STRONGLY UNFOLDABLE, SPLITTING AND BOUNDING

OMER FARUK BAG AND VERA FISCHER

ABsTRACT. Assuming GCH, we show that generalized eventually narrow sequences on a strongly
inaccessible cardinal « are preserved under a one step iteration of the Hechler forcing for adding
a dominating s-real. Moreover, we show that if x is strongly unfoldable, 2° = x™ and ) is a
regular cardinal such that ™ < ), then there is a set generic extension in which s(k) = k™ <
b(k) =c¢(k) = A

1. INTRODUCTION

The topic “cardinal characteristics of the continuum” is a broad subject, which has been studied
in many research articles and surveys like [3] or [15]. Combinatorial cardinal invariants and their
generalizations to larger cardinals, some of which build the subject of this article, give an insight
to the combinatorial and topological properties of the real line and the higher Baire spaces.

The splitting, bounding and dominating numbers, denoted by s, b and 9, are due to David D.
Booth, Fritz F. Rothberger and Miroslav Katétov respectively. While s, b < 0, the characteristics
s and b are independent. Introducing the notion of an eventually narrow sequence and showing
the preservation of such sequences under finite support iterations of Hechler forcings for adjoining
a dominating real, Baumgartner and Dordal showed that consistently X; = s < b holds (see [1]).
The consistency of b = Xy < s = Ny is due to S. Shelah (see [13]) and is in fact the first appearance
of the method of creature forcing. Studying the existence of ultrafilters I/, which have the property
that for a given unbounded family H C “w, the relativized Mathias poset M(U) preserves the
family H unbounded (appearing more recently in the literature as H-Canjar filters, see [9]), the
second author jointly with J. Steprans generalized the result to an arbitrary regular uncountable
K, i.e. showed the consistency of b = k < s = kT (see [7]). The more general inequality of
b = kK < s = )\ was obtained only after certain developments of the method of matrix iteration,
namely the appearance of a method of preserving maximal almost disjoint families along matrix
iterations introduced by the second author and J. Brendle in [2].

In strong contrast to the countable case, the generalized bounding and splitting numbers are not
independent. Indeed, Raghavan and Shelah showed that s(x) < b(x) for each regular uncountable
k (see [12] and Definitions 1, 3). Moreover, by a result of Motoyoshi (see [14, p. 34]), s(k) > &
if and only if x is strongly inaccessible. Later T. Suzuki showed that under the same assumption
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s(k) > kT if and only if k is weakly compact (see e.g. [14]). An easy diagonalization argument
shows that k™ < b(x) and so unless « is weakly compact, s(k) < kT < b(k).

In this article we further address the behaviour of s(x) and b(k) for x regular uncountable. In
particular, we introduce the concept of a generalized eventually narrow sequence, or k-eventually
narrow sequence (see Definition 2) and show that if x is strongly inaccessible, then generalized
eventually narrow sequences on k are preserved by k-Hechler forcing (see Theorem 13):

Theorem. Assume GCH, & is strongly inaccessible and cof(A) > k. If 7 = (ag : £ < \) is a
k-eventually narrow sequence in V, then 7 remains eventually narrow in VP2,

It becomes a natural question, if the same result holds for iterations of x-Hechler forcing.
However, an attempt to generalize the preservation arguments of Baumgartner and Dordal from
[1] to such iterations leads to significant difficulties. In fact, in order to obtain our main result,
we take a slightly different approach (see Section 4):

Theorem. Assume x is strongly unfoldable, 2° = k% and X is a regular cardinal such that
kT < A. Then there is a set generic extension in which s(k) = K+ < b(k) = ¢(k) = A

Controlling s(r) strictly above k™ simultaneously with b(x), 9(x) and 2" remains an interesting
open question. For a model of X; < s < b =0 < ¢(= a) see [5], while a model of X} <s < b <
0 < ¢ can be found in [8].

2. PRELIMINARIES

We recall some preliminaries and definitions.

Definition 1. Let x be regular. Let a and b be elements in []" = {z € P(k): |z| = k}.
(1) We write a C* b, if |a \ b| < & holds.
(2) The set a splits the set bif |b\ a| = |a N b| = k.
(3) A family S C [k]" is splitting if for each b € [k]" there is an element a € S such that a
splits b.
(4) Finally, s(x) denotes the generalized splitting number:
s(k) = min{|S|: S C [k]" is splitting}.

Definition 2.
(1) A sequence (ag: & < A), where each a¢ is in [x]
d§ < AVn > € ay splits a.
2) A sequence {(ag: & < A), where each a¢ is in [k]7, is k-eventually narrow if Va € [k]® 3& < A
3 3
Vn>&a " ay.

If k is clear from the context, we write just “eventually narrow” instead of “k-eventually narrow”.
Note that 7 = (ag: & < \) is k-eventually splitting iff the sequence 7" = (be: & < ), defined as
bae = a¢ and baey1 = K\ ag, is K-eventually narrow.

K

, 18 k-eventually splitting if Ya € [k]"®

Definition 3. Let x be regular and let f and g be functions from « to s, i.e. f,g € k.
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(1) We say that g eventually dominates f, denoted by f <* g, if Ja < k V3 > «a f(8) < g(B).
(2) A family F C “k is dominating if Vg € " 3f € F [g <* f].
(3) A family F C "k is unbounded if Vg € *x 3f € F [f £* g].
(4) b(k) and d(k) denote the generalized bounding and dominating numbers respectively:
b(k) = min{|F| : F C "k is unbounded},
9(k) = min{|F| : F C "k is dominating}.
(5) Finally, ¢(k) = 2"~.

In [4], it is shown that k* < b(k) = cof(b(k)) < cof (0(k)) < 0(k) < ¢(k) holds.

Definition 4. Let x be regular uncountable.

(1) If A C P(k), then A has the strong intersection property (SIP)if VA" € [A]<" [|(A'| = k].
(2) A subset X C k is called a pseudo-intersection of Aif X C* A for any A € A.

Definition 5.

(1) The generalized pseudo-intersection number p(x) is the minimal size of a family A C []"
with the SIP but no pseudo-intersection.

(2) The invariant py (k) is the minimal size of a family A C [k]® of clubs (closed and un-
bounded sets) in k having no pseudo-intersection.

A proof of p(k) = b(k) for a regular uncountable x is given in [6, Observation 4.2.]. A
consistency proof of p(k) = kT < b(k), which uses the identity py(k) = b(k), is given in [6,
Section 4]. The relevant poset for this proof and for our proof in section 4 is the following:

Definition 6. Let C denote the collection of all clubs in k. The conditions in the forcing poset
M(C) are pairs (a,C), where a € [k]<" and C € C. The order is given by (a/,C’) < (a,C) if
C'CCandd\aCC.

It is easy to see that, if x is regular uncountable and k<" = k, then M(C) is x-closed and has
the x*-c.c., which is mainly due to the regularity of k. If G C M(C) is generic over the ground
model, then the real ¢ = |J{a : 3(a,C) € G} is a pseudo-intersection of all clubs in the ground
model. Clearly, conditions with the same first coordinate, referred to as stem, are compatible.

If k is regular then let k<" 1= {s € k<": s is strictly increasing} and let "x = {f € "k: f is
strictly increasing}.

Definition 7. The k-Hechler poset is defined as the set D(k) = {(s, f): s € k<" 1, f € "k 1}
with extension relation given by (t,g) <p() (s, f) iff

s CtAVa €k [ga) > fla)] ANVa € dom(t) \ dom(s) [t(a) > f(a)].
D denotes D(w). For a condition p € D(k), po (resp. p1) denotes its first (resp. second) coordinate.
Remark 8. Tt is well-known that D(k) is kT-c.c. and x-closed, provided « is regular and k<% = k.

Although the exact definition of a strongly unfoldable cardinal is not strictly necessary to
understand the results of this article, we state it for the sake of completeness. First, if  is strongly
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inaccessible, then a k-model denotes a transitive structure M of size k, such that M E ZFC — P,
k € M and M<" C M, i.e. M is closed under sequences of size less than .

Definition 9 ([16], see [11]).

(1) Let A be an ordinal. A cardinal « is A-strongly unfoldable iff
(a) k is strongly inaccessible
(b) for every k-model M there is an elementary embedding j : M — N with critical
point x such that A < j(k) and V,, C N.
(2) A cardinal k is called strongly unfoldable if it is f-strongly unfoldable for every ordinal 6.

A strongly unfoldable cardinal is in particular weakly compact. In Section 4 we will also use
T. A. Johnstone’s theorem concerning the indestructiblity of strongly unfoldable cardinals.

Theorem 10 ([11]). Let  be strongly unfoldable. Then there is a set forcing extension where the
strong unfoldability of k is indestructible by forcing notions of any size which are < k-closed and
have the k™ -c.c..

3. EVENTUALLY NARROW SEQUENCES AND HECHLER FORCING AT THE UNCOUNTABLE

Throughout the section, let x be regular uncountable and k<" = k. Next, we show that
k-eventually narrow sequences are preserved in the one-step forcing extension via D(k).

Definition 11. Let D be open dense in D(k), i.e. Vp € D(k) 3¢ € D [¢ < p|] and whenever
p € D and q < p then ¢ € D. Define a sequence of subsets of k<" 1, referred to as a sequence of
derivatives, as follows:

(1) Do={sex~1|3pe D [p=s|},
(2) Dair = {s € 55 1 |
(a) s € D, , or
(b) Iy € K[y >dom(s)AI{t;: 0 < k} C D VB < Kk [s C tgAdom(tg) = yAtg(dom(s)) >
A}, and
(3) Do = U{Dpg| B < a} if a is a limit ordinal.

In item (2b), first v fixes a length. Then for every 8 € &, an element ¢ is found such that each
one’s domain is 7. Further, each sequence in {t5 : 6 < k} is an end-extension of the sequence s
and {ts(dom(s)) : 6 < x} is unbounded in x.

Due to (2a) and (3) this sequence is increasing, i.e. D, C D,41. Consequently this increasing
sequence of derivatives has to stabilize at some index below kT, as k<% = k. That is, there exists
v < & such that Dy = D.41.

Lemma 12. Assume GCH and x is strongly inaccessible. Let y be the least such that D, = D, 1.
Then Dy = k<" 1.

Proof. Suppose not and let s € k<% 1 \D,. For the purposes of this proof, we will use the
following notion:
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Definition. A sequence t € D, is said to be a minimal extension of s if s C t and whenever
v € k is such that dom(s) <~ < dom(t) then ¢ [ v & D,.

First we claim that for a given length, there are less than x many minimal extensions with this
length:

Claim. For every v € s with dom(s) < we have |T,| < k, where
T, = {t € k<" 1: t is a minimal extension of s with dom(t) = ~}.

Proof of the Claim. Suppose not and let v € k be such that |T),| > k. Then |T,| = &, as T, C
k<P, [K<F 1| = k. For each t € T, let p(t) = sup{t(a): a < v} and let p = sup{p(t): t € T,}.
If p < K, then |T,| < k. This is due to the inaccessibility of x. Thus, p = k. Now, if for each
a <7, o = sup{t(a): t € T} < K, then p = sup{pa: o < v} < &, which is a contradiction.
Therefore, there is a < 7 such that p, = k. Pick « least such that p, = x. Then in particular,
Ht | a:t € Ty}| < K and so we can find u € k<% 1 and T” C T, of cardinality x such that for
eacht € T', t | @« = w and {t(«): t € T'} is unbounded in x. Note that dom(s) C dom(u). Then
w is an element of D41 = D., contradicting the minimality of the elements in 7. g

We continue with the proof of the theorem. As there are < k-many minimal extensions for a
fixed length 3, we can define a function which goes above all minimal extensions in Tj. For any
v+1 € klet pyy1 =sup{t(y): t € T,41}. By regularity and the above claim p,41 < & for any
v+ 1 € k. Therefore, for any « such that dom(s) < v < k define the function f € ®k 1 such that
f(7) > py41. Thus, f dominates at point vy the values of all minimal extensions ¢, whose length is
v+ 1. If v € £ is a limit and a < 7, then let p, = sup{t(a): t € T,}. Define inductively h € "x 1
such that for each limit v € k and « € 7, we have h(«) > pl, if h(«) is not defined yet.

Let f' € "k 1 be above the pointwise maximum of f and h. Consider the condition (s, f’) €
D(k). By the density of D we can find a condition (¢,g) < (s, f') such that (¢,g9) € D. So the
element t € k<% 1 is in Dy and s C ¢ (by the extension relation). Then, some initial segment ¢’
of t must be a minimal extension of s (the existence of such a minimal extension t' follows from
the fact that € well-orders k). As t’ # s (because this would imply s € D), dom(t’) > dom(s).
If dom(t') = o + 1 is a successor, then t(a) = (o) < f(a) < f'(a) which is a contradiction to
(t,g) < (s, f"). Suppose a = dom(t’) is a limit. Take 8 € a. Then t(8) = t/(8) < h(B) < f'(5)
which is a contradiction to (¢, g) < (s, f'). O

Theorem 13. (GCH) Assume that x is strongly inaccessible and X\ is an ordinal such that
cof(A\) > k. Then any k-eventually narrow sequence 7 = (ag: & < \) remains k-eventually
narrow in VP,

Proof. Suppose by way of contradiction that 7 is not eventually narrow in the generic extension.
So fix a condition p’ € D(k) and a name a for a subset of x of size £ such that

p/ H_]D)(H) VE<Adn>¢E [a - an].

Let 6 be a regular cardinal such that D(k) € H() = {x € WF: |trcl(z)| < 0}. Let N be an
elementary substructure of H () of size k such that D(k) € N, a € N and p’ € N. Since 7 is
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eventually narrow, for every ¢ € [k]" NN there is a { < A such that for all n > £ we have ¢ Z* a,,.
However |N| = k, 7 is of length A and cof(\) > k, so this will yield k-many ordinals £ smaller
than A. Hence there is an ordinal & < A such that Ve € N N [x]" V' > & [c €% ay].

Since p' IF V&€ < X In > £ |a\ ay| < &, in particular p’ forces the existence of an 7y greater than
¢’ such that a \ a,, is of size less than & in the extension. Let p = (s, f) < p’ be such that there
are ordinals o € k and 79 > &’ such that pIFVj > ag [j € @ = j € ay,)-

Let h be a D(k)-name such that |- “A enumerates a”. So in particular IF V¢ < & [A(¢) > ¢]. To
define i we only used @ which was in AV, so h € A" holds as well. We claim the following:

Claim. Let t € k<" 1 be such that (¢, f) < (s, f) and let ¢ > ap. Then Z;(¢) # 0, where
Zu(¢) ={j: Vg € "k 1 3r <py) (t,9) [r IF 1(Q) = 41}

Proof. Fix ¢ > ap and let D = {u € D(xk): 3j € & [u IF A(¢) = j]}. Then D is dense, open and
we can form the sequence of derivatives (Dq)a<~ Where v is the least ordinal with D, = D41 =
k<" 1. We will prove the claim by induction on the rank a < « for all sequences t as above.

If t € Dy, we have that there exists a condition u € D such that ug = ¢, where ug is the first
coordinate of u, and 3j [u IF A(¢) = j]. Let g be in "x 1. Then (t,g) and u (= (t,u1)) are
compatible with common extension 7. Thus, 7 IF A(¢) = j and so Z;(¢) # 0. For limit ordinals o
the claim is true by the induction hypothesis, since D, = J{Dg : f < a}.

Finally let ¢ € Dqt1 \ Do be such that (¢, f) < (s,f). By definition of Dy41 there is a
sequence (tg: € k) of elements of D, such that for each g € k, dom(tg) = v (for some v € k)
and tg(dom(t)) > . Since such a sequence exists in H(f) and the latter was an existential
statement and N < H(#), by the Tarski-Vaught-Criterion, we can find a witness in N. So
assume (tg: f € k) € N.

At this point we distinguish between two cases. Case 1: There is a j € x such that j € Z;,(()
for k-many ordinals 8. Let g € "x. We have that “3r < (tg,9) [r IF h(¢) = 4]” holds for k-many
tg’s, but not all of these pairs (¢, g) extend (¢, g). However since we have k-many such tg’s and
VB < k [tg(dom(t)) > ] we can find one (actually infinitely many) pair (tg, g)with (g, 9) < (¢, 9)
and consequently one (infinitely many) r < (t,g) such that j € Z,((); hence j € Z;(¢) # 0.
(To find a (tg,g) as desired we choose 3 such that 5 > g(). Then for such a 5 and any « with
dom(t) < a <y we have tg(a) > 8 > g(77) > g(a)).

Case 2: Fix by the induction hypothesis one jg € Z;,(¢) (e.g. choose the minimal one) and
consider the set J = {jg: 8 € k}. This set is of size k, because otherwise it would have an upper
bound in x, so Jag < k Va, 8 > ag [jo = jp]. But then we would have a j which is in all Z;,(¢)’s
for 8 > ap, so we would have a j which is in x-many Z;,(¢)’s, which is in fact Case 1. So |J| = &,
but J consists of jg’s which are elements of Z;,(¢) and these were defined using h which was
in A and the sequence (fg: 8 € k) which was also in N, so we may take J € N. This further
means that |J \ a,,| = k. So choose ' large enough such that jg > g, 5’ > f(v) and jg & ay,-
Then for this particular 5" we have (tg/, f) < (¢, f) < p. For the first extension relation note that
we have tg/(dom(t)) > B’ > f(v); hence this extension really holds. On the other hand since
jgr € Zi, (C) there is, by the definition of Z; , (), some rg: < (g, f) such that rg |- h(¢) = jp.
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But then jg € ay,, since jg > ap and rg IFVj > o [j € @ — j € ay,] (p forced this). However
jp € ay, contradicts the assumption on /3. O

By the claim Z(¢) # 0 for { > ag since p < p. Choose k¢ € Zs(() for each ¢ > g and consider
the set K = {k¢: ( > ap}. Since |- h(¢) > ¢ we have ke > ¢ for all ¢, hence K is of size k.
Since K is definable from s and other parameters of Z(¢), we have K € N, so K \ a,, has size
k. Now let ke € K \ a,, be chosen; so by definition Ir < p such that r I- h(¢) = k¢ and again
rlEVi>ag [j €a—j € ayl, and ks > ¢ > ag so we have k¢ € ap, which is a contradiction. [

Even though the above result might seem promising towards separating s(x) and b(x) above k&,
an attempt to establish the preservation of x-eventually narrow sequences along < k-supported
iterations of x-Hechler forcing halts already at stage w of the iteration. In general, natural
attempts in generalising the preservation arguments for eventually narrow sequences along finite
support iterations of Hechler forcing of Baumgartner and Dordal from [1], to < k-supported
iterations of k-Hechler forcing fail at stages a of the iteration, where « is of cofinality strictly
below k. So, in Section 4 we use a different approach to separate s(x) and b(k) strictly above k.

4. Con(s(k) = kT < b(k) =)

In this section, we show that if x is a strongly unfoldable cardinal, then s(x) and b(k) can
indeed be separated above k. Recall that if there are strongly unfoldable cardinals, then they
exists in the constructible universe L.

Theorem 14. Let k be a strongly unfoldable cardinal. Suppose 2% = k™. Let A\ > k™ be a reqular
uncountable cardinal. Then there is a set forcing generic extension, in which

s(k) = kT < b(k) = c(k) = \.

Proof. Let Vy be the ground model and let V' be the P*-generic extension of Vj, where P* is the
lottery preparation of k. Then, k remains strongly unfoldable in any further generic extensions
obtained by < r-closed, kT -cc forcing notions (see [11, Main Theorem|). Note that P* is k-cc, of
size K, and so 2 = kT in V. As k is strongly unfoldable (in particular strongly inaccessible) in
V, V E k<" = k holds as well.

Let C,+ denote the < s-support product of x™-many copies of the Cohen forcing 2<%. We
first add x*T-many Cohen subsets of &, (yo: @ < k™) by forcing with C,.+ and then iteratively
diagonalize the club filter for A-many steps. So the poset that we are forcing with is P = C,_+
M(C)y, where M(C)y is a C,.+-name for the < s-support iteration of M(C) (from Definition 6) of
length . The following property and notation have been established in [6]:

(1) This forcing P has the xT-c.c., is r-closed and forces that ¢(k) = .
(2) The set of conditions in M(C)y of the form (a,q), where
i) a, called the sequence of the stems, is of the form (ag: 8 € I) for some I € [}]
ag € [k]<" for each € I,
ii) ¢ is a function with domain I and for each € I, ¢(53) is a M(C);-name for a club,
is a dense subset of M(C).

<F and



8 OMER FARUK BAG AND VERA FISCHER

(3) The set of conditions in C,+ * M(C)y of the form (p, @, ¢), where
i)peC,+ anda eV,
ii) ¢ is a C,+-name for a sequence as in (2, ii).
is dense in C,+ * M(C)).
For a subset x of x, a nice M[(C)-name & has the form | J,_, Aa x {&} where A, is an antichain
in M(C), and for each (a,q) € A, and § € dom(g), ¢(f) is a nice M(C)g-name. So nice M(C)gs-
names for elements in P (k) are defined by induction on 5 € \.

Claim 15. For each nice M(C)y-name & for a subset of &, |trcl(#)| < x holds.

Proof. This is seen by induction on the length: Suppose the claim holds for nice M(C) sg-names for
every 8 < v and & is a nice M(C),-name. Then by the definition of nice names, & is of the form
Uaer Aa x {a}, where A, is an antichain in M(C), (thus of size < ). For every (a,q) € Aq,
|dom(q)| < k and for each 8 € dom(q), ¢(%) is a nice M(C)s-name, which was assumed to have
transitive closure of size at most . O

In the generic extension by P also b(k) = pg(x) = A holds: Any family F' of clubs in x of size
< X appears, by the regularity of A\, at an earlier stage of the iteration and the next iterand M(C)
adds a pseudo-intersection of the clubs of this intermediate model, so in particular a pseudo-
intersection of those in F'. We can assume that P does not destroy the strongly unfoldability of
% in the generic extension. Hence VF F s5(x) > x*. So it is sufficient to find a splitting family of
size k. We are going to show that the Cohen reals § = (yo: a < k™) build up such a family.

Claim 16. § = {y,: a < £T} is a splitting family in the forcing extension obtained via M(C),.

Proof. Let i be a nice M(C) y-name for a k-real living in VC«+ = V[g]. By Claim 15 and cof (k) =
kT > k, there is a v < kT such that & € V[{(ya: @ < k,a # 7)]. We show that the xk-Cohen real
Yy, splits . W.lo.g. & € V and we are adding a single Cohen s-real y, = y over V (by letting
V =V[(ya: @ < kT, #7)] be the new ground model). Then V[y] F (), “7 splits &7).

Suppose for a contradiction that (p,a,q) IF @\ e C g or (p,a,q) IF 2Ny C € for some € € Kk
and a condition (p,a,q) € C x M(C)A. Suppose (p,a,q) IF &\ e C y. Let y be a C-generic
over the ground model V with p in the generic filter, i.e. p C y. Define 3/ € 2% by letting
y'(1) = p(i) = y(i) for i € dom(p) and y/'(i) = 1 — y(i) otherwise. Then V]y] = V[y'] =: W, but
possibly ¢ := ¢ly] # q4[y'] = ¢. In W, (a,q) and (a,q’) are compatible, because their stems are
the same. Let (a,r) € M(C) be their common extensions.

Now let (b,s) < (@,r) and 6 € x \ J{e, dom(p)} be such that (b, s) I-J € i.

Asy' Ny C ewehave § € y or 6 € y. Suppose 6 € y, then whenever G is M(C),\-generic
over W containing (b, s), W[G] E 2[G] \ € € y. This is a contradiction because (p,a, q) is in the
corresponding C x M(C)-generic over V. Similarly for § € /.

So suppose (p,a,q) IF 2Ny C e. Then again as y’ Ny C € we have § € y or § € y'. Suppose
§ € y, then whenever G is M(C)y-generic over W containing (b, s), W[G] E &[G] Ny Z €. This is
a contradiction because (p,a, q) is in the corresponding C x M(C)-generic over V. Similarly for
the case ¢ € y/. O
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This completes the proof of the theorem. O
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