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Exercise 1:

(1) Let A be an infinite set of ordinals with the property that for every γ ∈ A there is δ ∈ A
such that γ < δ. Show that

⋃
A is a limit ordinal.

(2) Show that the collection of all limit ordinals (resp. successor cardinals) is a proper class.

Exercise 2: Let γ be a limit ordinal. Show that the following are equivalent:

(1) ∀α, β < γ(α+ β < γ)

(2) ∀α < γ(α+ γ = γ)

(3) ∀X ⊆ γ(type(X) = γ ∨ type(γ\X) = γ)

(4) ∃δ(γ = ωδ)

Such γ are called indecomposable. The least γ such that γ = ωγ is called ε0 = sup{ω, ωω, ωωω
, · · · }.

Exercise 3: Prove the uniqueness of the presentation in the Cantor Normal Form Theorem.

Exercise 4: If R1 ⊆ R2 are both well-founded and set-like on A, then rankA,R1(y) ≤ rankA,R2(y)

for all y ∈ A. Also, rankA,R1(y) = rankA,R2(y) if R1 ⊆ R2 ⊆ RTC
1 .

Exercise 5: For any relation R on a class A and a ∈ A: R is well-founded on predA,RTC(a) iff R

is well-founded on {a} ∪ predA,RTC(a).

E-mail address: vfischer@logic.univie.ac.at

1


