REFINING SYSTEMS OF MAD FAMILIES

VERA FISCHER, MARLENE KOELBING, AND WOLFGANG WOHOFSKY

ABSTRACT. We construct a model in which there exists a refining matrix of regular height A larger than b;
both A = cand A < ¢ are possible. A refining matrix is a refining system of mad families without common
refinement. Of particular interest in our proof is the preservation of B-Canjarness.

1. INTRODUCTION

The Boolean algebra P(w)/fin has attracted a lot of attention in the last decades. The distributivity
of P(w)/fin, the well-known distributivity number 1), was introduced in [2]], where also the famous base
matrix theorem is proved. It is defined as the least number of mad families such that there is no single
mad family refining all of them and as we will see is tightly connected to many other structural properties
of P(w)/fin. Equivalently, §) can be defined as the least cardinal on which $(w)/fin adds a new function
into the ordinals and clearly, a system of ) many mad families can be always chosen to be refining. A
review of basic definitions will be given in Section 2]

In this paper, we consider refining matrices of arbitrary height:

Definition 1.1. We say that A = {A¢ | £ < A} is a refining matrix of height A if

(1) Ag is a mad family, for each & < 4,
(2) A refines A whenever n > &, and
(3) there is no common refinement, i.e., there is no mad family B which refines every A¢.

Note that dropping (2) in the above definition would not yield an interesting notion, because such
objects trivially exist whenever A > b. It is straightforward to check that the existence of refining matrices
is only a matter of cofinality: if ¢ is a singular cardinal with cf(é) = A, then there exists a refining matrix
of height ¢ if and only if there exists one of height 4. While b is the minimal height of a refining matrix, it
is easy to check that there can never be a refining matrix of regular height larger than c. Refining matrices
and similar objects have been extensively studied, for example in [2]], [11]], [13[], [23[], [10f], [1]], and [30].
However, to the best of our knowledge, all refining matrices considered in the above works, are of height
b. Thus, the very natural question arises, if a refining matrix is necessarily of height b, which leads to the
main result of the current paper:
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Main Theorem 1.2. Let Vy be a model of ZFC which satisfies GCH. In Vy, let w; < A < u be cardinals
such that A is regular and cf(u) > w. Then there is a c.c.c. (and hence cofinality preserving) extension W
of Vo in which there exists a refining matrix of height A, and w; =h=b < c=p.

Thus, in particular, the existence of refining matrices of two different regular heights is consistent. We
construct the model W as follows. We start with Vj and pass to the Cohen extension V in which ¢ = p.
In V, we define a forcing iteration (see Section [3.1)) which adds a refining matrix of height A. Building
on ideas from [21]], we use c.c.c. iterands which approximate the refining matrix by finite conditions.
However we have to use an iteration, because after a single step of the forcing new reals are added, which
prevents the generically added almost disjoint families from being maximal. We show that the generic
object is actually a refining matrix: in particular, the branches are towers (see Section 4.3)) and the levels
are mad families (see Section[.4); for that, we use complete subforcings (see Section[3.4) to capture new
subsets of w (see Sectiond.2).

To establish w; = § = b in the final model, we show that b = w; and use the fact that ) < b holds
in ZFC. In fact, we show that the ground model reals 8 = w® N Vj remain unbounded. For that, we
represent our iteration as a finer iteration of Mathias forcings with respect to carefully selected filters (see
Section and use a characterization from [20] to show that these filters are $-Canjar (see Section E]
and Section , i.e., that the corresponding Mathias forcings preserve the unboundedness of 5. EI One
can use a genericity argument to show that the chosen filters are B-Canjar at the stage where they appear,
however the B-Canjarness of the filters is needed in later stages of the iteration. Since the notion of
B-Canjarness of a filter is not absolute (seeﬂ Example , we develop a new method allowing us to
guarantee that the 8-Canjarness of a filter is preserved by Mathias forcings with respect to certain other
filters. One basic ingredient is the notion of a “sum” Fy @ ¥ of two, or finitely many, filters ¥y and 7,
for which the following holds true (see Lemma[5.8](1)):

Proposition 1.3. If B C w® is unbounded and Fo® T is B-Canjar, then Mathias forcing with respect
to F1 forces “Fy is B-Canjar”.

We conclude the paper with further discussion and some open questions. In Section we consider
the nature of maximal branches through refining matrices. There are two possibilities for such branches:
either the branch is cofinal or not. Consistently, there are refining matrices of height h without cofinal
branches (this was shown in [11]] and [13]]). In contrast, in the model of Main Theorem all maximal
branches of the generic refining matrix of height A > ) are cofinal. In the Cohen model, however, there
are no refining matrices of this type of height larger than f. In Section we conclude the paper with
a discussion of the notion of a spectrum of refining systems of mad families which our main result gives
rise to.

2. PRELIMINARIES

In this section, we recall basic definitions and facts. The reader should feel free to skip this section and
only come back if necessary.

I [[15]], the same is done for Hechler’s original forcings [21] to add a tower or to add a mad family.
ZWe thank Osvaldo Guzmén [[19] for providing an example of non-absoluteness.
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Let [w]” denote the collection of infinite subsets of w and let C* denote the pre-order of almost-
inclusion: b C* a if b \ a is finite. We write @ =* b if a C* b and b C* a. We say that a and b are
almost disjoint if a N b is finite. Moreover, we say that A C [w]® is an almost disjoint family if a and o’
are almost disjoint whenever a,a’ € A with a # a’. An almost disjoint family A is maximal (called mad
family) if for each b € [w]® there exists a € A such that |b N a| = Ny (i.e., if A is a maximal antichain in
([w]®, €)). For two almost disjoint families A and B, we say that B refines A if for each b € B there exists
ana € A with b C* a. Let spec(a) := {u | u is an infinite cardinal and there is a mad family of size u} be
the mad spectrum on w, and let a := min(spec(a)) be the almost disjointness number. It is well-known
and easy to see that there are always mad families of size ¢. For a sequence (as | £ < 0) C [w]?, we
say that b € [w]? is a pseudo-intersection of {as | £ < 0) if b C* ag for each & < 6. We say that
(ag | € < 0) is a tower of length 6 if a, C* as for any n > &, and it does not have an infinite pseudo-
intersection. Let spec(t) := {0 |  is regular and there is a tower of length ¢} be the tower spectrum, and
let t := min(spec(t)) be the tower number.

Recall from Definition that a refining matrix U = {A¢ | £ < A} is a refining system of mad families
without common refinement. Such a system can be viewed as a tree, which we think of growing down-
wards: for each & < A, the elements of the mad family A¢ form the level £ of the tree, and for b € A, and
a € Ag withn > £, the element b is below the element a in the tree if and only if b C* a. Due to the refining
structure of the refining matrix, each element of A, is below exactly one element of A;. Note that this
tree is necessarily splittiné?] at some limit levels, because there always appear C*-decreasing sequences
of limit length which have no weakest lower bound. We say that {a; | £ < 6) is a branch through A if
ag € Ag for each & < 6, and a;, C* a¢ for each & < i < 6. We say that the branch is maximal if there is no
branch through A strictly extending it. As a matter of fact, a maximal branch through a refining matrix
can be cofinal or not; for a discussion of different types of refining matrices (in particular ones without
cofinal branches), see Section We say that b € [w]® intersects A if for each & < A there is an a € A
with b C* a. Definition [I.1|(3) is in fact equivalent to

(3”) {b € [w]¥ | b intersects A} is not dense in ([w]¥, ).

If there is no b intersecting A, we call A normal. Note that a refining matrix can always be turned
into a normal refining matrix of the same height: let a be a witness for (3’), and, for each ¢ < 4, let
Ag:={analacA¢g ANanal = w}; it is easy to check that {A¢ | € < A} is a refining matrix of height A
below a. We say that ‘A is a base matrix if U§:</l Ag is dense in ([w]”, €¥). This notion goes back to [2]
where the existence of base matrices of height h has been shown. It is straightforward to check that a base
matrix is always normal.

For f,g € w®, we write f <* g if f(n) < g(n) for all but finitely many n € w. We say that B C w® is
an unbounded family, if there exists no g € w® with f <* g for all f € B. The (un)bounding number b
is the smallest size of an unbounded family in w®. The following inequalities between the cardinal
characteristics are well-known and not too hard to prove (see, e.g., [4] for more details):

(D w<t<h<bhb<a<e

3See also the discussion in Section about the generic refining matrix of Main Theorem whose underlying tree is
splitting everywhere.
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3. FORCING A REFINING MATRIX

In this section, we start with the proof of Main Theorem [I.2] In Section [3.1] we define a key forcing
notion, study its basic properties, as well as properties of the generic object (see Sections [3.2]and[3.3) and
establish a crucial lemma about complete subforcings (see Section [3.4). In Section ] we will complete
the proof that the generic object is indeed a refining matrix. Section [5and Section [ are devoted to the
remaining part of our main result, i.e. to showing that w; = ) = b in the final model.

3.1. Definition of the forcing iteration. We will define a forcing for adding a refining matrix. The
definition has been motivated by the posets for adding towers and mad families from Hechler’s paper [21];
see [15] for a representation of these forcings in a form analogous to our definition of Q, below.

We proceed as follows. In Vj, let C, be the usual forcing for adding 4 many Cohen reals and let V be
the extension by C,,. In V, we perform a finite support iteration of length A to add a refining matrix of
height A. The iterands of this iteration have the countable chain condition (see Lemma[3.3)) and are of size
continuum. In particular, the size of the continuum stays the same during the whole iteration and ¢ = u
in the final model (see Lemma (1)). Our generic refining matrix {Ag4 | £ < A} will be based on A<t
each node o € 14 of successor length will carry an infinite set a, C w such that for each & < A,

Ags1 ={as | o € ¥

is a mad family, and a, C* a; if o extends 7. All maximal branches of the generic matrix will be cofinal.
We write T < o if T C o (i.e., if o extends 7); we write T < o if T <o and 7 # o. The length of o is
denoted by |o|. We say that o is below 7 if T < 07; moreover, we say that p~ j is to the left of p~i whenever
j < i, and we call a set of nodes a block if it is of the form {p~i | i < A} for some p € A<*. Note that
our mad families A¢4 are indexed by successor ordinals only, because there are C*-decreasing sequences
of limit length which do not have weakest lower bounds, and therefore it is necessary that the underlying
tree “splits” at such limit levels. Before giving the precise definition of our forcing iteration, let us explain
why an iteration is needed. We generically add a set a, C w for every o € A" in V of successor length
in such a way that a; 2* a, if T < 0, and a, N a; =* 0 if |o7| = |7], resulting in a refining system of almost
disjoint families. But since new reals and hence new branches through 4<% are added, the almost disjoint
family A+ is not maximal, witnessed by any pseudo-intersection of such a new branch.

As usual, we abuse notation and identify a, C w with its characteristic function in 2. Throughout

succ denotes sequences 7 of ordinals, where T has successor length.

Definition 3.1. We define a finite support iteration {P,, Qq | @ < A} of length 4. Let Py = {0}. Leta < A
and assume P, has been defined. For every 8 < a, let G be generic for Pg, let T/, = Uﬁm(/lq1 Nsucc) V10!
and let T, = (1**Nsucc)V1Gel\ T!.In V[G,], Qq consists of all p, where p is a function with finite domain,
dom(p) C T, such that for each o € dom(p), p(0) = (s2, f2,h%) = (sg, frs hor) Where]]

(1) s5 €27,

(2) if T < o, then |s¢| > [so],

(3) dom(f,) € (dom(p)UT),)N{re T, UT, |t <o} is finite,

4) fo:dom(fy) = w,

“The paragraph after the definition gives a short intuitive explanation of the roles of s, f;, and /.
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(5) whenever 7 € dom(f;) N Ty, n € dom(s,) are such that n > f,(7) (hence n € dom(s;) by (2)
and (3)), we have

s7(n) =0 — s,(n) =0,
and whenever 7 € dom(f;;) N T}, n € dom(s,) are such that n > f,(r), we have
az(n) =0 — s5(n) =0,

(6) dom(hy,) € dom(p)N{p~j| j < i}, where p € A<* and i € A are such that o = p~i,
(7) hy: dom(h,) — w,
(8) whenever T € dom(h,,), n € dom(s;) N dom(s,) are such that n > h,(7), we have

s:(n) =0V s,(n) =0.

The order on Q, is defined as follows: g < p (“q is stronger than p”) if

(i) dom(p) C dom(qg),

(i) and for each o € dom(p), we have
(a) s& < sz,
(b) dom(f?) c dom(fY) and f2(1) > fI(7) for each T € dom(f?),
(c) dom(h’) € dom(hl) and h'.(7) > hi(t) for each T € dom(/%).

Given a generic filter G for Q,, we define for each o € T,

ay = U{sg | p€ G Ao € dom(p)}.

This completes the definition of the forcing.

In the above definition s, is a finite approximation of the set a, assigned to o, whereas the functions
fo and h, are promises for guaranteeing that the branches through the generic matrix are C*-decreasing
and the levels are almost disjoint families, respectively. More precisely, f, promises that a, \ f-(7) C ar
for each 7 € dom(f;;) and h, promises that a, N a, C h(7) for each T € dom(h,) (see Lemma[3.5](4)).

Remark 3.2. Note that Q, is not separative. As an example, we can take p and g as follows: dom(p) =
dom(q) = {o, 1} where o is to the left of 7; p(t) = q(t) = ((1),0, h) where h(co) = 0; p(o) = ((),0,0)
and g(o) = ((0),0,0). It is easy to see that p £ ¢, but any condition stronger than p is compatible
with g. Therefore, we later need to provide certain iteration lemmas for the general case of non-separative

forcings (see Lemma[4.1](3)).

3.2. Countable chain condition and some implications. We are now going to show that our iterands
Qg have the c.c.c. and so their finite support iteration P; does not change cofinalities or cardinalities.

Lemma 3.3. Q, is precaliber w; (hence in particular c.c.c.) for every a < A.

In fact, Q, is even o-centered: in Section [6] we are going to show that each Q, can be represented as a
finite support iteration of length strictly less than ¢* of Mathias forcings with respect to certain filters; since
filtered Mathias forcings are o-centered and o-centeredness is preserved under finite support iterations of
length strictly less than ¢*, it follows that Q, is o-centered (see also Corollary (1)).
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Proof of Lemma Let {p; | i < w1} € Q. First note that it is possible to extencﬂ all s2 (with o €
dom(p)) of a condition p € Q, to the same length N, € w, by just adding 0’s at the end. Therefore we
can assume that there exists N such that |s2] = N for each i € w; and each o € dom(p;). Apply the
A-system lemma to {dom(p;) | i € w1} to find X C w; of size w; such that {dom(p;) | i € X} is a A-system
with root R C T,. Then we repeatedly apply the A-system lemma to obtain ¥ C X of size w; such that
{dom(fZ) N T! | i € Y} is a A-system with root A, for each o € R. Moreover, we can assume that for
each o € R, there are s%., £, and A such that for all i € Y, we have s/ = 5%, f2' 1 (RUA,) = £, and
W' TR = h.. Now it is straightforward to check that any two conditions from {p; | i € Y} are compatible;
in fact, any finitely many of them have a common lower bound. O

Using standard arguments, one can easily show:

Lemma 3.4.
(1) Let @ < A. Then, in V[P,], we have ¢ = pu.
(2) Every node o € A<* from the final model V[P,] already appears in some V[P,] with a < A.

3.3. The generic refining matrix. Let G be a generic filter for the iteration P,. In the final model V[G],
we derive our intended generic object as follows. For each o € <! N succ fix the minimal @ < A such
that o € V[G,] (see Lemma (2)). Then in V[G,], the node o belongs to T,, and letting G(a) be the
Qg generic filter over VEe define a, = U{s% | p € G(a) A o € dom(p)}. In V[G], we let for each & < A,
A1 = {as | lo| = &+ 1}. We are now going to show that {Agy1 | & < A} is a refining system of almost
disjoint families.

Lemma 3.5. Leta < A.

(1) Let o € Ty, n € w. Then Dy, = {q € Qqy | o € dom(q) and IsL| > n} is dense in Q.
(2) The set D of conditions q in Q, such that for each o € dom(q)
(a) if T € dom(q) and T < o, then T € dom(fY),
(b) if o = p~i then for each j < i such that p~ j € dom(q), we have that p~ j € dom(hl.)
is dense in Q. Moreover, for each p € Qq there is g € D, q < p such that dom(p) = dom(qg).
(3) Ifa >0, 7 €T}, pe Qqand v < o for some o € dom(p), then there is q € D (here D is from
item (2) above) such that g < p, dom(p) = dom(q) and v’ € dom(f2).
(4) Let p € Qq and o € dom(p).
(a) If T € dom(f?), then p\way \ f£(r) C a.. In particular, p - a, C* a..
(b) If T € dom(hL), then p\va; Na, C h2.(t) In particular, p v a: N a, =* 0.

Proof. (1) Let p € Q,. Clearly, we can assume that o € dom(p). It is easy to see, using (2), (5), and (8)
in Deﬁnition that, by adjoining 0’s, it is possible to extend all s¥ in such a way that the resulting ¢ is
a condition and |s%| > n.

(2) Let p € Q,, o € dom(p). For every 7 € dom(p) \ dom(f?) with 7 < o, let £1(r) = |s%|. For every
p~j € dom(p) \ dom(h) with j < i, let hL(p™j) = |s|.

(3) Take f2(') = |s5).

(4) This is easy to see, using (5) and (8) in Deﬁnition@

In Lemma we will show a stronger fact.
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O

Now we can show that in the final model V[P,], the sets along branches of A1 are C*-decreasing and
the sets on any level of 1<* N succ are pairwise almost disjoint.

Corollary 3.6. In V[P,], the following hold:

(1) If 1,0 € A<* N succ such that T < o, then a; C* a..

(2) Ifp e X' and j < i < A, then a,~j N ay-; = 0. Moreover for each é < A, 0,0" € At o # o,
we have ay N ay =" 0 and s0 Agy1 ={as | 0 € AW is an almost disjoint family.

Proof. To show (1), let 7 < A be minimal such that o € (1<), Lemma[3.5/(1), Lemma [3.5/(2), and
Lemma @(4&1) imply that the set {g € Q, | gI-a, € a} is dense. Hence already V[P,.1] F a, <" ax,
which remains true in V[P,]. To show (2), take < A minimal such that p € (AHVE]| Lemma (1),
Lemma [3.5/(2) and Lemma [3.5](4b) imply that the set {g € Q, | ga,-; N a,-; =" 0} is dense. Given
0,0’ € ¥ suchthat o # ¢, find p € A~ withp<o, 0’ and i, j < A, j # i such that p~ j<o and p~i<o”.
Apply the preceding argument and then (1). ]

Finally, we show that each a, is infinite. By “s(m) = 17, we actually mean “m € dom(s) and s(m) = 1”.

Lemma 3.7. Let @ < A, 0 € Ty, n € w. Then Dy, = {q € Q, | 0 € dom(q) and Am > n(st(m) = 1)} is
dense in Q.

Proof. The proof proceeds by inductionon a < A. Let o € Ty, n € w and p € Q,. By Lemma (1), we
can assume that o € dom(p). Let Ny € w be bigger than the maximal length of all the s? with T € dom(p)
and 7 < o, and bigger than n. Let A = | J{dom(f?) n T! |7 edom(p) ATd0}.

If A is empty, let m € w be arbitrary with m > Ny. Otherwise, let N; > Ny be large enough such that
ay \ N1 C ay for all " € A with <y’ (see Corollary . Moreover, let * be the longest element
of the finite set A. By induction, ay- is infinite, so we can fix m > N; such that ay+(m) = 1. Therefore
ay(m) = 1 for each ¢ € A. Now, for every T € dom(p) with 7 < o, extend s? with 0’s to a node 5, of
length m and take s? = 57 1. It is easy to check that ¢ is a condition, ¢ < p and s{-(m) = 1 as desired. O

Altogether, we proved that {Az1 | £ < A} is a refining system of almost disjoint families. To show that
it forms a refining matrix requires much more, the proof of which will be completed in Section 4}

3.4. Upwards closed sets and complete subforcings. The goal of this section is to show that our forc-
ing Q, has complete subforcings which use only part of T, (see Lemma[3.T1). In Section[d.2] this will be
extended to the whole iteration (see Lemma [4.8)), which will be an important ingredient of the proof that
the generic object is a refining matrix (see Section[4.3and Section [#.4)). Moreover, Lemma [3.T1| will play
a crucial role in showing that ) = b = w in the final extension. We now work in V[P,].

Definition 3.8. A condition p € Q, is called full if there exists an N € w such that for all o € dom(p)
(1) Isgl = N,
(2) N > max(rng(f%)) and N > max(rng(h5)),
(3) 7 € dom(f%) for each T € dom(p) with T < -, and
(4) if o = p~i then for each j < i with p~ j € dom(p), we have p~ j € dom(/4?).
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A condition p € P, is said to be full, if p(0) is full.
Later, we will use quotients P, / P;, and a modification where 0 is replaced by 7. Lemma 3.5| gives:

Lemma 3.9. For every condition p € Q there exists a full condition g with ¢ < p and dom(g) = dom(p).
Hence the set of full conditions in P, is dense in P,.

Important complete suborders of our forcing are captured by the following notion:

Definition 3.10. Let C € A, @ < A.
(1) Q5 = {p € Qy | dom(p) C C}.
(2) C is said to be a-upwards closed if for each o € C and each T < o with T € T, we have 7 € C.
(3) For p € Q, let p [ C be the function p’ with dom(p’) = dom(p)NC, s = s2, f2 = f£ | (CUT)
and hgl = . | C for each o € dom(p’). Clearly, p’ is a condition in Q¢ and if C is a-upwards
closed, then £ = f7.

Recall that P’ is a complete subforcing of P, denoted P’ <P, if for each ¢,¢’ in P, ¢ Lpr ¢ — q Lp ¢,
and each p € P has areduction g € P’ (i.e. a condition g such that if » € P’ and r < g then r Lp p).

Lemma 3.11. Let C C A% be a-upwards closed. Then QS is a complete subforcing of Q. Moreover, if
p € Qq is a full condition, then p I C is a reduction of p to Q.

The sets A' = {or € A% | |o] = 1}, It = {0 € A | o(€) = O for every &} are O-upwards closed. Thus,
1 <A
le ) and Qf)l ) are complete subforcings of Qg. Note that they are isomorphic to the posets introduced
by Hechler [21]] to add a mad family or a tower, respectively (for a further study see [[15]]).

Proof of Lemma[3.11} We give the proof only for the case @ = 0 and leave the only slightly different
general case to the reader. To show that incompatible conditions in QOC are incompatible in Qy, let pg, p1 €
QOC and g € Qy with ¢ < pg, p1; then ¢’ = g T Cis in QOC and ¢’ < po, p1, as desired. Now, consider
any p € Qo and let p’ < p be a full condition with dom(p’) = dom(p). We will show that p’ || Cis a
reduction of p to Qo Letg < p’ IT C with g € QO

Let ¢ < ¢ be such that |s(,| = |sT | for all o, T € dom(q ). Let dom(r) = dom(q’) U dom(p’). For
oe dom(p )\ dom(q ) let s = sg , o= fg ,hl, = hp Similarly for o € dom(g’) \ dom(p’) let s/ = sg,
fr=f7 . =he. For o € dom(¢’) N dom(p) let s”. = sZ, f7 = £7, dom(h’,) = dom(h) U dom(hf;'),
and for o € dom(hL) let W'.(0”) = h (o), for o € dom(h” ) \ dom(hl) let I'.(c”) = h”. (0”).

Claim. r is a condition.

Proof. Itis very easy to check that s/, f7 and A/ are well-defined with the right domains and ranges for

all o € dom(r). Next, we show that if o < 7, then |s/| > |s7]: If T € dom(q’), it follows by the a-upwards
closure that oo € dom(q’), hence by definition s/, = s(q;, sTo= sg/ and |s/| > |s7| since ¢’ is a condition. If
7 ¢ dom(q’), then [s7| = |sf,| = ISf;,I and regardless if o € dom(qg) or not, |s | > Is(’;,l.

Let o, 7 € dom(r) with 7 € dom(f)) and m > f](7) and s .(m) = 1. We have to show that s.(m) = 1

(note that, in case @ > 0, one also has to deal with the case 7 € dom(f};)\dom(r) which works similarly
with a.(m) in place of s.(m)). Case 1: o and 7 are both in dom(g’). In this case s/ = st sTo= st
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fi(r) = f(?, (1) and s7.(m) = 1 holds since ¢’ is a condition. Case 2: o € dom(q’) and 7 ¢ dom(q’). This
contradicts the a-upwards closure of C. Case 3: o ¢ dom(q’) and 7 € dom(q’). So f~ = f£ and s = s/..

Thus m < Isf;,I and 7 € dom(p’) because dom(f) € dom(p’). Since p’ is a condition, it follows that

s?(m) = 1 and clearly s"(m) = s* (m). Case 4: o ¢ dom(¢’) and T ¢ dom(q’). In this case s. = s”,

st =7, fr = £ and s"(m) = 1 follows since p’ is a condition.

Assume p,p’ € dom(r), p’ € dom(hy), m > h;,(p’) and s;,(m) = 1; we have to show that s; ,(m) =0, if
it is defined. Case I: p,p’ € dom(q'). In this case s}, = 5§ , ", = 5%, and )(p") = & (") and 57, (m) = 0
follows since ¢’ is a condition. Case 2: p € dom(q’) and p’ ¢ dom(q’). Since p’ € dom(h[’,) \ dom(q")
it follows that p € dom(p’) and p’ € dom(hg’). Ifm > |S,5/|, then ISZ,(m)l is undefined. If m < |s£,| the
fact that p’ is a condition implies that sf)’ , (m) = 0 which is the same as s:),(m). Case 3: p ¢ dom(q’) and

p’ € dom(g"). It follows that p’ € dom(h) = dom(hﬁl) C dom(p’) and m < |sj| = |s5,|. Since p’ is a

condition sﬁ "(m) = 0 which is the same as st (m). Case 4: p,p’ ¢ dom(q"). In this case s, = sg/, s = sﬁ '
and h;, = hﬁ and s/’), (m) = 0 follows since p’ is a condition. O
It is straightforward to check that r extends both ¢’ and p’ (and therefore g and p). O

4. No REFINEMENT, AND MADNESS OF LEVELS

This section is dedicated to the central part of the proof that the generic object added by our forcing
iteration is a refining matrix of height A. In Sections 4.4]and [4.3] we show that the levels are mad families
with no further refinements. We start with some preliminary lemmas and concepts.

4.1. On forcing iterations and correct systems. Next, we gather some key properties of forcing iter-
ations and completeness, which will play a crucial role for our construction later. For further reading,
see [18]]. Throughout the subsection P, Q, etc. denote arbitrary forcing posets. Recall the following:

Lemma 4.1.

(1) Suppose that Py <P ancﬁ P, <P satisfying Py C Py. Then Py<P;. Moreover, if g € Py is a
reduction of p € Py from P to Py, then q is also a reduction of p from Py to Py.

(2) Suppose that P’ <P. Let ¢ be some formula, let X, y, etc. be P'-names, and let p € P such that
plrp@(X,y,...). Then for each p’ € P’ which is a reduction of p, we have p’ \rp (.9, ...).

(3) Let {Py,Q, | @ < 68} and {P;,Qg | @ < 0} be finite support iterations such that for each a < 6,
kp, Q) < Qq. Then P% is a complete subforcing of Ps.

Moreover, if Rep: Qo — Q) is a map such that Rep(q) is a reduction of q for each q € Qy, then

for each p € Ps, there is a p’ € P such that p’ is a reduction of p, and p’(0) = ren(p(0)), and, if
a > 1 and p(a) is a Pl,-name with p | a - p(a) € Q,, then p’(a) = p(a).

The first part of item (3) can be found in [9]), however we will need the technical strengthening given
by the mapping rRep. The iterands in (3) need not be separative, which is essential, as we will apply the
Lemma to the Q,’s from Deﬁnition The concept below has been introduced by Brendle (see [7.[8]]):

6In fact, it is sufficient for the proof to go through that incompatible conditions in P; are incompatible in P.
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Definition 4.2. A system of forcings Ry, R; < R with Ry N R < Rg, Ry is correct if any two conditions
Po € Ry and p; € R; which have a common reduction in Ry N R are compatible in R.

Under the assumptions of the lemma below, R = P *Q, Ro=PandR; =P’ *Q’ is a correct system. We
do not know however, whether the conclusion of the lemma holds for every correct system.

Lemma 4.3. Let P «Q and P’ +Q’ be two-step iterations satisfying P’ <P and +p Q' < Q. Then
V[P’ xQ' 1 N V[P] = V[P'].

Proof. We will only show the special case which we will need later (it is straightforward to extend the
proof to the general case): for any 6, € € Ord,

55N V[P’ Q'] n V[P] C V[P'].

Let G be a generic filter for P/, let fo be a P-name, and let f; be a P’ %Q’-name. Work in V[G]. Assume
towards a contradiction that there is a condition (p, ¢) € P *Q with p € P /G such that

2) (P, * fo = fi e 0Ord®" A fy ¢ VIG].

Let p’ € G be a reduction of p to P’. By standard arguments, we can fix a P’-name ¢’ such that p I “g
is a reduction of ¢” and (p’,¢’) € P’ *Q’. Since p is reduction of (p,q) to P, it follows from () and
Lemmal4.11(2) that p I fo ¢ V[G]. Therefore, we can fix y € & such that p does not decide fo(y) in P /G.
Let (p1,4¢1) < (p',¢’) and & € 6 such that p; € G and (p1, 1) F fi(y) = &;. Since p does not decide f
aty, we can fix py € P /G with py < p and & € § with & # & such that pg I fo(y) = &. Now we want
to find a condition (p*, ¢*) which is stronger than (p, ¢), (p1,q1) and (po, 1). First note that py and p; are
compatible, because pg € P /G and p; € G, and fix p* < po, p1. Since p* < p, p; it follows that p* I “¢’
is a reduction of ¢ and ¢; < ¢’ hence p*I+g; L ¢. Let §* be a P-name such that p* I+ ¢* < ¢1,4. Itis
easy to check that (p*,¢*) < (p,9). (p1.41), (po, 1). Now (p*, 4" F fo = fi A fo(y) = & A fi(y) = &1, but
&o # &1, a contradiction. O

We conclude with an easy observation we will need later on:

Lemma 4.4. Suppose P’ <P, b is a P'-name and p € P is such that pw+ b € [w]®. Then for each N € w
there are r € P', m > N such that r m € b and r is compatible with p.

4.2. Complete subforcings: hereditarily below y. In this section, we give some technical definitions
and lemmas as a preparation for the main proofs in Sections 4.3|and f.4] More precisely, we define, for
each vy < A, the subforcings of “hereditarily below y” conditions of our iteration, show that they form
complete subforcings (see Lemma and that each condition is hereditarily below y for some y < 4
(see Lemma[4.10). For the rest of the section fix 7 < A and a P,-generic filter G,

Definition 4.5. Let y < A. In V[G,] define by recursion on n < @ < A for a condition p € P, /G, to be
hereditarily below 'y and the poset ~7(P, /G):
(1) p € Qy is hereditarily below vy, if dom(p) C y=7.
(2) Let (P, /Gy) = {p € Py /G | p hereditarily below }.
(3) Leta > 1, p € Pyyq /Gy is hereditarily below vy, if p | @ € <V(P, /G,), p(@) is a <V (P, /G,)-name
and p ' @+ dom(p(a)) C y<7.
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(4) For « limit, p € P, /Gy, is hereditarily below vy, if p I 8 € = (Pg /G)) for every 8 < a.

For « < A, a P, /G,-name b is hereditarily below v, if for all (x,p) € b, p € (P, /Gy) and X is
hereditarily below 7 (this is by recursion).

Clearly, if p € P, /G, is hereditarily below y and y" > v, then p is also hereditarily below y’. The same
holds for a P, /G,-name b.

Definition 4.6. Lety < 1,7 € A% In V[G,] define by recursion on 7 < a < A for a condition p € P, /G,
to be almost hereditarily below 'y except for T and the poset V" (P, /Gy):

(1) p € Q, is almost hereditarily below y except for 7, if dom(p) C y=7 U {r}.

(2) Let <"*°(P, / G,) = {p € P, /G, | p almost hereditarily below y except for 7}.

(3) Leta > n, p € Pyy1 /Gy, is almost hereditarily below y except for 7, if p ' a is almost hereditarily
below vy except for 7, p(@) is zﬂ ~Y(Py /Gy)-name and p | a - dom(p(a)) C y<7.

(4) For a limit, p € P, /Gy, is almost hereditarily below y except for 7, if p | £ is almost hereditarily
below y except for 7, for every 8 < a.

Fora < 4, a P, /G,-name b is almost hereditarily below y except for 7, if for all (%, p) € b, both p and x
are almost hereditarily below y except for 7. We will write almost hereditarily below y and omit the 7 if
it is clear from the context which 7 is meant.

Clearly, if p € P, /Gy, is almost hereditarily below y and y* > v, then p is also almost hereditarily
below y’, and if p € P, /G, is hereditarily below v, then it is almost hereditarily below 7y except for 7 for
every 7. The same holds for a P, /G,-name b. We will make use of the following easy fact:

Lemma 4.7. Assume P’ is a complete subforcing of P and G is P-generic. Then in V[G], the set

(YNNI is a-upwards closed for any a < A.

Proof. Clearly, (y<")"I6"¥] is q-upwards closed in V[G N P’]. Since V[G] and V[G N P’] have the same
ordinals, the same holds true in V[G]. O

We can show now that the suborder of (almost) hereditarily below y conditions is a complete suborder:

Lemma 4.8. Let y < A. Then “V(P, /G,) <P, /G,. Also, if t € T, is such that y=¥ U {t} is n-upwards
closed, then <*"(P; /G,) <Py /Gy. Moreover, if p € P, |Gy, is full and almost hereditarily below 7y except
for 1, then (p(n) T v, p(n+ 1), p(n + 2),...) is a reduction of p to ~Y(P, /Gp).

Proof. Inductively on a we show that <Y(P, /G,) and <*"(P, /G,)) are complete subforcings of P, /G,
whenever 7 < @ < A. To simplify notation, we write P,, <YP,, <V*"P, instead of P, /G, (P, /Gy),
Y*T(Py /Gy), respectively. We will define <YP,-names Q. such that <YP, (or <¥*"P, respectively) is the
finite support iteration of the Q/,’s. The only difference of the two iterations will be the first iterand Q-
Initial step @ = n+1 By Lemma[3.11} <P,s1 = @) <Py = Q. Similarly, 7B, = @} 7™ <,
Take Q;, = QZQ in the iteration representing VP, and Q;, = ngu{r} in the iteration representing <?*"P,.

"This is not a typo: we really require p(a) to be a <Y (P, /G,)-name, not just a """ (P, /G,)-name.
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Successor step a + 1 Assume <P, <V*"P, are complete subforcings of P,. We will show that VP,
and <V*"P,, are complete subforcings of Py, . In V[G] for a P,-generic G, leE = (y<)VIGNTEd By
Lemmathe set E is a-upwards closed and so by Lemma , in V[G] we have Qg < Q,. Note that:

Claim 4.9. QE is an element of V[G N /P, ].

Using the claim, fix a <P,-name Q/, for QF. Since <P, € <¥*"P, and both are complete suborders of
P,, Lemma (1) implies that <P, < <Y*"P,. Thus, the <YP,-name Q/, is also a <¥*"P,-name. Now,
apply Lemma (3) to obtain that VP, * Q/, and <¥*"P, * Q/, are complete subforcings of P,41. Since
by definition, <P, * Q/, is equivalent to <'P,; and <7*"P, * Q, is equivalent to <¥**P,. the successor
step is complete.

Limit step « Lemma (3) implies that the limit of the finite support iteration of the Q; with @’ < a
is a complete subforcing of P, and by definition <'P, (or <¥*"P, respectively) is equivalent to the limit of
this finite support iteration.

Now, let p be a full condition in <"*"P,. By Lemma p() I v = p() I y<¥ is a reduction
of p(n) to <"P,,; (which is Qy, in the iteration representing <YP,). Since <Y*"P, is the iteration of the Q/,
(note that for @ > 1 + 1 the iterands of the two iterations coincide), p | a - p(@) € Q/, fora > n+ 1 and
so Lemma[.1](3) completes the proof. O

Proof of Claim[d-9] We work in V[G]. Let Gg = G N Pg. It is straightforward to check that QF can be
defined in V[G N <P, ] provided that E N T/, and hence also E N T,, belongs to V[G N <'P,]. Note
that E N T}, = Up<o(y™ Nsucc N V[G N ='P,] N V[Ggl).. Apply Lemma to Pg +Q, where Q is the
quotient P, / Pg, and to <"Pg * Q’, where Q' is the quotient <P,/ <YPg to obtain y=¥ N V[G N <'P,] N
V[Gg] = ¥ N V[Gg N <YP,]. This is possible, since <Py < Py by induction hypothesis and g, Q" < Q
by Lemma (3) for the tail iterations. Therefore, E N T}, = (Jg<o(y<¥' N succ)V16s0Fal which clearly
belongs to V[G N <'P,], as desired. O

The next lemma shows that every condition is (essentially) hereditarily below y for some y < A.
Lemma 4.10. For every p € P, /Gy, there is 'y < A and p’ € ~Y(P, /G,) which is forcing equivalent to p.

Proof. Proceed by induction on a. We only sketch the successor step. Let (p,§) € (P /G) * Qq. By
inductive hypothesis there is y, < A such that p € <7(P, /G,). By the c.c.c. of P, each element of A*4in
V[P,] has a nice P, /G,-name ¢ consisting of less than A many countable antichains of conditions r such
that r € <" (P, /G,) for some y,. Let y; be the supremum of all these less than A many ,. Then ¢ is a
<Y (P4 /Gy)-name. Now we can assume that ¢ is a nice name which is hereditarily countable except for
the nice names ¢ for the elements of dom(g); then, by the above, one can easily find y; such that ¢ is in
fact a <7¢(P, /G,)-name. Finally, again by the c.c.c., there exists ¢ < A such that p - dom(g) € 5<%, Let
v = max(yp,y4,0) < A. Then (p, ¢) belongs to Y(Pgs1/ G,), which finishes the argument. m|

Lemma 4.11. Let G be P, /G,-generic and V|G| E b C w. Then there is y < A and a P, /G,-name b
for b which is hereditarily below .

8Note that E is really defined this way for both cases (see also footnote .
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Proof. Let b be a nice name for b. By Lemma4.10| we can assume that for every condition p in b, there
exists y,, such that p € <7»(P, /G,). Since b is countable and P, /G,, has the c.c.c., there exists y < A such
that b is a <Y(P, /Gy)-name. O

‘We conclude with a technical lemma which will be crucial later on:

Lemma 4.12. Let v € T, \ y*". Let p,r € P, /G, be compatible in P, /G, such that p is full, almost
hereditarily below 'y except for T and r is hereditarily below 7y. Then there is p* € <V (P, /G,) such that

p* < p,rand p*(n)(7) = p(n)(7).

Proof. Without loss of generality we can assume that dom(p(rn)) 2 {7}. Since p is full and almost hered-
itarily below vy except for 7, by Lemma P = (p(mp) T ¥y, p(n + 1), p(n + 2),...) is a reduc-
tion of p to <Y(P, /G,). We show that p** and r are compatible in <Y(P, /G,). Assume not. Since
Y(Py /Gy) <P, /Gy, it follows that p*® Lp, /G, I But p < p*™,s0 p 1p, G, r, which is a contradiction
to the assumption of the lemma. Let ¢g* € <7(P; /G,) be such that ¢g* < p™°, r. Without loss of generality
q*(n) is full. Since ¢*(1) < p™° () = p(m) 1 ¥y= and p() [ y=¥ = p() [T y=7 is a reduction of p(y) by
Lemma[3.T1] ¢*(n)) is compatible with p(n7). Let g(n) be a full witness for that. So g(n) < p(n), r(n), ¢*(n).

Now, let p*(n) = g(n) T y=Y U {(t, p(n)(1))} and for @ > n, let p*(@) = ¢*(@). Then p*(n) is a condition
and moreover, p*(n) < g*(n), since g(n) < ¢*(n) and ¢* hereditarily below y except for 7. Thus, p*
is a condition, which is almost hereditarily below y except for 7 and p*(n)(t) = p(n)(r). Since r(n) is
hereditarily below y, p(n) is almost hereditarily below y except for T and g(17) < r(n), p(n), it is clear that
p*(n) extends r(n) and p(n). Thus p* < r, p. O

4.3. No refinement: branches are towers. Next we prove that the generic matrix has no refinement.
More precisely, we show that the sets along any branch have no pseudo-intersection.

Lemma 4.13. In V[P,], the sequence {as¢+1) | £ < A) is a tower for each o € AL

Proof. Let G, be P,-generic. Work in V[G,]. Fix o € AL By Corollary 1), (agpery | € < ) is
C*-decreasing. Assume towards a contradiction, that for some infinite b C w, b C* agpe41) for every
¢ < A. Apply Lemma to get y < A and a P;-name b for b which is hereditarily below y. Let £ be the
least successor ordinal with o ' { ¢ y=¥ and n < A minimal such that o | { € V[G,].

Work in V[G,] and consider the tail forcing P, /G,. The P,-name b can be understood as a P, /Gy~
name for b which is hereditarily below y. Since b C* a,, holds in V[G,], we can pick n € w and
p € P, /Gy, such that p I b\n Ca, 1. From now on, whenever we say “almost hereditarily below y”,
we shall mean “almost hereditarily below y except for o= [ {”. Note that (the canonical name for) a, s
is almost hereditarily below y. Now, by Lemma and Lemma [4.1}(2), we can fix p’ which is almost
hereditarily below y such that p’ b\ n C a, 1¢. Since n is minimal with o | { € V[G,], Q, assigns a set
as1z to o I . Without loss of generality o [ { € dom(p’(57)) and p” is a full’| condition.

By Lemma {4.4| there is r € P; /G, hereditarily below y and m > n,|s” F(Z) | such that r is compatible
with p’, and r-m € b. Apply Lemma to obtain p”’ < p’,r such that p”’ is almost hereditarily
below vy, and moreover

p'a(o 1) =p e | ).

9Here we use the modification of Deﬁnition where 0 is replaced by 7, i.e., p’(n) is full.
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It follows that p” m € b. In particular m > Isp (")I thus we can strengthen p”’ to a condition ¢ (only

4 (n)

strengthening p”(17)) by extending s " to length > m with sq(")(m) =0. Thengt-me bAm ¢ Ao g5

which is a contradiction to the fact that p’ forces b\ncCa, I O

4.4. Levels are mad families. Finally, we show that the levels of the generic matrix form mad families.
Lemma 4.14. In V[P,], the family A¢11 = {ao | |o| = &€ + 1} is mad for each & < A.

Proof. Let G, be generic for P, and work in V[G,]. The main work lies in the following claim, which
guarantees “local madness” below branches. We will prove it after finishing the proof of the lemma.

Claim 4.15. Let p € 7~* and let b C w be such that b N ayy; 1 infinite for every successor { < |p|. Then
there exists an i < A such that b N a,-; is infinite.

Fix ¢ < A. By Corollary [3.6(2), Ag41 is almost disjoint. Using the claim, we will show that Ag,; is
actually mad. Let b C w be infinite. To find o € A5*! such that bNa, is infinite, we construct by induction
on ¢, a branch (o, | { < & + 1) with |p;| = { for each { and py < p, for ¢’ < { such that b N a, is infinite
for every successor { < &€ + 1. Let pg = (). Assume (o | {’ < {) is constructed. If { is a limit, let
pr=Ulpy | ¢ < ). If{ = ¢ +1is a successor, p fulfills the assumptions of the claim by induction.
Leti < A be given by the claim and let p; = ps~i. Then b N ay, is infinite. Finally take o= = pg41. O

Proof of Claim[d.15] Assume towards a contradiction that b N a,; is infinite for every successor ¢ < |o|,
but b N a,-; is finite for every i < A. Let n be minimal with p € V[G;]. Thus a,-; (for any i) is not
defined in V[G,] but it will be defined in V[G+1]. From now on, we work in V[G,]. Consider the tail
forcing P, /G, and apply Lemma to get a Py/G,-name b for b and y’ < A such that b is hereditarily
below . Let y < A be strictly above |p| + 1, sup(rng(p)), ¥" and pick n € w, p € P, /G, such that

(1) prbn ap-y C 1,

(2) prbn a,-; is finite, for each i <y, and

(3) ptbnNayy is infinite, for each successor ¢ < |pol.

From now on, whenever we say ‘“almost hereditarily below 7y, we shall mean ‘“almost hereditarily
below y except for p~y”. Clearly, b, a,~; for i < vy and a,; for each successor { < |p| are almost
hereditarily below y. By Lemma and Lemma [.1](2), we can fix p’ which is almost hereditarily
below 7y such that items (1), (2), and (3) above hold true for p’ in place of p. Without loss of generality,
p’ is full and p™y € dom(p’(1)). Define R = dom(p’ () N {p™i | i <y} and R’ = dom(f' ).

Let x be a P;/G,-name such that - x = (bnay)\ U as. Since (P, /Gy) <P, /G, by Lemma{

TER TER
and all names used to define X are hereditarily below y, we can assume that x is hereditarily below y as

well. Since R and R’ are finite, p’ forces X to be infinite. By Lemma there is r € <Y(P, /G ) and
m > n,|sy (n)l such that r is compatible with p’ and r-m € x. Apply Lemmato obtain p”’ < p’,r
such that p” is almost hereditarily below y and

p"me"y) = p e ).
In particular p” +m € x and p” Fm € (\er ar\ Urer @r- Now extend p”’ to a condition ¢ so that the

following holds: For @ > 7, g(a) = p”(a); fort € (RUR') N dom(p”(n)) 517 extends s* ™ and

1s2) > m; s Z("y) extends sp ‘™ and sq(n)(z) =0 for Isp (")l <i<m, s (m) =1

~a00
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Note that in particular, s2”(m) = 1 for T € R’ N dom(p” (n)), a-(m) = 1 for r € R’ \ dom(p” (7)), and
s2(m) = 0 for T € R. But then, ¢ - m € % N a,-,, which is a contradiction to p’ I % N -y C n. O

This finishes the proof that the generic matrix is a refining matrix of height A. It remains to prove that
b (and hence D) is small in our final model; this is the subject of Sections [5]and [6]

5. B-CANIJAR FILTERS

In this section, we give the preliminaries regarding B-Canjar filters and preservation of unboundedness,
which are needed in Section [6] Let § C P(w) be a set with the finite intersection property, i.e., the
intersection of any finitely many of its elements is infinite. We write (), to denote the filter generated by
& together with the Fréchet filter, i.e., B € (F)g if B2 ;@ \ mfor some n,m € wand {a; | i < n} C §&.
Recall, that for a filter ¥ C P(w) containing the Fréchet filter, Mathias forcing with respect to ¥, denoted
M(F), is the poset of pairs (s,A) with s € 2<“ and A € ¥, where the extension relation is defined as
follows: (¢t,B) < (s,A)ift> s, B C A, and for each n > |s|, if #(n) = 1, then n € A. The generic real for
M(%) is a pseudo-intersection of F, M(F) is o-centered and Mathias forcing with respect to the Fréchet
filter is forcing equivalent to Cohen forcing C. A filter F is said to be Canjar if M(¥) does not add a
dominating real over the ground model. We will need the following generalization of Canjarness: For an
unbounded family 8 C w®, a filter ¥ is said to be B-Canjar it M(F) preserves the unboundedness of 8.

5.1. A combinatorial characterization of $-Canjarness. We will make use of the following combi-
natorial characterization of $-Canjarness, due to Guzman-Hrusak-Martinez [20]. The characterization
generalizes an earlier result of Hrusdk-Minami [22]. For a given filter ¥ on w, a set X C [w]*“ is in
(F<)* if and only if for each A € F thereis an s € X with s C A. Given X = (X,, | n € w) with
X, C [w]*® foreachn € w and f € w®, let Xf = UneoXn N P(f(n))).

Theorem 5.1. Let B C w® be an unbounded family. A filter F is B-Canjar if and only if for each sequence
X =(Xy | new)C (F) there exists an f € B such that Xy € (F<“)*.

Proof. See [20, Proposition 1]. O

Lemma 5.2. Let B C w® be an unbounded family. Then:

(1) The Fréchet filter is B-Canjar.

(2) If ¥ is a B-Canjar filter extending the Fréchet filter and {a, | n < w} is such that ¥ U{a, | n < w}
has the finite intersection property, then {(F U {a, | n < w})g, is B-Canjar.

(3) Every countably generated filter is B-Canjar.

Proof. For item (1), note that Cohen forcing C preserves the unboundedness of every unbounded family.
To see item (2), let X = (X, | n € w) C (F Ula, |n<w)p"“)". LetY, = {s € X, | 5§ € Nicpar)
and let ¥ = (Y, | n € w). Itis easy to see that ¥, € (F<)* for each n. By the assumption and
Theoremthere exists f € B such that Yy € (F<“)*. To show that Yy € ((F U{a, | n < w})p,~“)", let
B € (F Ufay | n < w})g. We have to find s € ¥y with s € B. Clearly we can assume that 0 ¢ Y. Fix
A€ ¥ andn € w with B2 A N\, ar. Since ¥ contains the Fréchet filter and Yf € (F<¥)*, there exist
infinitely many s € ¥y with s C A. So there exists m > n and s € Y,, N Y with s C A; note that s € Y,
implies s € i<y ax, 80 s C B, as desired. Clearly Yr € X, s0 Xy € (F U fay | n < w})p~“)*.
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Item (3) follows immediately from items (1) and (2) of the Lemma. O

5.2. Preservation of unboundedness at limits. We will make use of the following preservation theorem,
a more general version of which can be found in [24, Theorem 2.2].

Theorem 5.3. Suppose {P,, Q, | @ < 8} is a finite support iteration of c.c.c. partial orders of limit length 6,
and B C w? is unbounded; also suppose that B is countably directed, i.e., it satisfies

3) YVACB(A =Ry > Af e BYgeAg<* ).
IfVa < 9 Wp, “B is an unbounded family”, then \rp, “B is an unbounded family” .

5.3. Preservation of 8-Canjarness and finite sums of filters. The notion of B-Canjarness of a filter is
not absolute in general:

Example 5.4 (from [19]). Let B be the ground model reals and U be a B-Canjar ultrafilter. Let P be
Grigorieff forcing with respect to U, which forces that U cannot be extended to a P-point. It is well-
known that P preserves the unboundedness of B, and it can be shown that U is not a P*-filter in V[P];
since any Canjar filter is a P*-filter, it follows that U is no longer B-Canjar.

Grigorieff forcing is proper, but not c.c.c.; however, Grigorieff forcing can be decomposed into a o-
closed and a c.c.c. forcing (see [26|]). Since a o-closed forcing does not destroy the B-Canjarness of a
filter, the above example also yields an example of a c.c.c. forcing destroying the B-Canjarness of a filter.

We will now provide a method, which will allow us to guarantee that the $-Canjarness of a filter is not
destroyed by Mathias forcings with respect to certain other filters. As a tool, we introduce finite sums of
filters and consider Mathias forcings with respect to these sums.

Lemma 5.5. Let F be a filter, B C w” and P be a forcing notion. Then the following are equivalent:
(1) P forces thaﬂ? is B-Canjar.
(2) M(F) X P forces that B is unbounded.

Even though we will apply the lemma only in case 8 is unbounded and ¥ is B-Canjar in the ground
model, this is not necessary for the proof. If one of these assumptions fails, both (1) and (2) are false.

Proof of Lemma Let Q = M(¥). Note that (1) holds if and only if P forces M((?V')Fr) I “B unbounded”.
Further P forces that Q is dense in, and hence forcing equivalent to M((?ﬁd Yer)- S0, (1) holds if and only if
P *Q forces that 8 is unbounded, which is the same as (2) since P *Q isequivalent to PxQ =Q xP. O

Definition 5.6. For A,BC w,let A®B ={2n|ne€ A} U{2m + 1| m € B}. For two filters ¥, and ¥, let
FooFi = A®B| A € Fo. B € F1) and inductively, let B, _,,.., Fi = (B, F) ® Fon-

Note that F¢ & F; is a filter if o and ¥ are filters and hence also the finite sum of filters is a filter.
Clearly, reordered sums are isomorphic by an isomorphism induced by a permutation of w. This implies
that the 8-Canjarness of a finite sum of filters does not depend on the order of the sum.

Lemma 5.7. Let Fo and F, be two filters. Then M(Fo) X M(F) is forcing equivalent to M(Fo & F1).

1075 be more precise, one should write (F)g, instead of F.
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Proof. Let Dy € M(Fo) X M(#7) be the set of all ((sg,Ag), (s1,A1)) € M(Fp) X M(F7) with |sg| = |s1], and
let Dg, € M(Fo @ F1) be the set of all (s, A) € M(Fo @ F1) with |s| being an even number. Note that Dy is
a dense subforcing of M(Fy) X M(¥7), and Dg is a dense subforcing of M(Fo ® 7).

For sg, 51 € 2<% with L = |so| = [s1], let so®s; € 2<% be such that |so® s;| = 2L and satisfies
(s0® 51)(2n) = so(n) and (59 ® s1)(2n + 1) = s1(n). Define 1: Dy — Dg as follows: ((sg,Agp), (51,A1))
(50 ® 51,A90DA1). It is easy to see that ¢ is an isomorphism between Dy and Dg. Consequently, M(%g) X
M(F1) and M(Fy @ F) are forcing equivalent. O

The next Lemma provides the main ingredients for the induction in Lemma [6.3}

Lemma 5.8.

(1) If Fo® F1 is B-Canjar, then M(F1) forces that Fq is B-Canjar.

(2) Let B be a countably directed family, a a limit and {Pg, Qﬂ | B < a} a finite support iteration. If
Pg forces that F is B-Canjar for every B < a, then P, forces that F is B-Canjar.

(3) Let Fo be B-Canjar and F be countably generated. Then Fo® F1 is B-Canjar.

Proof. To see (1), note that by assumption and Lemma M(Fp) x M(F7) forces that B is unbounded;
apply Lemmato finish the proof. To see (2) observe that by assumption and Lemma M(F) x Pg
forces that 8 is unbounded for every 5 < a. However M(¥ ) X P, is the direct limit of (M(F)xPg | B < @)
(and M(F) X Pg <M(F) X P,) and so can be written as the limit of a finite support iteration. Then by
Theorem also M(¥) x P, forces that 8 is unbounded. The conclusion follows by Lemma

For (3), note that by Lemma M(Fo® F1) is forcing equivalent to M(Fp) X M(F7). Now, in the
extension by M(%g), 8 is unbounded since ¥ is B8-Canjar. Moreover the filter generated by ¥ in the
same extension is countably generated and so by Lemma([5.2](3) it is 8-Canjar. It remains to observe that
by Lemma 5.5] M(Fo) x M(#7) forces that 8 is unbounded. m|

Using the fact that sums can be reordered (see the remark after Definition[5.6), we obtain the following
stronger statement: Let Fy,..., % -1 be filters such that the sum of the filters which are not countably
generated is B-Canjar; then P <m Tk 18 B-Canjar.

6. PRESERVING UNBOUNDEDNESS: ) = b = wq

In this section, we complete the proof of Main Theorem [I.2] by showing that b = w; in the final
model W. Hence ) = w; and therefore in W there are refining matrices of heights ) and 1. More
specifically, in Section[6.1} we will show that our iteration P, can be represented as a finer iteration whose
iterands are Mathias forcings with respect to filters. In Section[6.2] we show that these filters are 8-Canjar,
where 8 is the set of reals of V. For a similar, but less involved argument showing that Hechler’s original
forcings [21]] to add a tower or to add a mad family can be represented as an iteration of Mathias forcings
with respect to 8-Canjar filters see [[15].

6.1. Finer iteration via filtered Mathias forcings. The notation in this section refers to our construction
in Section Fix @ < A. As a preparation, we introduce a “nice” enumeration of 7,,. We go through
the nodes in T, level by level and blockwise (items (1) and (2) below, respectively). More precisely, let
{o), | v < Ay} enumerate T, (note that |T,| = ¢ and hence A, is an ordinal with ¢ < A, < ¢*) so that
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(D) 0%l <l = v < v,
(2) ifp e A~*and {p~i | i < A} C T, then there is v < A, such that p~i = 0" for each i < A.

For 8 < Ay let QF = Q" and for B < A, let 0 = Q%*"¥ Note that Q™ = Q, and
that {0, | v < B} is a-upwards closed for each 8 < A,. Therefore, by Lemma Q;ﬁ < Qq. By
Lemma (1), Q;ﬁ < Qiﬂ and so we can form the quotient Qiﬁ /Q;’B . Moreover, because conditions
in Q, have finite domain, Q;ﬁ = Us<s Q9 for each limit ordinal 8 < A,. In other words, QZﬁ is the
direct limit of the forcings Q3 for § < 8. So Q, is forcing equivalent to the finite support iteration of the
quotients Qi’g / Q;ﬁ for B < A,.

We will show that Qiﬂ /Q;ﬁ is in fact forcing equivalent to M(Tf ) for some filter 7—“5 . Work in an
extension by P, *Q;’B . Note that for each 7 € T}, with < @, a, is added by P,, and for v < 3, a, is added
by P, *fo . These set define 7’5 as follows: Let p € 1<%, i < A be such that 0'§ = p~iand let

T = {appesn | E+ 1 <ol Ulw\ayj | j < i).

That is, 3’(‘; is the collection of all sets assigned to the nodes above o-'g and the complements of the sets
assigned to the nodes to the left of a'g within the same block. Now gfg has the finite intersection property,
becuse any finite intersection of elements of &‘i almost contains a,- ; for some j < A. Let Tf be the filter
generated by g{i together with the Fréchet filter, i.e. 7"5 = (8’§)Fr. Note that the quotient Qiﬁ/ Q;ﬁ
adds a, where o = a'g The lemma below provides a dense embedding from Qiﬁ / Q;ﬂ to M(Tf ) with the
property that a, is the generic real for M(Tf ).

Lemma 6.1. Qiﬂ / Q;ﬁ is densely embeddable into M(Tf ).

Proof. For simplicity of notation, let o = o'ﬁ Let G be a Q;ﬂ -generic filter. We work in the extension by
G, so Qiﬁ /Q;ﬁ ={pe Qiﬁ | Vg € G(p is compatible with g)}. Define ¢: Qiﬂ /Q;ﬂ — M(Tf ) as follows:
for p € QF /Q5’, let p(0) = (o, fir, hor) and let ((p) = (s, A), Where

A= () @ufnn [ (@\a)Uhep)\lsol.

tedom(fy) pedom(h,)
To see that ¢ is a dense embedding, we have to check the following:

(1) (Density) For every condition (s,A) € M(i—'f ), there exists a condition p such that «(p) < (s, A).
(2) (Incompatibility preserving) If p and p’ are incompatible, then so are «(p) and ¢(p’).
(3) (Order preserving) If p” < p, then «(p”) < «(p).

To show (1), let (s,A) € M(Tf). Since A € T{f, there exist finite sets {p; | i <m}, {r; | j<[}and N € w
such that () ar, N Nicw(@ \ ap) \ N € A. Extend s with 0’s to s, such that |s;| = max(s|, N) and let
dom(hy) = {p; | i < m}, ho(p;) = || for every i, dom(f,) = {7; | j < [} and fi-(7;) = |s| for every j. Now,
let p = {(0, (So» fors B )} U{(T, (), 0,0)) | T € (dom(f,) N T) Udom(h,)}. To see that p is in the quotient,
consider an arbitrary g € G. It is easy to check that g U {(t, (57, f+, h;)) | T € dom(p) \ dom(q)} < p,q. By
definition, «(p) = (s5,A’), where A’ = (| (a: U fo(m) N (N (w)\ay) Uhs(p)\ Iss]. It follows

Tedom(f) pedom(h,)

Ut is possible (see the base step 8* = 0 of the proof of Lemma 3)) that only sets a. with T € T, for some n < « are used.
This is the case if p is pre-T,-minimal and i = 0.
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that A’ 2 N an N @\a\lsel C m ar,; N N (@\ ay)\ N C A, where (*) holds because
redom(fy) pedom(h,) i<m
Ise| > fo(7), ho(p) for every 7, p in the respective domalns Therefore s, > s, A’ C A and s,(n) = 0 for all

n > |sl. So up) = (s,,A’") < (s,A).

We prove (2) by showing the contrapositive. Assume ¢(p) and L(p’) are compatible. Define ¢ as follows.
Let dom(g) = dom(p) Udom(p’). For every 7 € dom(q) let s = sP U s, , dom(£7) = dom(f¥) U dom( fp
and for p € dom(fY) let fZ(p) = min( 7 (p), fT (p)) and the same for h: dom(h?) = dom(h?) U dom(hp )
and for p € dom(h?) let hl(p) = min(hE (p), hp (p)) It is easy to check that g is in the quonent qg<pp.

To show (3), let p’ < p. By definition, s, > s, dom(hp ) 2 dom(h%), dom( f(T 2 dom(f?), and
(1) < fP(0) for T € dom(fP), K- (p) < h(p) for p € dom(h%.). Then

A= () @uan [ \a) Uil E)\lish|
redom(f?) pedom(h’))
is a subset of
() @urZ@n () W\a)UhkE)\Ish
redom(ff) pedom(hfy)
By definition, «(p) = (s”, A) and «(p’) = (5", A"). To show that (s”, A’) < (s”, A), it remains to show that
for n > |s¥| with sg.,(n) =1, we have n € A. First fix P € dom(h%) and show that n € (w \ a,) U o (p). If
n < h.(p), this is clear. If n > h.(p), we know that s(, respects hly, and so n € w \ a,. So in both cases,
ne(w\ay) U h-.(p). To show that for € dom(f?), n € a, U f2(7) argue in the same way as for h. If
n < fP(r), this is clear. If n > £7(r), we know that s’ respects f7, and so n € a,. Thus in both cases,
n € a; U f2(t) finishing the proof. O

The following facts will be used in the proof of Claim[6.4} Item (2) below generalizes a well-known
fact about trees (see [25, Lemma 3.8]); for a proof, see [14].

Lemma 6.2.

(1) P, is o-centered for each a < A and more generally, the same holds for P, | P, for n < a.
(2) If P X P has the c.c.c. and cf(6) > w, then, in V[P], every new function from ¢ to the ordinals has
an initial segment which is new.

Proof. To see item (1), note that since Mathias forcing with respect to a filter is o-centered and Q / Q
densely embeddable into such a forcing by the above lemma, also Q; / Qa is o-centered. Since A, < ¢*
for every n < @, and @ < 1 < ¢, P, is a finite support iteration of o-centered forcings of length strlctly
less than ¢*. It is well-known that such iterations are o-centered (see [31), proof of Lemma 2] or [5]]). O

6.2. The filters are B8-Canjar. To finish the proof of Main Theorem [I.2] we still have to show that
b = w holds true in the final extension. Recall that the ground model Vj satisfies CH. Let 8 = w® N Vj.
We add 4 many Cohen reals to obtain V. Thus in V, B is still unbounded. In Section[6.1} we have defined
filters Tf for @ < A and § < A, and have shown that Q, is equivalent to the finite support iteration
of the Mathias forcings M(?‘f ). In particular, P, *Qjﬂ ¢ M(?—"f ) =P, *Qﬁﬁ , and P, *QgA“ = Pyt1. As
clearly 8 is countably directed, by Theorem [5.3]it suffices to show that for each @ < A and 8 < A, the
unboundedness of B is preserved by M(Tf ). More precisely, we will make use of the following Lemma.
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Lemma 6.3. Forall @ < A, " < A, the following holds:
(1) B is unbounded in V[P, *Q;B *],
(2) ifme w, Bo,...,Lu-1<ANqand i§€f e V[P, *Q;ﬁ*]for every k < m, then @k<m ?’f" is B-Canjar
in V[P, *Q;ﬁ*]. In particular ?’f* is B-Canjar in V[P, *Q;ﬁ*].

Proof. We prove (1) and (2) by simultaneous induction on (a,8%). Suppose the Lemma holds for each
(@', ') <iex (@, 7).

Proof of (1): For a = " = 0, this is clear since 8 is unbounded in V[P *Qg 9 = V. In case B* ﬁ’ + 1
is a successor ordinal, we use the fact that (1) holds for & and 8’ by induction; By Lemman Q / Q
is forcing equivalent to M(7, s ). Since by induction (2) holds for ', M(?‘d’g ) preserves the unboundedness
of B, hence the same is true for P, *Qa , as desired. In case (a,B") is a limit point of the lexicographic
order, use the fact that P, *Qa is the limit of a finite support iteration of c.c.c. forcings and that (1) holds
for each (¢, ') <jex (@, ) to apply Theorem [5.3|and conclude (1) for (a,3%).

Proof of (2): Fix @. By (1), 8 is unbounded in V[P,]. We say that p € A<t is pre-To-minimal if it is
the predecessor of a minimal node of T,. It is straightforward to check that this is the case if and only if

o pe V[Pl

e p ¢ V[P,] for any n < a, and

e for every y < |pl, there exists n < @ with p | y € V[P,].
Note that for @ = 0, the only pre-T,-minimal node is the root ) and for @ > 0 all pre-7,-minimal nodes
have limit length. We proceed by induction on 8*.

Base step: 8* = 0. Let 8y, .. .,Bx-1 be such that ;}ﬁk e V[P, *QEO] = V[P,] for each k < m. Therefore
a'gk = p; 0 for some pre-T,-minimal node p;: Indeed, observe that {5@ contains elements which are only
added by Q, (and hence E/g ¢ V[P,]) whenever 0'5 = p~i with p not pre-T,-minimal or i > 0. If cf(|ox|)
is countable for all k < m, the filter P k<m Tf" is countably generated and hence by Lemma E(?;) it is
B-Canjar. In particular, for @ = 0, the only pre-7,-minimal node is p = (), which completes the proof for
a =" = 0. So assume a > 0 for the rest of the proof of the base step. If cf(a) < w all pre-T,-minimal
nodes p have cf(Jp|) = w

Claim 6.4. Let p be a pre-T,-minimal node and cf(|p|) > w. Then
(1) cf(a) > w, and
(2) there exists non < a such that p [y € V[P,] for all y < |pl.

Proof. Let us first show (2). Fix some n < . Since p is pre-T,-minimal, p € V[P,] \ V[P,]. By
Lemma (1), P, / P, is o-centered, hence in particular (P, / P;) X (P, /P;) has the c.c.c.. Therefore,
by Lemma (2), the new function p has an initial segment which is not in V[P, ]. Now let us show (1).
Assume towards a contradiction that cf(a) < w and let {«,, | n € w) be increasing cofinal in « (in case « is
a successor, let a;, be its predecessor for every n). For every v < |p|, let n € w be such thatp [ y € V[Pg, ].
Since cf(|p|) > w, there exists n* € w such that p [y € V[P,,.] for cofinally many y < |p| (and hence for
all y < |pl), contradicting (2). |

Thus we can assume cf(@) > w. We argue that cf(|p|) > w for all pre-T,-minimal nodes p. Suppose p
is a counterexample. Let (y, | n € w) be increasing cofinal in |p|. For every n < w, let @,, < a be such that
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p I vn € V[P, 1. Fix @' < @ such that @, < @’ for every n. As there are no new countable sequences of
elements of V[P, ] in V[P,], we conclude that p € V[G,~] for some &’ < @, a contradiction.

Now we will show that EB k<m Tf * is B-Canjar in V[P, ], using the characterization from Theorem
Let (X, | n € w) € V[P,] be positive for EBk “m (F{fk. We want to show that there exists f € B such
that X 1 1s positive for @k < T('fk. Clearly there exists n < a with (X, | n € w) € V[P;]. Moreover,
let 7 be large enough such that for all j < k < m with p; # p, there exists a successor 6 < |ojl, [oxl
such thatp; [ 6 # px [ 6 and ay;1s,a5,156 € VI[Py]. For every k < m, let yx < |ox| be such that a,, 1y, ¢
V[P,]. Such vy exist, because the p; are pre-T,-minimal, using Claim (2). Clearly ay, 1, € V[P,] for
every k < m. The filter EBk <m o1y )Er 18 countably generated and hence B-Canjar in V[P, ]. Clearly
D Cotyde € DBisy FP hence (X, | n € w) is positive for D, (api1ydre- Therefore we can
fix f € B such that X is positive for @, _ {ap, 1y, - Note that X; € V[P,]. We will use a genericity
argument to show that X r 1s positive for EB k<m Tf *. Tt is enough to show that for all successors & < |oxl,
for all [y € w there exists s € Xy with s € B, _, (ap,1s, \ k), because sets of this form are a basis for the
filter. If & < 7y for all k, this holds by the choice of f.

We show by induction on 7 < i < a that for all successors 6; < |px| and all [y < w, if all a,, 15, € V[Pyy]
then V[P, ] E “ds € Xp s C €D, _,(ap 16, \ Ix)”. Note that this holds for ” = n by choice of £, and that at
limit steps of the induction no new a,, s, appear, so we only have to show it for successors. Assume that it
holds for " and show it for " + 1. For every k < m, let 6y < |ox| with a,, 5, € V[Py41]and [; € w be given.
Let p € Q. We will show that there exists g < p and s € X rsuchthatgi-s C @ kem@pite \ Ik). Without
loss of generality py | 6x € dom(p) for all k < m with p; [ 6x € T,y and p is a full condition. For every
k < m, define Z; as follows: If py [ 6y € T)y, let Xy = U{dom(]ﬁ W) N T,’I, |y < 0x Apr |y €dom(p)}. If
Ok I 0k & Thy, let Zp = {ox | Ox}. Let £ = g, k. For every k < m, let oy be the longest initial segment
of pr which belongs to X in case there exists such and leﬁ ok = pr I 1 otherwise. Note that o = o if
pr = pj and that a,,, € V[P, ] for every k < m. Now let N € w be large enough such that

o N > [ forevery k < m,
e N > |s”| for every o € dom(p),
® a; \N Ca,forall r € X, forall k < m.

By hypothesis, in V[P,/] we can fix s € Xy with s C @km(agk \ N). To get g extend p as follows. For
every k < mand y < ¢ with p; [ v € dom(p), let sgk by = sfo’k Wﬁ(O I [|szk ryl,N))A(aU.k I [N, max(s)]).
Observe that by the choice of i and since " > 7, if py # p; then there is no 7 € dom(p) with 7 < p; and
7 dpj. Now if pg = p; then o = o and so the above is well-defined. Note that  was chosen large
enough such that for all y, < 6y, y; < 6, if p; | v; # px | v« then they are not in the same block. In
particular, p; [ y; ¢ dorn(hi)7 ; m) andpi | yr ¢ dom(hﬁ ! r%_). Therefore Definition (8) holds for g. The
rest of Definition is easy to verify and so ¢ is a condition. Moreover g forces s C @ cem(@piree \ li)-

Successor step Let us say that a filter 7’5 and the associated &’i is new in V[P, *QEB *] if ‘Zy/; €
VP, *Q;ﬁ *] and 8€ ¢ V[P, *Qf,‘s*] for all 6* < B*. Now assume that we have shown (2) for 8*. We
will show it for 8* + 1.

12we just have to choose any initial segment of p; which belongs to T,’7, and make sure that o = o} if p, = p;. Alternatively,

in such cases, we could replace a,, by w below.
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If 8@" € V[]P’ *Q;ﬁ *] for every k < m, then by induction hypothesis (@k “m Tﬁ ") DT, s B-Canjar in

V[P, *Q3” 1. Hence, by Lemmal5.8/(1), P, _,, F£* is B-Canjar in V[P, Q5 «M(FZ )] = V[P, +QF *'].
It is easy to check that there are exactly two new filters in V[P, *Q<ﬁ +1] Tﬁ where 8 is such that
0'§ = 0'§ Oandf’g where 8/ = 8" + 1 (i.e., oﬁ =p (z+1)andoﬁ = p7i). Bothgﬁandgﬁ are
extensions of ‘Jfﬁ by one new set. Therefore the filter @ k<m 7—'5 * is an extension of @ k<m Tf" by finitely
many sets, where B = B8 if Bx = B or B = 8/, and B; = Bi otherwise. By the above, EBk “m Tf" is
$-Canjar in V[P, *Q<ﬁ +1] Then by Lemma (2), also @k<m Tfk is B-Canjar in V[P, *Q;ﬁ*ﬂ].

Limit step Now assume that §* is a limit and that we have shown (2) for all 6* < *. Let us prove it
for g*. If for each k < m there exists 6, < 8 such that %ﬁk e V[P *Qa “] then there exists 6* < 8* such
that i}ff e V[P, *Qég*] for all k < m. By induction hypothesis @k - Tf" is B-Canjar in V[P, *Q;‘S ] for
every 6* < 6 < 8 and so by Lemma (2) it is B-Canjar in V[P, *Q;ﬁ*].

Now we have to consider new filters. There are two cases: either 8* is such that o-'g has O as its last
entry, or is such that o{i has a limit ordinal i as its last entry.

First case: o{’; = p~0 for some p. Let us first argue that there are no new filters unless |p| is a limit
and o‘g is the first node of its level in the enumeration (i.e., |0' | < |o| for each 6 < B%). If o‘g is not the
first node of its level, then there are no new filters in V[P, *Q, n 1. If 3‘3 e V[P, *Qéﬁ *], then there exists
6" < " such that ‘[Sﬁ e V[P, *Q;‘S*], because gﬁ contains — from the sets of this level — only boundedly
many sets within only one block. Similarly, if |o| is a successor and 0'§ is the first node of its level then
there are no new filters in V[P, *Q;’B *] because any gﬁ contains only boundedly many sets from level |p].

So we assume from now on that |p| is a limit and o-f, is the first node of its level. In this case, there
are many new filters ‘Ff in V[P, *Qéﬁ *]. Moreover, it is easy to check that 7—'5 is new if and only if the
following holds: 0'5 = p~0 for some p with |p| = |p| and p not pre-T,-minimal. Observe that 8€ =
{asry | v < pl}. Let Bo,...,Bnm-1 be such that f&g" e V[P, *Q;B*] for each k < m. We want to show that
@,Km f’f" is B-Canjar in V[P, *Q;’B*]

In case cf(|p|) = w, we can use Lemmaﬂ and the remark thereafter to finish the proof: @ k<m 7—‘5 ks
a sum of filters, in which the new filters are countably generated, whereas the sum of the filters which are
not new is B-Canjar (see the first paragraph of the limit step).

Assume from now on that cf(|o|) > w. Let new C m be the set of k < m such that 7—‘5 * is a new filter and
old = m \ new. For each k € new fix py such that oﬁ k = p, 0 (with |o| = |o| and p not pre-T,-minimal).
Let (X, | n € w) € V[P, *Qa ] be positive for @k “m (Fﬂ *. Clearly there exists a hereditarily countable
name for (X, | n € w). Lety < |p| be a successor ordinal large enough such that the following hold:

e (X, |new)e V[P, *ny] (this is possible due to cf(|o]) > w).

e Forall j,k € new, if p; # pi, then p; and py split before y.

e Forall k € old, either [02*] < y of 3 |o2*| > |pl.

® ayy & V[P,] for all k € new, i.e. pk Iy € T, (possible since py is not pre-T,-minimal).

For k < m with k € old, 8ﬁ‘ e V[P *Q "] by the choice of y and we define fsﬁ" 8’3" For k € new,
let 8ﬂ {ay,1y}. Now, we can use Lemma and the remark thereafter to show that EBk “m (Sa YEr 18

3Note that |o‘§“ | > |p| is only possible if o‘ﬁ“ = p~0 for a pre-T,-minimal node p.
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$-Canjar in V[P, *Q;ﬁ *]. Indeed, EB keold (@ﬁk Yr: 18 B-Canjar in V[P, *Q;ﬁ *] by the first paragraph of the
limit step and for each k € new, (ﬁ‘g")ﬁ is countably generated. Moreover, (X, | n € w) is positive for
D.-., FP and Di-. (& C Di-n FP%, hence (X, | n € w) is positive for Di.. (). So we
can fix f € B such that X is positive for B, _ (&Y. Since (X, | n € w) and P <m (&), are in
V[P, *Q17], and being positive is absolute, this holds in V[P @ ¥QY]

Now we use a genericity argument in Qa / Qé " to show that X 18 positive for P k<m 775 *. We have
to show that for all (A | kK < m) with A; € Tf" there is s € Xf with s C @k<m Ay. For k € new, we can
assume that Ay = a,, 15, \ [x with y < 6, < |p| and [; € w, because these sets form filter bases. For k € old
let B = Ay and for k € new (in this case |o-§"| = |p|l + 1 > y) let By = ap,},. By the choice of f for all
N € wthere is an s € Xy with s € €B,_, (B \ N).

Letp e Q;ﬂ ) / ny. Without loss of generality px | 0r € dom(p) if k € new. For every k € new, define
k= U{dom(f’i ré) NAY |6 <6 Api | 6 € dom(p)}. Now let N € w be large enough such that

o N > [ for every k € new; N > 57| for every o € dom(p);
® dy 1y \ N Ca, forall T € X, for all k € new.

By the above, we can fix s € X with s € P L <m(Bk\N) To get g, extend p as follows. For every k € new,
for every 0 < o with px [ 6 € dom(p), let s s p s 0 [|s r6| N))~(apty T [N,max(s)]). By the
choice of vy, for j, k € new, for eachy < § < |p| either py | 6 = p ; I ¢ or they are not in the same block.
In particular p; | 6 ¢ dom(hp " sandpp [0 ¢ dom(hp 0 s) Therefore Definition [3.1/(8) holds for g. The
rest of Deﬁmtlon L as well as the fact that ¢ forces s € k <m Ay, are easy to check.

Second case: oﬁ =p iwithi >0 hmlt In this case, 7—” is the only new filter in V[P, *Qa . Let
Bos ..., Bm-1 be such that Sﬁ‘ e V[P, *Qa ] for each k < m. We want to show that P rem 7—"& is B-
Can]ar in V[P, *Qa ]. Let (X,, | n € w) € V[P, *Qaﬁ ] be positive for @ <m Tf “. Let X be a hereditarily
countable name for (X, | n € w) and let D be countable containing all the domains of conditions occurring
in the name X. Let 8** < * be such that p~0 = 0'§ Let D ={reD|3j<i(r=pj) andlet
C ={o | v<B*}UD. Clearly, {c, | |o| < Ipl} cCc {o | |0' | < |p|+ 1}, hence C is a- upwards closed.
Lemmaimplies that Q¢ < Q, and Qf C Q Smce Qa < Qq, by Lemma (1) QC < Q

Observe that for all k < m either * N V[Py +*QF | = F* or §* N V[P, *Q ] = i}ﬁ In partlcular,
for every k < m there exists £, such that ‘8{(3} N V[Pa *Q;ﬂ **] = ﬁ‘ and ‘5-0‘ e V[P Q . Hence
DB, (F V[P, Q1 is B-Canjar in V[P, *Q5” 1. For every k < m, F* N V[]P(, *Qg] is the set
&‘i" NnV[P, *Qéﬁ **] together with countably many new sets (some of the sets w \ a; with 7 € D), therefore
D..., (& N VI[P, *QS )k is a filter generated by €D, _ & nvip, «QF **])Fr together with countably
many new sets. Hence, by Lemma .(2) @k<m (%ﬁk N V[P *QC])Fr is B-Canjar in V[P, *Q;ﬁ*]. Since
the sets (X, | n € w) are positive for P, _ FP and D, (Kﬁk N V[Pe *QS e € P, ., FP the sets
(X | n € w) are also positive for @k<m (‘&ﬁ" N V[P, *QC])Fr So we can ﬁx f € B such that )_(f is positive
for P, _, (F N V[Py +QC gy Since (X, | n € w) and P,_, (Fok N V[P QS ) are in V[P, *QS], and
being positive is absolute, this holds in V[P, *QS].

Now use a genericity argument in Q2 / QF to show that X is positive for B, _ FP Fix (A | k < m)
with A, € 7"5 *. For simplicity of notation assume there is m’ < m such that A; € V[P, *Qg] if and only
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if k < m’. Form’ < k < m there exists By € (§F2 N V[Py *QC 1) € € w and (j* | r < £) C i such that

Ay = Bkﬂﬂng(a)\aiji;). So @k<m A = ®k<m’ Ac® @m,S,Km(Bkmﬂr<€k(w\apﬁj§))- Letp e Q;ﬁ /Qg
Without loss of generality assume that p~ j* € dom(p) if p~ j* ¢ C. Let N > |s| for every T € dom(p). We
can fix s € )_(f with s C @,Km, Ar® @m (Br \ N). To get g, extend each s;;jk with O’s to have length

max(s) + 1. It is easy to check that g is a condition forcing s C €P k<m Ak as desired. O

' <k<m

By Lemma B is unbounded in V[P,] for every @ < A, so by Theorem B is unbounded in
V[P,]. Thus in V[P,], b = w; and so h = w; as well. This concludes the proof of Main Theorem [I.2]

7. FURTHER DISCUSSION AND QUESTIONS

In this section, we discuss the structure of refining matrices, as well as a notion of spectrum of refining
systems of mad families. For basic definitions and facts, see Section [2]

7.1. Possible variants of the main theorem. It is possible to derive a bit more from the proof of Main
Theorem than what is stated in the theorem. Our forcing construction is based on the tree 1<* and
therefore results in a specific kind of refining matrix of height A: first, all its maximal branches are cofinal,
and second, the underlying tree has A-splitting everywhere; more precisely, its underlying tree structure is
A<t N succe. In particular, it immediately follows that A € spec(a) and hence a < A.

We can modify the construction (by changing the underlying tree) to obtain different kinds of refining
matrices of height A. In fact, the following generalization of Main Theorem [I.2]holds true:

Generalized Main Theorem 7.1. Let Vyy be a model of ZFC satisfying GCH. In Vy, let w; < A < cf(6)
and 0 < u be cardinals such that A is regular and ctf(u) > w. Then there is a c.c.c. extension W of Vy in
which there exists a refining matrix whose underlying tree structure is 0<* Nsucc and w; =h=b < ¢ = .

In this model, clearly 8 € spec(a). For the proof of the generalization, the forcing construction is
based on the tree #<* instead of 1<%, and sets a,, are generically added to its nodes of successor length. In
Definition @] and Definition @ we need a pair of ordinals (&, 9) in place of y, where € < 8 and 6 < 4,
and y<” has to be replaced by £<.

The reason why we have to require A < cf(6) is Lemma a nice name for a node in #<* contains
less than A many conditions r, and the corresponding &, have to be bounded in 6. It would even be possible
to have different splitting at different nodes, provided that all the splitting sizes have cofinality at least A.
This way, we can get more values into spec(a) (compare with Hechler’s paper [21]]).

Observe that it is always possible to turn a refining matrix with 6-splitting into a refining matrix with
c-splitting (of the same height), by just taking every wth level and deleting all other levels. It is not
clear whether it is possible to do it the other way round, i.e., to get a refining matrix with 6-splitting (for
0 € spec(a)) from a refining matrix with c-splitting.

The Cohen model satisfies spec(a) = {wy, ¢} (see, e.g., [6, Proposition 3.1]). Thus, if w; < 6 < ¢, there
are no mad families of size € in the Cohen model, and hence no refining matrices with 6-splitting. To
obtain a model with such a matrix, one can apply Generalized Main Theorem for A = w; <0 < pu.
On the other hand, the model of Generalized Main Theorem with A = 0 = w; < u coincides with the
Cohen model with ¢ = yu: this can be seen by representing the iteration as an iteration of Mathias forcings
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with respect to filters, as described in Section 6.1} since A = 6 = w;, all the filters are countably generated,
therefore the respective Mathias forcings are equivalent to Cohen forcing. Thus we obtain:

Observation 7.2. Let u > wy. Then, in the Cohen model with ¢ = u (i.e., in the extension of a GCH model
by C,) there exists a refining matrix whose underlying tree structure is wf“” N succ.

7.2. Branches through refining matrices. We will now discuss the structure of refining matrices with
respect to cofinal branches. It is straightforward to check that every maximal branch which is not cofinal
is a tower. We call a refining matrix normal if no element of [w]“ intersects it. Recall from Section 2] that
whenever there is a refining matrix of height A, then there is also a normal refining matrix of height A.

In case t = §) (so in particular under ) = w;) there are no towers of length strictly less than ), hence all
maximal branches of a refining matrix of height Iy are cofinal.

On the other hand, it is possible to have a refining matrix of height h which has no cofinal branches. In
fact, it was shown by Dow that this is the case in the Mathias model (see [[13, Lemma 2.17]):

Theorem 7.3. Assume CH. In the extension by the countable support iteration of Mathias forcing of
length wy, there is a refining matrix of height Y) without cofinal brancheﬂ (and w; =t <h=c=uwy).

We do not know whether there is a norma]lf] refining matrix of height by with cofinal branches in the
Mathias model; this would imply that h = w; € spec(t). We also do not know whether w; € spec(t) in the
Mathias model.

It is actually consistent that no normal refining matrix of height I has cofinal branches. This was proved
by Dordal by constructing a model in which §) ¢ spec(t) (see [[11] 0 (12} Corollary 2.6]):

Theorem 7.4. It is consistent with ZFC that spec(t) = {w1} andh) = wy = ¢

Let us now discuss refining matrices of regular height strictly above §). Recall that w; = t = b holds
true in the model of Main Theorem [I.2} in particular, there are refining matrices of height w; (all whose
maximal branches are cofinal). All maximal branches through the generic refining matrix of height 4 > w;
are cofinal, because the forcing construction is based on the tree A<, Moreover, as shown in Section
all these maximal branches are actually towers (i.e., the matrix is normal). In particular, A belongs to
spec(t).

In the Cohen model, the situation is different. Again, w; = t = b holds true, so there are refining
matrices of height w; (all whose maximal branches are cofinal). We do not know the following:

Question 7.5. Is there a refining matrix of regular height larger than ) in the Cohen model?

In any case, there is a crucial difference to the model of our main theorem: in the Cohen model, there is
no normal refining matrix of regular height A > w; with cofinal branches, due to the following well-known
fact.

l4p, fact, there is even a base matrix of this kind.

I5Here and in similar cases, it is necessary to demand that the refining matrix is normal, due to the fact that there are always
trivial examples of refining matrices with constant cofinal branches.

l6r, fact, |12, Corollary 2.6]) also works for getting h = ¢ larger than w,, and for certain tower spectra which are more
complicated than {w; }.
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Proposition 7.6. Assume CH, and let u be a cardinal with cf(u) > w. Then spec(t) = {w1} holds tru
in the extension by C,, (where C,, is the forcing for adding pr many Cohen reals).

Finally, let us remark that the generic refining matrix from Main Theorem [1.2|cannot be a base matrix.
This can be seen by a slight generalization of the proof of Lemma which yields the following. For
each infinite ground model set b C w, each a, has infinitely many 1’s (and also infinitely many 0’s) within
b. If b is infinite and co-infinite, it follows that b splits a. In particular, a, €* b, so b witnesses that the
generic matrix is not a base matrix.

7.3. The spectrum of refining systems of mad families. The study of refining matrices of various
heights naturally gives rise to the following notion. Let

spec(h) := {4 | A is regular and there is a refining matrix of height A}

be the spectrum of refining systems of mad families. Recall that the existence of refining matrices is only
a matter of cofinality. Clearly, the minimum of spec(}) is the distributivity number .

Spectra have been considered for several cardinal characteristics, but not for . For example, spectra for
the tower number t have been investigated in [[21]] and [12]], spectra for the almost disjointness number a
in [21]], [6], and [29], spectra for the bounding number b in [12f], spectra for the ultrafilter number u
in [27], [28]], and [[17]], and spectra for the independence number i in [16]. Furthermore, 3] develops a
framework for dealing with several spectra.

Let [b, c]gee denote the set of regular cardinals 6 with ) < 6 < ¢. As already mentioned, it is easy to
check that there can never be a refining matrix of regular height larger than ¢, hence spec(h) C [, c]geg.
Recall that the model of Main Theorem [I.2] satisfies {w, 4} C spec(h) (where 1 > w; is the regular
cardinal chosen there). In particular, by choosing 4 = u = w,, we obtain a model in which {w1, w;} =

spec(b) = [b, c]Reg-
Question 7.7. Is it consistent that spec(h) contains more than 2 elements?
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