
Sy-Friedman�s Symposium
Vienna, July 8�12, 2013

E¤ective Categoricity of Injection Structures
Valentina Harizanov

George Washington University
harizanv@gwu.edu

http://home.gwu.edu/~harizanv/

joint work with Doug Cenzer and Je¤ Remmel



Injection structure A = (A; f)

� 1� 1 function f : A! A.
For a 2 A, its orbit is

Of(a) = fb 2 A : (9n 2 N)[fn(a) = b _ fn(b) = a]g

� Two types of in�nite orbits:
(1) Z-orbits, isomorphic to (Z; S), hence every element is in Ran(f);

(2) !-orbits, isomorphic to (N; S), hence have the form
Of(a0) = ffn(a0) : n 2 Ng for some a0 =2 Ran(f):

� An injection structure is characterized by the number of orbits of size k
for each �nite k > 0, and by the number of orbits of types Z and !.



� Let C be any in�nite, co-in�nite c.e. set.
There is a computable injection structure A = (A; f)
(having in�nitely many orbits of type !) such that Ran(f) = C.

� Let A = (A; f) be a computable injection structure. Can assume A = N.

(i) Inf(A) = fa 2 A : Of(a) is in�niteg is a �01 set.

a 2 Inf(A), (8n)[fn(a) 6= a]

(ii) Fin(A) is a c.e. set.

(iii) fa : Of(a) has type Zg is a �02 set.

(Of(a) has type Z) , (a 2 Inf(A) ^ (8n)(9b)[fn(b) = a])

(iv) fa : Of(a) has type !g is a �02 set.



� Let c be a c.e. degree.

Let A be a computable injection structure such that:
A has in�nitely many orbits of size k for every k 2 N, and
A has in�nitely many in�nite orbits.

Then there is a computable structure B
isomorphic to A such that Fin(B) is of degree c.

� Fin(A) cannot be a simple c.e. set.

Each in�nite orbit of A is
a c.e. subset of the complement of Fin(A).

� No in�nite orbit of A can be a simple c.e. set.

Fin(A) is a c.e. subset of its complement.



� The character is de�ned by

�(A) = f(k; n) : 0 < k; n < ! ^ A has at least n orbits of size kg

�(A) is a c.e. set.

� K � (N� f0g)� (N� f0g) is a character if
for all k and n > 0:

(k; n+ 1) 2 K ) (k; n) 2 K

� For any c.e. character K,
there is a computable injection structure A = (A; f)

with character K and with any speci�ed
�nite or countably in�nite number of orbits of types ! and Z;
and with Fin(A) computable and Ran(f) computable.



Let A be a computable structure.

� A is computably categorical if for all computable B �= A,
there is a computable isomorphism from A onto B.

� A is �0n-categorical if for all computable B �= A,
there is a �0n isomorphism from A onto B.

� A is relatively �0n-categorical if for all B �= A,
there is an isomorphism from A onto B,
which is �0n relative to the atomic diagram of B.

� A is relatively �0n-categorical) A is �0n-categorical



� A computable injection structure A is computably categorical i¤
A is relatively computably categorical i¤
A has �nitely many in�nite orbits.

� Let d be a c.e. Turing degree.

Let computable injection structure A = (N; f) have in�nitely many orbits
of type !. There is computable B = (N; g) �= A such that Ran(g) is a
c.e. set of degree d, there is x 2 N such that Og(x) is of type ! and is
a c.e. set of degree d, and for all y 2 N�Og(x), if Og(y) is of type !,
then Og(y) is computable.

Let computable injection structureA = (N; f) have in�nitely many in�nite
orbits of type Z. There is a computable B = (N; g) �= A such that there
is x 2 N for which Og(x) is of type Z and is a c.e. set of degree d, and
for all y 2 N�Og(x), if Og(y) is of type Z, then Og(y) is computable.



� A computable injection structure A is �02-categorical i¤
A is relatively �02-categorical i¤
A has �nitely many orbits of type ! or �nitely many orbits of type Z.

� Assume computable A = (A; f) has �nitely many orbits of type !
or �nitely many orbits of type Z.

Then fa : Of(a) has type !g and fa : Of(a) has type Zg are �02 sets.
Given computable B = (B; g) �= A,
can use oracle 00 to partition A and B into three sets each:
the orbits of �nite type, the orbits of type !, and the orbits of type Z.

� Let C be a �02 set.
There is a computable injection structure B = (B; g) �= A,
in which fb 2 B : Og(b) has type !g is
a �02 set with Turing degree equal to deg(C).



� Any computable injection structure A is relatively �03-categorical.

Let B be isomorphic to A.
Using an oracle for (deg(B))00,
we can partition B into three �03 sets:
the orbits of �nite type, the orbits of type !, and the orbits of type Z.

� De�nition (Fokina, Kalimullin, and R. Miller)

Let d be a Turing degree.
A computable structure A is d-computably categorical if
for every computable structure B isomorphic to A,
there exists a d-computable isomorphism from B onto A.

The degree of categoricity of a computable structure A is
the least Turing degree d for which A is d-computably categorical.

0-computably categorical = computably categorical



� LetM be a (computable) �02-categorical injection structure,
which is not computably categorical.

Then the degree of categoricity ofM is 00.

� LetM be a computable injection structure,
which is not �02-categorical.

Then the degree of categoricity ofM is 000.

� An enumeration of structures Ae = (N; �e),
where �e is the usual eth partial computable function.

Includes every computable injection structure with universe N.



� Inj = fe : Ae is a computable injection structureg is a �02-complete set.

Inj is �02 : (e 2 Inj , �e is total and 1� 1)

For the completeness of Inj, consider a �02-complete set
Inf = fe :We is in�niteg and de�ne a reduction of Inf to Inj.

Let s0 < s1 < � � � enumerate the (possibly �nite) set of stages at which
a new element appears in the standard enumeration of We.

To de�ne a structure Af(e) = (N; �f(e) = �): wait until s0 appears and
let �(0) = 1; �(1) = 2; : : : ; �(s0 � 1) = s0 and �(s0) = 0;
then wait until s1 appears and
let �(s0 + 1) = s0 + 2; : : : ; �(s1 � 1) = s1 and �(s1) = s0 + 1; : : :

If We is �nite and sk is the last stage at which an element enters We,
then �f(e)(sk + 1) is unde�ned, so f(e) =2 Inj.

If We is in�nite, then �f(e) is total and Fin(Af(e)) = N.



� The set Inj00 of indices of injection structures with no in�nite orbits is
�02-complete.

� Inj00 is also �02-complete within Inj.

� A set I is �02 within B if I is the intersection of B with a �02 set.

I is �02-complete within B if for any �02 set C,
there is a computable function f that for every e,
f(e) 2 B ^ (e 2 C , f(e) 2 I).



� Let m � 0.
(i) The set Inj�m of indices of computable injection structures
with � m orbits of type ! is �02-complete.

(ii) The set Inj>m of indices of computable injection structures
with > m orbits of type ! is D02-complete.

A set is D02 if it is the di¤erence of two �
0
2 sets.

Inj>m is �02 within Inj,
the intersection of the �02 set S with Inj, where

S is the set of indices e such that
there are at least m+ 1 elements x with x =2 Ran(�e).

e 2 S i¤ (Ae has > m orbits of type !).



� For the �02-completeness of Inj�m,
de�ne a computable function g so that:

e 2 Inf i¤ Ag(e) has all orbits �nite;

e 2 Fin i¤ Ag(e) has one orbit of type !,
and all other (�nitely many) orbits �nite.

We then de�ne gk(e) to be the computable function such that
Agk(e) is the disjoint union of k computable copies of Ag(e).

e 2 Inf , (gm+1(e) 2 Inj�m)



� Let m > 0.
(iii) The set Injm of indices of computable injection structures
with exactly m orbits of type ! is D02-complete.

We reduce D02-complete set

D = fha; bi : a 2 Fin ^ b 2 Infg to Injm.

De�ne a computable reduction function h such that
Ah(ha;bi) = Agm(a) � (Agm(b) �Agm(b)).

If ha; bi 2 D, then Agm(a) has exactly m orbits of type ! and
Ag(b) has no in�nite orbits, so
Ah(ha;bi) has exactly m orbits of type !.

If a 2 Inf , then Ah(ha;bi) has no in�nite orbits if b 2 Inf ,
and has 2m orbits of type ! if b 2 Fin.



� Let n � 0.
(i) The set Inj�n of indices of computable injection structures
with � n orbits of type Z is �03-complete.

(ii) The set Inj>n of indices of computable injection structures
with > n orbits of type Z is �03-complete.

Ae has > n orbits of type Z i¤ there exist n+ 1 elements x0; : : : ; xn,
each having an orbit of type Z, and no two being in the same orbit.

To show that Inj>n is �03-complete
we de�ne a reduction from the �03-complete set
Cof = fe :We is co-�niteg.

� Let n > 0.
(iii) The set Injn of indices of computable injection structures
with exactly n orbits of type Z is D03-complete.



� The property of computable categoricity
for computable injection structures (over N) is �03-complete.

fe : Ae is an injection structure with �nitely many in�nite orbitsg
is a �03-complete set.

� Ae has �nitely many in�nite orbits i¤
there exists a �nite sequence a0; : : : ; ak�1 such that for every b,
if b =2 O(ai) for all i < k, then O(b) is �nite.

De�ne a reduction f such that for every e,
Af(e) has �nitely many in�nite orbits i¤We is co-�nite.

The orbits of Af(e) will be exactly the orbits O(2i + 1) for i 2 N, and
the even numbers will be used to �ll out the orbits.
Of(e)(2i+ 1) is �nite i¤ i 2We.

The function �f(e) is total and 1� 1.



� The property of �02-categoricity
for computable injection structures is �04-complete.

� I�02
= fe : Ae is an injection structure with �nitely many orbits of type

! or �nitely many orbits of type Zg
is a �04-complete set.

� �03 condition: There exists a �nite sequence a0; : : : ; ak�1 such that for
every a, if a =2 O(ai) for all i < k, then O(a) does not have type !.

�04 condition: There exists a �nite sequence b0; : : : ; bl�1 such that for
every b, if b =2 O(bi) for all i < l, then O(b) does not have type Z.

� For �04-completeness of I�02
, let C be any �04 set.



Then there is a �02 relation Q such that for every e:
e 2 C i¤ fn : Q(e; n)g is in�nite.

Now, there is a computable relation R such that for every n:
Q(e; n) i¤ fr : R(e; n; r)g is in�nite.

Hence, e 2 C i¤
there are in�nitely many n, such that there are in�nitely many r,
for which R(e; n; r) holds.

De�ne a reduction f such that for every e, Af(e) has only in�nite orbits,
and Af(e) has in�nitely many orbits of type Z i¤ e 2 C.

The orbits of Af(e) will be exactly the orbits O(2n + 1) for n 2 !, and
the even numbers will be used to �ll out the orbits.



� We may assume that R is enumerated in stages.

If (e; n; r) enters R at stage s+ 1,
then we add a new element in front of O(2n+ 1).

For every n, Of(e)(2n+ 1) is in�nite, and
Of(e)(2n+ 1) has type Z i¤ fr : R(e; n; r)g is in�nite.

The function �f(e) is total and 1� 1.

Finally, let B be a computable structure consisting of an in�nite number
of orbits, each of type !, and let Ag(e) be the disjoint union of B with
Af(e). It follows that

e 2 C , g(e) 2 I�02



The Isomorphism Problem
for in�nite computable injection structures

� f(i; j) : Ai is isomorphic to Ajg is a �04-complete set.

� f(i; j) : Ai is computably isomorphic to Ajg is �03-complete set.
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