If a = a( X) for some X then p; has uncountable cofinality for each i.

PrOOF. Suppose not. Choose #: w — p, to be unbounded. As before choose a
=, (S,) injection f: a — p, and let R = {(x, y)|x, y € Range(f) and f'(x) <
f7'(»)}- Then by Lemma 9 R N (#(n) X t(n)) € L, for each n. We let s(n) = R N
(1(n) X t(n)).

If L,[X]kw, is the largest cardinal then as before s € L [ X]. But then L, [X]is
inadmissible as R = U Range(s) € L[ X] and L [X] contains a wellordering of
ordertype a. [

Establishing the countable closure of L, (when a = a( X)) for some X)) necessitates
consideration of other projecta closely related to those above. For each i, 1 <i <k,
we define

b/ =3, _, projectum (B,).

Recall that p, = 2, projectum (B,). If n; = 1 we define 2, | projectum (B;) = Z,
projectum (B,) = B,. The countable closure results will follow once we demonstrate
that p also has uncountable cofinality for each i. The proof uses a combination of
ideas from the theory of master codes and B-recursion theory.
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Suppose n >0, 4 C 2, projectum(p) is a =, Master Code for B if 4 is 2,(Sp) and
for any B C 2, projectum (8) = onpp,

BisS(L,,,z. A) iff BisZ,, (S;).

Jensen defined and proved the existence of =, Master Codes (Jensen [1972A]). If
n = 0 we define @ = 2, Master Code for §8. Then for each i define

A4;=aZ, _, Master Code for ;.

Thus 4, C p; and the structure A, = (S, 4,) is amenable (that is, 4, N y € S, for
each y < p/). We can also think of p; as the 2, projectum of the structure ;. Thus
the introduction of master codes allows us to deal with 2, predicates (over an
appropriate amenable structure) where the methods of B-recursion theory apply.

LeMMA 11. Suppose p, > a. Then p,_, is a p;-cardinal.

PROOF. Since p, > a = p} we see that i > 1. Let (n, B) be the least pair such that
there is a Z,(S,) injection of p,_, into a smaller ordinal. Then (n, B) is a-critical.
Thus (n, B) = (n;,B,) and p,_, is a P-cardinal. We are done since p; = 2, _,
projectum (B,) < B, O

We are now prepared to prove the key lemma toward establishing countable
closure.

LemMA 12. If o = a( X) for some X then p] has uncountable cofinality for each i.

Proor. If p/ < a then the result follows from Lemma 10. For in this case
p, = p,_, as p; = (n, — 1, B,) projectum () and (n,, B;) is a-critical.

We must deal with the case p; > a. Suppose then that cofinality (p;) = w. Choose
f: @ = pj to be cofinal and increasing. Again there is a 2, (Sg ) wellordering R of p,
of ordertype . R is 2,(%;) so we can choose a 2, formula ¢(x, y, 4;) which defines
R over A,. We let R, be the f(n)th approximation to R; ie, (x,y) ER, <
(Siimy A, N f(n))ed(x, y, A, N f(n)). Thus R, € L,  for each n as R, € §,, and
p,—, is a p;-cardinal. p, , has uncountable cofinality. So thereisay < as.t. R, € S,
for all n.

Now if L, [ X]F w, is the largest cardinal then as before (R, |n € w)€ L, [X]. So
R € L [X]and L[ X]is inadmissible. [

THEOREM 13. If a = a( X) for some X then L is countably closed.

PrOOF. Define p, = a. We show by induction on k — i that if f: w — p, then
fe€ L, Ifk—i=0thenp, = p, = w, so the result is clear.

Now assume the result for £k — (i + 1) and we demonstrate it for kK — i. Thus we
are given f: w — p, and we know that g: w - p,,, implies g € L,. Note that
P+, =p, as either p/,, =« or p/,, = p, (see the proof of Lemma 12). Thus f:
w — pl, . Alsolet A be a Z,(¥,, ) injection of p;, , into p; , ;.

By induction ho f € L,. Moreover ho fE L, as p., is an a-cardinal of
uncountable cofinality. Now f = h~' o (ho f) is therefore =,(%,, ). As cofinality
(pj+1) > wweseethatf€ L, .If p/ | < awearedone. Otherwisef € L, as p,is a
p, -cardinal of uncountable cofinality. As p, < awehavef € L,. [
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Now that we have dispensed with countable closure, w-admissibility can be easily
dealt with.

THEOREM 14. If a = a( X) for some X C w, then L, is w-admissible.

ProOF. The theorem follows if we show that L, is closed under y~[y]“ (see
Lemma 4). Fix y € L,. As we know that L, is countably closed we can define a
2, (L[ X)) function as follows: Given z € [ y]® let h(z) = the ordinal at which z is
constructed in L,. Then Range(#) is bounded by some 8 <a and so [y]® =[y]* N
LyeL, O

Lastly we show that w-admissibility may fail for L, even when L, is countably
closed.

EXAMPLE 2. Let M be the 2, Skolem Hull of w, inside L, where y = w,st stable
above N . Let L, be the transitive collapse of M. Then « has cofinality w,, L, k(¥
is the largest cardinal) and Z, projectum (&) = w,. Also a* = a. We show that L _ is
countably closed in two steps: (a) If f: w = L, then fis 2,(L,). For, let p: L, - ,
be a 2,(L,) injection. Thenp o f € L, and thus f = p le(pof)isZ,(L,). (b)If
fi w—=L,is 2Z,(L,) then f€ L,. For, if C is a 2, Master Code for L, then f is
2(L,, C) (recall that a* = a). But a has uncountable cofinality so f € L,. Note
that Lemma 5 implies that L, is not w-admissible.

We can sum up our results as follows.

THEOREM 15 (V = L). (a) L, is countably closed iff p,, p, have uncountable cofinality
for each i.

(b) L, is w-admissible iff L, is countably closed and in addition if L, has a largest
cardinal, it has uncountable cofinality.

(©) a = a( X) for some X C w, iff w, < a < w, and L, is w-admissible.

ExaMPLE 3 (ZF). There is an admissible a, w; < a < w,, such that cofinality
(a) = w,and a # a( X) for any X C w,.

PROOF. Let k denote true w,. As in Example 1 let @ < (k* )~ have L-cofinality
and be such that 62 pa has cofinality w in L,. Then there is a wellordering R of
A = 02pa of ordertype a which is 2,(L,). Moreover R = U R, where R, € L,
for each n.

Suppose a = a( X). Then L [X] contains an injection g: L, — k. But then
(g(R,)|n€w)E[k]*NL[X]C LJ[X] SoR € L,X], contradicting the admissi-
bility of L [ X]. O

3. Further results and open questions. (1) There is a version of our result for =,
admissibility, n > 1. Thus for regular k, « is the least 2, admissible relative to a
subset of k iff Kk <a <k™, a has cofinality k and L, is closed under the =,
admissible relative to the function y—[y]™". For example, let n = 2, k = w,. The
necessity of this condition follows as in §2. For the sufficiency, one first adds a
closed unbounded C C a so that y € C, cofinality (y) >w - (L,,SN L, ) is 2,
inadmissible (where S is defined as before). Moreover (L, S, C) is amenable and
2, admissible. Then generically add 4 C L, so that (L [A4], S, C, A) is 2, admissi-
ble and L [A4]F w, is the largest cardinal. There is a predicate B C L, so that B is
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A(L,[A], S,C, A) and for each y <a (L,[BN L], BN L,) is Z, inadmissible.
Now code B by X C w, as before. Then BN L, is A, over L [X] for p.r. closed
Y > w; so L [ X]is 2, inadmissible for y < a. The proof that L,[ X]is Z, admissible
proceeds as before, using the fact that maximal antichains when the forcing is
restricted to p.r. closed y of uncountable cofinality are maximal in the whole
partial-ordering, and the resulting fact that forcing for 2, sentences is a =, relation.

(2) Sacks’ pointed perfect forcing (Sacks [1976]) can be adapted to the present
context to prove: If a has cardinality and cofinality «, x regular, and L, is 2,
admissible relative to y—[y]~" then there is X C k s.t. a is the least 2, admissible
relative to X and if Y € L [X], Y C«, then either X € L [Y] or the least =,
admissible relative to Y is less than a. One must use here the full version of this
forcing, including Sacks’ “triple forcing,” adapted to trees on k.

(3) In the countable case there is a model-theoretic proof of Sacks’ characteriza-
tion of countable admissibles. Of course compactness fails at regular cardinals > w.
But is there a model-theoretic proof of Theorem 1, say like that given of Sacks’
theorem in Friedman [1981]? It would help to develop a countably closed version of
Steel forcing.?

(4) R. David [1981] has shown that if « is countable and L,k ZF then for some
R C w, a is the least ordinal such that L [R] ZF. What is the uncountable version
of this result?

(t) Is there a nice characterization of which sequences of admissibles (&, |y <A),
A < k™, between k and k" are the first A admissibles relative to some X C « (as in
Jensen [1972] for the case k = w)?
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