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The beginningTheorem (Bernstein)There is X ⊂ R suh that neither X nor R \ X ontain a perfet subset.The family of perfet subsets of the reals has property B.De�nitionA family A has property B i� there is a set X suh that X ∩ A 6= ∅ andA \ X 6= ∅ for eah A ∈ A.Theorem (Bernstein)If |A| = κ and |A| ≥ κ for eah A ∈ A then A has property B.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 3 / 30



Miller's resultsTheorem (E. W. Miller, 1937)Let n ∈ ω. If A is a family of in�nite ountable sets, and |A∩A′| < n foreah A 6= A′ ∈ A then A has property B.
A is µ-almost-disjoint i� |A ∩ A′| < µ for A 6= A′ ∈ A
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Miller's results
A is µ-almost-disjoint i� |A ∩ A′| < µ for A 6= A′ ∈ ATheorem (E. W. Miller)If a family A of in�nite ountable sets is n-almost disjoint for some n ∈ ωthen A has property B.Proof:

A = {Ak : k < ω}. Let A′k= Ak \ ∪{Aℓ : ℓ < k}.Pik xk∈ A′k and let X= {xk : k < ω}.xk ∈ X ∩ Ak , |X ∩ Ak | ≤ k + 1 < ω.
∃X (∀A ∈ A) 0 < |A ∩ X | < ω
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Miller's resultsTheorem (E. W. Miller)If a family A of in�nite ountable sets is n-almost disjoint for some n ∈ ωthen A has property B.
A = {Aα : α < ω1} ⊂

[

ω1]ω

A ∈ M1 ≺ M2 · · · ≺ Mα ≺ Mα+1 ≺ · · · ≺ 〈H(κ),∈, ⊳〉,ontinuous hain of elementary submodels (M0 = ∅)For α < ω1 onsider the family A ∩ (Mα+1 \Mα) ={Aα,k : k < ω}if A ∈ Mα+1 \Mα then A ⊂ Mα+1 and |A ∩Mα| < nLet A′
α,k = (Aα,k \ (∪{Aα,ℓ : ℓ < k})) \Mα.Pik xα,k ∈ A′

α,k . Let X = {xα,k : α < ω1, k < ω}.xα,k ∈ X , |X ∩ Aα,k | ≤ |Mα ∩ Aα,k | + |{xα,0, . . . , xα,k}| ≤ n + k
∃X (∀A ∈ A) 0 < |X ∩ A| < ωA′

α,k ⊂ Aα,k Aα,k \ A′
α,k is �niteA′

α,k ∩ A′
β,m = ∅ if α < β then Aα,k ⊂ Mβ and A′

β,m ∩Mβ = ∅.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 6 / 30



Miller's resultsTheorem (E. W. Miller)If a family A of in�nite ountable sets is n-almost disjoint for some n ∈ ωthen A has property B.
A = {Aα,k : α < ω1,K < ω} ⊂

[

ω1]ωA′
α,k ⊂ Aα,k , Aα,k \ A′

α,k is �nite , A′
α,k ∩ A′

β,m = ∅

A is ω-essentially disjointA family A is µ-essentially disjoint (µ-ED) i� for eah A ∈ A there isF (A) ∈
[A]<µ suh that {A \ F (A) : A ∈ A} is disjointTheorem (Erd®s-Hajnal,1961)If a family A of in�nite ountable sets is n-almost disjoint for some n ∈ ωthen A is ω-ED.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 7 / 30



Miller's resultsTheorem (E. W. Miller)If a family A of in�nite ountable sets is n-almost disjoint for some n ∈ ωthen A has property B.A family A is µ-essentially disjoint (µ-ED) i� for eah A ∈ A there isF (A) ∈
[A]<µ suh that {A \ F (A) : A ∈ A} is disjointTheorem (Erd®s-Hajnal,1961)If A is an n-almost disjoint family of in�nite ountable ountable sets forsome n ∈ ω, then A is ω-ED.A family A of in�nite sets has property B(µ) i� there is a set X suh that0 < |X ∩ A| < µ for eah A ∈ A.Theorem (Erd®s-Hajnal,1961)If A is an n-almost disjoint family of in�nite ountable sets for some n ∈ ω,then A has property B(ω).L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 8 / 30



Miller's result
A is µ-ED i� ∀A ∈ A ∃F (A) ∈

[A]<µ s. t. {A \ F (A) : A ∈ A} is disjoint
A has property B(µ) i� ∃X ∀A ∈ A 0 < |X ∩ A| < µ.
A is ω-ED implies A has property B(ω) implies A has property B .We onsider only subfamilies of [

λ
]κ for some ω ≤ κ ≤ λ.Notation: M(λ, κ, µ) → Φ means thatevery µ-almost disjoint family A ⊂
[

λ
]κ has property ΦMiller, Erdös-Hajnal: M(λ, ω, n) → B , M(λ, ω, n) → B(ω),M(λ, ω, n) → ω-ED,L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 9 / 30



µ ≤ κ ≤ λ

Ψ → Φ i� M(λ, κ, µ) → Ψ implies M(λ, κ, µ) → Φ.
κ − ED

�� %%KKKKKKKKKK

��























B(κ)

��

DR
yyttttttttttC(κ)

�� %%
JJJJJJJJJ
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χ ≤ κ

DR: ∀A ∈ A ∃F (A) ∈
[A]|A| s t

{F (A) : A ∈ A} is disjointC(κ) : ∃f ∀A ∈ A f ′′A = κwC(κ) : ∃f ∀A ∈ A f ′′A ∈
[

κ
]κ

χ ≤ κ: ∃f (ran(f ) ⊂ κ and
∀A ∈ A |f ′′A| ≥ 2)
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Colorings
A ⊂ P(X ) a family of sets, f : X → ρ funtionf is a proper oloring of A i� |f ′′A| ≥ 2 for eah A ∈ A.f is alled a on�it free oloring i� ∀A ∈ A ∃ξA ∈ ρ ∃!a ∈ Af (a) = ξA.
χCF(A)= min{ρ : ∃f : X → ρ on�it free oloring}

PSfrag replaementsABPSfrag replaements A BPSfrag replaements A BPSfrag replaements A BPSfrag replaements A BPSfrag replaements A BPSfrag replaements A B
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ω-EDness and oloringf : ∪A → ρ is a on�it free oloring for A i�
∀A ∈ A ∃ξA ∈ ρ ∃!a ∈ A f (a) = ξA.

χCF(A)= min{ρ : ∃f : X → ρ on�it free oloring}Let A ⊂
[

λ
]ωIf A is ω-ED, then χCF(A) ≤ ω.Proof: For A ∈ A let F (A)∈

[A]<ω s.t. {A \ F (A) : A ∈ A} is disjointLet f : λ → ω s.t. f ↾ A \ F (A) is injetiveIf A ∈ A then F (A) is �nite and f ↾ A \ F (A) is injetiveso there is a ∈ A \ F (A) s.t. f (a) /∈ f ′′F (A).Miller: If A ⊂
[

λ
]ω is n-a.d. for some n ∈ ω then χCF(A) ≤ ω.

χ(A) ≤ χCF(A).L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 12 / 30



µ ≤ κ ≤ λ

Ψ → Φ i� M(λ, κ, µ) → Ψ implies M(λ, κ, µ) → Φ.
κ − ED
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χ ≤ κ

DR: ∀A ∈ A ∃F (A) ∈
[A]|A| s t

{F (A) : A ∈ A} is disjointC(κ) : ∃f ∀A ∈ A f ′′A = κwC(κ) : ∃f ∀A ∈ A f ′′A ∈
[

κ
]κ

χ ≤ κ: ∃f (ran(f ) ⊂ κ and
∀A ∈ A |f ′′A| ≥ 2)
χCF ≤ κ: ∃f (ran(f ) ⊂ κ and
∀A ∈ A ∃ξ ∈ κ ∃!a ∈ Af (a) = ξ)L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 13 / 30



n-almost disjoint familiesIf A ⊂
[

λ
]ω is n-a.d. for some n ∈ ω then A is ω-ED, and so

χCF(A) ≤ ω.There is a 2-ad. family A ⊂
[

ω1]ω1 whih is not ω-ED.Remark: A above is ω1-ED, and so it has property B , but ω1-ED doesnot implies χCF(A) ≤ ω.Theorem (HJSSs)For eah in�nite ardinals κ ≤ λ and n ∈ ω if A ⊂
[

λ
]κ is n-almost disjointthen χCF(A) ≤ ω.

χCF(
[

λ
]κ

, µ-a.d.)= sup{χCF(A) : A ⊂
[

λ
]κ

, |A| = λ,A is µ-ad}.Theorem (HJSSs)
χCF(

[

λ
]κ

, n-a.d.) ≤ ω for eah in�nite ardinals κ ≤ λ and n ∈ ω.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 14 / 30



n-almost disjoint families: sharper theoremsDef: χCF(
[

λ
]κ

, µ-a.d.) ≤ ρ i� every µ-almost disjoint family A ⊂
[

λ
]κ of size λhas a on�it free oloring with ρ olors.Thm: χCF(

[

λ
]κ

, n-a.d.) ≤ ω.Do we really need ω olors?Speial ase: Let E be thefamily of lines of the plane R2.
E is 2-almost disjoint.Every line ontains exatly oneblue point or exatly one redpoint
χCF(E) ≤ 3 χCF(E) = 3PSfrag replaements

y = x3
PSfrag replaements

y = x3
PSfrag replaements

y = x3
PSfrag replaements

y = x3
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n-almost disjoint families: sharper theoremsDo we really need ω olors?Speial ase: Let E be thefamily of lines of the plane R2.
E is 2-almost disjoint.Every line ontains exatly oneblue point or exatly one redpoint
χCF(E) ≤ 3 χCF(E) = 3PSfrag replaements

y = x3
PSfrag replaements

y = x3
PSfrag replaements

y = x3
PSfrag replaements

y = x3
f is a weak on�it free oloring for A i� ∀A ∈ A ∃ξ ∃!a ∈ Af (a) = ξ.wχCF(A) is the minimal ρ s.t. A has a weak on�it free oloringwith ρ olors.wχCF(A) ≤ χCF(A) ≤ wχCF(A) + 1L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 16 / 30



Sharper theoremsf : ∪A → ρ is a CF-oloring i� ∀A ∈ A (∃ζ < ρ) |A ∩ f −1{ζ}| = 1.f is wCF-oloring if dom(f ) ⊂ ∪A

χCF(
[

λ
]κ

, µ-a.d.)= sup{χCF(A) : A ⊂
[

λ
]κ

, |A| = λ,A is µ-ad}.wχCF(
[

λ
]κ

, µ-a.d.)= sup{wχCF(A) : A ⊂
[

λ
]κ

, |A| = λ, is µ-ad}.wχCF(
[

λ
]κ

, µ-a.d.) ≤ ρ i� every µ-almost disjoint family A ⊂
[

λ
]κof size λ has a weak on�it free oloring with ρ olors.wχCF(

[

ω
]ω

, 2-a.d.) ≤ 2.wχCF(
[

ω1]ω
, 2-a.d.) ≤ 2.wχCF(

[

ω2]ω
, 2-a.d.) ≤ 3 and wχCF(

[

ω3]ω
, 2-a.d.) ≤ 3L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 17 / 30



Sharper theorems
Theorem (HJSSz)If κ is an in�nite ardinal, m, d are natural numbers, thenwχCF(

[

κ+m]κ
, d -a.d.) ≤ ⌊

(m + 1)(d − 1) + 12 ⌋

+ 1.
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Sharper theoremsTheoremIf κ is an in�nite ardinal, m, d are natural numbers, thenwχCF(
[

κ+m]κ
, d-a.d.) ≤ ⌊

(m + 1)(d − 1) + 12 ⌋

+ 1.TheoremIf GCH holds, and if d = 2 or d is odd then we have equality in the resultabove for eah κ and m.Do we really need ω olors?TheoremYes, we need: χCF(
[

iω

]ω
, 2-a.d.) = ω.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 19 / 30



The exat value of χCFwχCF(A) ≤ χCF(A) ≤ wχCF(A) + 1GCH: wχCF(
[

ωm]ω
, 2-a.d.) = ⌊m/2⌋ + 2;

⌊m/2⌋ + 2 ≤ χCF(
[

ωm]ω
, 2-a.d.) ≤ ⌊m/2⌋ + 3.Easy χCF(

[

ω
]ω

, 2-a.d.) = χCF(
[

ω1]ω
, 2-a.d.) = 3Open: GCH ⊢ χCF(

[

ω2]ω
, 2-a.d.) = 4GCH implies χCF(

[

ω3]ω
, 2-a.d.) = 4Question: Assume that f is a funtion, dom(f ) ⊂ Q2, ran(f ) ⊂ 3,dom(f ) does not ontain 3 ollinear points. Is there a funtiong : Q2 → 3 suh that g ⊃ f and g is a CF-oloring for the lines?
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A is ω-almost disjoint
ω2 olorsIf n < ω ≤ λ then χCF(

[

λ
]ω

, n-a.d.) ≤ ωOne an onjeture: If ω1 ≤ λ then χCF(
[

λ
]ω1 , ω-a.d.) ≤ ω1TheoremLet ω2 ≤ λ be an in�nite ardinal. Assume that µω = µ+ for eah µ < λwith f(µ) = ω. Then χCF(

[

λ
]κ

, ω-a.d.) ≤ ω2 for eah ω2 ≤ κ ≤ λ.
χCF(

[

λ
]ω2 , ω-a.d.) ≤ ω2If ω2 ≤ κ ≤ λ and A ⊂

[

λ
]κ is ω-ad then there is X ⊂ λ s.t.

{A ∩ X : A ∈ A} ⊂
[X ]ω2L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 21 / 30



A is ω-almost disjoint
ω1 olors may not be enough

⋆(λ): there is a stationary set S ⊂ Eλ
ω1 and an ω-almost disjoint family

{Aα : α ∈ S} suh that Aα ⊂ α is o�nal for α ∈ S.TheoremAssume that GCH holds and we have ⋆(λ) for some regular ardinal
λ > ω1. Then there is a stationary set S∗ ⊂ Eλ

ω1 and there is an ω-almostdisjoint family {Eα : α ∈ S∗} suh that(1) Eα ⊂ α is o�nal in α for eah α ∈ S∗,(2) for eah B ∈
[

λ
]λ there is α ∈ S∗ with Eα ⊂ B.CorollaryAssume that GCH. If ⋆(λ) holds for some regular ardinal λ > ω1, thenthere is an ω-almost disjoint family A ⊂

[

λ
]ω1 with χ(A) = λ. Espeially

χCF(
[

λ
]ω1 , ω-a.d.) = λ.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 22 / 30



A is ω-almost disjoint
ω1 olors may not be enough

⋆(λ): there is a stationary set S ⊂ Eλ
ω1 and an ω-almost disjoint family

{Aα : α ∈ S} suh that ∪Aα = α for eah α ∈ S.GCH + ⋆(λ) =⇒ ∃ ω-A.D. A ⊂
[

λ
]ω1 s.t. χ(A) = λ.TheoremAssume GCH. If ⋆(λ) holds for some regular ardinal λ > ω1, then foreah ω1 < κ < λ there is an ω-almost disjoint family F ⊂

[

λ
]κ with

χCF(F) = ω2.CorollaryCon(ZFC + ∃superompat) =⇒ Con(ZFC+ GCH +(1) χCF(
[

ωω+1]ω1 , ω-a.d.) = ωω+1,(2) χCF(
[

ωω+1]ωn , ω-a.d.) = ω2 for 2 ≤ n ≤ ω.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 23 / 30



A is ω-almost disjoint
ω1 olors may be enoughDe�nitionLet µ be a singular ardinal with f(ω) = ω. For a su�iently large ϑ andx ∈ H(ϑ), a (ω1, µ)-dominating sequene over x is a ontinuous,stritly inreasing sequene 〈Mα : α < µ+〉 of elementary submodelsof H(ϑ) suh that(s1) (ω1 + 1) ∪ {x} ⊂ M0, |Mα| ≤ µ and µ+ ⊆

⋃

α<µ+ Mα,(s2) for eah α < µ+ the set Mα is the union of sets {M ′
α,n : n < ω} suhthat [M ′

α,n]ω
⊂ Mα.Theorem (Fuhino-S.)Assume νω = ν+ for eah ardinal ν with f(ν) = ω. Let µ be a singularardinal with f(µ) = ω. If �∗∗∗

ω1,µ holds, then, for any su�iently large χand x ∈ H(χ), there is a (ω1, µ)-dominating sequene over x.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 24 / 30



A is ω-almost disjoint
ω1 olors may be enough
〈Mα : α < µ+〉 ≺ H(ϑ) is a a (ω1, µ)-dominating sequene over x i�(s1) (ω1 + 1) ∪ {x} ⊂ M0, |Mα| ≤ µ and µ+ ⊆

⋃

α<µ+ Mα,(s2) for eah α < µ+ the set Mα is the union of sets {M ′

α,n : n < ω} suh that
[M ′

α,n]ω
⊂ Mα.TheoremLet λ be an in�nite ardinal. Assume that(i) µω = µ+ for eah ardinal µ < λ with f(µ) = ω,(ii) for eah singular ardinal µ < λ with f(µ) = ω if ϑ is su�ientlylarge and x ∈ H(ϑ) then there is a (ω1, µ)-dominating sequene overx.Then χCF(

[

λ
]κ

, ω-a.d.) ≤ ω1 for eah ω1 ≤ κ ≤ λ.CH ⊢ χCF(
[

ωm]ωk , ω-a.d.) ≤ ω1 for 2 ≤ k ≤ m < ω.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 25 / 30



A is ω-almost disjoint
ω olors are not enough
Theorem (Komjáth)There is an ω-almost disjoint family A ⊂

[2ω
]ω with χ(A) = 2ω. Hene

χCF(
[2ω

]ω
, ω-a.d.) = 2ω.Komjáth proved that there is an ω-almost disjoint family A ⊂

[2ω
]ω suhthat for eah X ∈

[2ω
]ω1 there is A ∈ A with A ⊂ X .
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A is ω-almost disjoint
ω olors are not be enoughKomjáth: χCF(

[2ω
]ω

, ω-a.d.) = 2ωTheoremIf CH holds then χCF(
[

ω1]ω1 , ω-a.d.) = ω1.TheoremAssume MAℵ1 . Then χCF(
[

ω1]ω1 , ω-a.d.) = ω and
χCF(

[

ω1]ω
, ω-a.d.) = ω.
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More ZFC resultClosure operation: Find 〈Nα : α < κ〉 s.t losed enough
ρ[ν] = ρ i� there is a family B ⊂

[

ρ
]≤ν of size ρ suh that for allu ∈

[

ρ
]ν there is P ∈

[

B
]<ν suh that u ⊂ ∪P.Shelah's Revised GCH theorem: If ρ ≥ iω, then ρ[ν] = ρ foreah large enough regular ν < iω.Let µ ≤ κ ≤ λ be ardinals. M(λ, κ, µ) → ED(κ) holds i� every

µ-almost disjoint family A ⊂
[

λ
]κ is κ-EDTheoremIf µ < iω ≤ λ then M(λ, iω, µ) → ED(iω), and so

χCF(
[

λ
]iω , µ-a.d.) ≤ iω.V = L ⊢ χCF(

[

λ
]κ

, ω-a.d.) ≤ ω1 for ω1 ≤ κ ≤ λ.GCH ⊢ χCF(
[

λ
]κ

, ω-a.d.) ≤ ω2 for ω2 ≤ κ ≤ λ.ZFC ⊢ χCF(
[

λ
]κ

, ω-a.d.) ≤ iω for iω ≤ κ ≤ λ.L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 28 / 30



Without GCH
CH ⊢ χCF(

[

ωm]ωk , ω-a.d.) ≤ ω1 for 1 ≤ k ≤ m < ω.Con( χCF(
[

ω2]ω1 , ω-a.d.) = ω2. )
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Program:Separate the properties in the diagram!The assumption that every µ-a.d. family A ⊂
[

λ
]κ has property Φdoes not imply that every µ-a.d. family A ⊂

[

λ
]κ has property Ψ.

κ − ED
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��























B(κ)

��

DR
yyttttttttttC(κ)

�� %%JJJJJJJJJ

χCF ≤ κ

&&LLLLLLLLLL B
��

wC(κ)

yysssssssss

χ ≤ κ

Stepping up:Does M(λ, κ, ρ) → Φ implyM(λ, κ′, ρ) → Φ for κ < κ′?
A ≪ A′ i�
∀A′ ∈ A′ ∃A ∈ A A ⊂ A′.
Φ(A) → Φ(A′)

Φ(A) 6→ Φ(A′)

¬Φ(A′)
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