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Abstract

Lecture notes for part of a model theory course given in Vienna. The proof of Mor-
ley’s Categoricity Theorem is modelled on that of Ziegler’s lecture notes [9], but has been
restructured.
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1 Preliminaries

For any L-structure M and any B C M, Lp denotes the language extended by a new constant
b for every element b € B. We do not usually have a need for the notational distinction between
b and l')7 so we will just write b for b.

Let T be an L-theory and Z a tuple of variables — possibly infinite, although it will usually
be finite. Let L® denote the set of all L-formulas with free variables contained in the tuple Z.

S*(T) = {p(z) C L | p maximal consistent}
denotes the set of complete types of T. If M |= T, then

S*(M) = {p(z) C L}, | p maximal consistent with the Las-theory of M}
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denotes the set of complete types over M, and if B C M, then
S%/(B) = {p(z) C L% | p maximal consistent with the Lpg-theory of M}

denotes the set of complete types over B (regarded as a subset of M). Normally we will only
be dealing with extensions that are elementary, and no confusion can arise when we drop the
index M from notation.

For any formula ¢(z) € L®, we define the subset

[o(@)] = {p(z) € ST(T) | p(2) € p(2)} € S™(T).

We equip S”(T) with a topology by stipulating that the system of these sets [¢(Z)] (which is
clearly closed under intersection) forms a basis of open sets. Since the complement [—¢(Z)] of
every basic open set [p(Z)] is again open, the type spac{l S*(T) has a basis of clopen sets, i.c.
it is totally disconnected. We use the same (ambiguous) notation [¢(Z)] to define the basic
open sets of the other type spaces S”(M) and S3,(B).

We will not be doing anything non-trivial with this topology, but it is good to know about
it because it motivates some of the terminology. E.g. the compactness theorem of first-order
logic says precisely that every such type space is compact. Also a type p(Z) € Si;(B) is called
isolated by a formula ¢(Z) € p(Z), if ¢(Z) F p(Z). This is because then {p(Z)} = [p(ZT)] is an
open set, i.e. p(Z) is an isolated point in the type space S, (B).

For a formula () with one free variable and a structure M we write ™ = {a € M |
M = ¢(a)}. Similarly for a family of formulas or a type p(z). We will not need the natural
generalisation to more variables.

2 Categoricity

Definition 1. A theory T is said to be categorical if any two models of T' are isomorphic.

Remark 2. If T is a categorical first-order theory, then by the Lowenheim-Skolem Theorem
the unique model of 7' must be finite.

Definition 3. Let k be a cardinal. A theory T is said to be k-categorical if any two models
of T of size k are isomorphic.

We will concentrate on the case when T is a countable first-order theory. A characteri-
sation of Wo-categoricity was published in 1959 indepently by Engeler, Ryll-Nardzewski and
Svenonius [2| [7, [§]

Theorem 4 (Ryll-Nardzewski, Engeler, Svenonius). Let T be a countable complete first-order
theory with infinite models. The following are equivalent:

1. Any two countable models of T are isomorphic.

2. T has a countable model which, for any n < w, realises only finitely many complete
n-types (over ().

3. For any finite tuple T of variables the type space S*(T) is finite.

4. For any finite tuple T of variables there are only finitely many formulas with free variables
contained in T, up to equivalence modulo T.

5. For any finite tuple T of variables, all types p(T) € S*(T) are isolated.
Proof. For now, see Hodges [4], Theorem 7.3.1, for the straightforward proofEI O

Uncountable categoricity, i.e. k-categoricity for an uncountable cardinal k, is a completely
different matter, with a very different flavour. In his 1962 PhD thesis, Morley proved Lo$’s
Conjecture [5] [6]:

Theorem 5 (Morley). Let T be a countable complete first-order theory with infinite models.
If T is k-categorical for some uncountable k, then T is k-categorical for every uncountable k.

1Type spaces are also known as Stone spaces
2A later version will have a full proof and possibly a different formulation of the theorem.



We will have to do quite a bit of work to prove this theorem. Some examples of uncountably
categorical theories:

e The theory of an infinite set in the empty signature.

e The theory of infinite-dimensional F-vector spaces for a fixed finite field F', and the
theory of F-vector spaces for a fixed countable field F.

e The theory of algebraically closed fields of any fixed characteristicﬂ

A conjecture attributed to Zilber says that in some sense these are the only examples.
Hrushovski developed a sophisticated generalisation of Fraissé’s Theorem and used it to con-
trive uncountably many counterexamples to Zilber’s conjecture.

3 Matroids

In this section we are not actually dealing with model theory at all.

Definition 6. A closure operator on a set M is a monotone, inflationary, idempotent function
cl: P(M) — P(M), i.e. it satisfies the following axioms:

e XCVY = clX CclY.
e X CclX.
e cl(clX) =clX.

It is called finitary if it also satisfies the finite character axiom:

o clX = nggx, X, finite cl Xo.

A set is called closed with respect to a given closure operator cl if X = cl X.

Remark 7. If cl is a closure operator on a set M, then its restriction clg to any subset B C M,
defined by clp(X) = cl(X) N B, is a closure operator on the subset.

The abstract study of closure operators originated shortly after the First World War in
Poland with Kuratowski and Tarski. A topological closure operator is one that satisfies
cl(XUY) =cl X UclY and corresponds exactly to a topology on the underlying set. Finitary
closure operators, on the other hand, naturally arise in algebra and logic.

Definition 8. A ( ﬁmtamﬂ/ matroid is a pair (M, cl) such that cl is a finitary closure operator
on M which also satisfies the exchange principle:

e g c€cl(XU{b})\clX implies b € cl(X U{a}).

Remark 9. If (M,cl) is a matroid and B C M, then (B, clp) is again a matroid.

The best known example of a matroid is a vector space with linear hull as the closure
operator. By the remark, if we consider a matrix as a set of column vectors, we also get a
natural matroid structure. This is the source of the term ‘matroid’. Another example also
related to uncountably categorical theories is an algebraically closed field with ¢l X defined
as the algebraic closure of the field generated by X. Graphs give rise to matroids with a very
different flavour: Let E be the set of edges of a graph. For any X C FE let cl X consist of
those edges which connect two nodes that are connected by a path in X. Then (F,cl) is a
matroid.

Definition 10. In a matroid (M, cl), an independent system is a system (a;)icr of elements
a; € M such that for all ¢ € I we have a; ¢ cl{a; | i # j € I}. A generating system is
a system (a;)i;er such that cl{a; | ¢« € I} = M. A basis of a matroid is an independent
generating system.

3A later version will look at all these examples in detail.

4The modifier ‘finitary’ makes it explicit that the matroids that we are considering are neither finite nor of the
most general infinite type. To date, most matroid theory literature silently assumes all matroids to be finite, and
until recently there was no generally accepted notion of an infinite matroid. This has changed with a recent paper
by Bruhn, Diestel, Kriesell and Wollan [I]. Finitary matroids are a special case of the general infinite matroids in
the sense of that paper. The main advantage of what is likely to become a standard definition of infinite matroids is
that it is closed under matroid duality. In model theory, matroids are usually known as pregeometries, but Rota’s
proposal to rename matroids in this way has ultimately failed and the word is considered obsolete in matroid theory.



Lemma 11. In a matroid (M,cly, if (a;)jzicr is an independent system and a; ¢ cl{a; | j #
1 € I}, then (ai)ier is an independent system.

Theorem 12. In a matroid, a basis is the same thing as a mazximal independent system, or
a minimal generating system. Fwvery matroid has a basis, and any two bases have the same
size.

4 Algebraicity and strong minimality

Definition 13. An L-formula ¢(x) is called algebraic if in every L-structure M it has only
finitely many solutions. It is called algebraic modulo an L-theory T if in every model M =T
it has only finitely many solutions. More generally, a possibly incomplete L-type p(z) is called
algebraic if in every L-structure it has only finitely many realisations, and similarly modulo
a theory.

Note that by compactness an algebraic type over a subset B C M of an L-structure
implies an algebraic formula ¢(z,b) also with parameters in B, and an algebraic complete
type contains an algebraic formula.

Usually one just says ‘algebraic’ for ‘algebraic modulo 77 if T' is understood from the
context. If T'is complete, the distinction between absolute algebraicity and algebraicity often
does not matter:

Remark 14. If ¢(x) has only finitely many solutions in M, then for some natural number
n < w the formula
p(z) AI="2'p(a)

is equivalent to ¢(x) modulo the complete theory of M and is algebraic.

Remark 15. Let T be a complete first-order theory with infinite models. Any non-algebraic
incomplete type has a non-algebraic completion.

Definition 16. A tuple a € M is called algebraic over a set B C M if its type tp,,(a/B) is

algebraic. The set of all elements of M that are algebraic over a set B C M is denoted by
acl(B).
Remark 17. (M, acl) is a finitary closure operator.

The remainder of this section is not, strictly speaking, needed for the proof of Morley’s
Theorem. But it shows in the simplest case how we can get from a simple model theoretic
condition (satisfied by vector spaces and algebraically closed fields) to uncountable categoric-

ity. In the proof of Morley’s Theorem we will need the slightly more general definition of a
strongly minimal formula (see Definition .

Definition 18. A complete first-order theory T with infinite models is strongly minimal if
for all models M = T and all formulas ¢(z,m) with parameters m € M, either ¢(z,m) or
—p(x,m) is algebraic.

Remark 19. Every strongly minimal theory is totally transcendental.

Proposition 20. Let T be a complete first-order theory with infinite models. The following
are equivalent:

1. T is strongly minimal.

2. For every model M |= T and every single variable x, the type space S*(M) contains
precisely one non-algebraic type.

3. For every model M = T, every subset B C M of its domain and every finite tuple
T = xo...Tn—1 of distinct variables the type space St;(B) contains precisely one type
p(Z) such that for any realisation @ = p in an elementary extension of M, a; is not
algebraic over BU {ao,...,Qi—1,0i+1,-..,an-1}, for all i < n.

Moreover, if T is strongly minimal, then acl satisfies the exchange property, so (M, acl) is a
matroid for any model M |=T.

Proof. 1implies 2: Since M has proper elementary extensions and algebraic types are realised
only in M itself, S*(M) contains at least one non-algebraic type p(z). If T is totally transcen-
dental, it is uniquely determined as follows: For any formula o(x,m) with parameters from



M, either o(z,m) or —p(x,m) is algebraic. Since p(x) is complete and not algebraic, the one
that is not algebraic must be in p.

2 implies 1: Suppose for some model M = T there is a formula ¢(z,m) with parameters
m € M which witnesses that T is not strongly minimal, i.e. neither ¢(z,m) nor —(x,m) is
algebraic. By Remark each of the two mutually inconsistent formulas can be extended to
a complete type over M.

2 implies the ‘moreover’ part: We will use Remarkfreely. Let M = T. We need to show
that a € acl(C U {b}) \ aclC' implies b € acl(C U {a}) inside M. Equivalently, we can show
that b € acl(C U{a}) and a € aclC implies a ¢ acl(C U {b}). Note that by two applications
of 2, the type p(zy) = tp,,(ab/C) is uniquely determined by the assumption. Replacing
M by an elementary extension if necessary, we may assume that M contains an infinite set
A = {ao,a1,...} of elements that are not algebraic over C. Similarly, we may assume that
the unique non-algebraic type over AU C is realised by an element ' € M. Note that for any
a; € A we have b’ ¢ acl(CU{da’}) and a’ € aclC, so tp,,(a;b’/C) = p(zy). Hence all elements
a; € A have the same type tp(a;/C U {b'}) = p(z,b") over C' U {b’}, which is therefore not
algebraic. It follows that ag € acl(C'U{b'}). Since tp(ao, b’ /C) = p(z,y) = tp(a,b/C), we can
conclude that a & acl(C U {b}).

2 and the ‘moreover’ part imply 3: By 2 and a straightforward induction, for each n < w
there is a unique type p(xo...Zn—1) such that for any realisation ag...an—1 E p in an
elementary extension N = M, a; is not algebraic over B U {ao,...,a;—1}, for all i < n. By
repeated use of Lemma (ao,...,an—1) is a basis of the matroid (N,acl), and so a; ¢
BU{ao,...,0i—1,0i41,...,an-1} for all ¢ < n.

3 implies 2: Trivial. O

Theorem 21. Let T be a countable complete first order theory. If T is strongly minimal,
then T is k-categorical for all kK > No.

Proof. Let M =T be a model of size |M| = k. By Proposition (M, acl) is a matroid, so
let B C M be a basis. Since k > |T|, it is easy to check that |B| = |M].

If M’ = T is another model of the same size and B’ C M’ is a basis of M’, then also
|B'| = k. Let f: B — B’ be a bijection. By 3 of Proposition f is an elementary map.
Since algebraic types are isolated, it can be extended to an elementary map from M = acl B
to M’, and it is easy to see that any such extended map must be surjective. Thus M and M’
are isomorphic. O

5 Proof outline for Morley’s Theorem

To get an idea of the proof of Morley’s Theorem on a very high level, we need two fundamental
definitions.

Definition 22. A complete first-order theory 7" with infinite models is called totally tran-
scendental if in no model M |= T can we find a binary tree (¢, (z)),c2<w~ of formulas with
parameters such that for every tree node n € 2<“ the branching

{(pn"O(m% Son’\l(x)}v

in 7 is inconsistent, but for every branch n € 2* the corresponding set of formulas

{Pnin(z) [ n <w},

is consistent.

Remark 23. We get an equivalent definition if we also require for such a tree that for each
n € 25 the formula ¢, ~(x) is of the form ¢, (x) A =) (z) and the formula ¢, ~, (z) is of the
form g () A P(x).

Definition 24. M < N is said to be a Vaught pair for the formula ¢(z) (which may have
parameters in M), if M # N and ¢(x) is not algebraic (i.e. ¢(z) has infinitely many solutions),
but nevertheless ™ = " .



Throughout the proof (i.e. from here to the end of Section [J) we will fix a complete
first-order theory T" with infinite models and a cardinal k > |T'|. Any further assumptions on
T will be made explicit. Morley’s Theorem is an obvious consequence of the following three
lemmas.

Lemma A. IfT is countable and r-categorical, then T is totally transcendental.

Lemma B. IfT is countable, k-categorical and totally transcendental, then T does not admit
Vaught pairs.

Lemma C. If T is totally transcendental and does not admit Vaught pairs, then T is k-
categorical.

6 Proof of Lemma A

Recall that we have fixed a complete first-order theory 7" with infinite models and a cardinal
k > |T'|. Our aim in this section is to prove:

Lemma A. IfT is countable and k-categorical, then T is totally transcendental.

The following result says that there is always a model of size s that is ‘modest’. Afterwards
we will show that if T" is not totally transcendental, then there is also a model of size x that
is ‘immodest’, and so T" cannot be n-categoricalEl

Theorem 25. There is a model M |= T of size |M| = k which, for every subset B C M of
size |B| < |T|, realises at most |T'| 1-types over B.

Proof. Let T™ be a consistent expansion of T' to a signature which has Skolem functions, i.e.
for every formula ¢(z, ) over the extended signature there is a function symbol f, and an
axiom in 7™ which says that V§(Jzp(z,§) < ©(fo(7),7)). Let (ci)i<wx be a sequence of new
constants. We add to T™ axioms that say ¢; # ¢; for i # j and that for all n < w and any
two ascending n-tuples ip < i1 < ... <in—1 < Kk and jo < j1 < ... < jn—1 < K, we have

tp(cioyciu . ~7C’in—1) = tp(CiO,le,. . '7cjn—1)?

taking the types in the sense of L*. This expanded theory T** is consistent by Ramsey’s
Theorem. Take any model, then take the substructure M generated by its constants. Clearly
|M| = k. Due to the Skolem functions, M is an elementary substructure, so again a model of
.

Now for any subset B C M of size |B| < |T'|, we can find a subsequence I C k of size
|I| < |T| such that B is contained in the L*-substructure generated by C = {¢; | ¢ € I}. It is
sufficient to show that M realises at most |T'| 1-types over C' in the sense of T™.

Recalling the construction of M, we see that for any element a € M we can write a =
t(Cig, Ciys---,Ci,_,) for an L*-term ¢t. Therefore tp(a/C) is determined by ¢ and the type
tp(cigCiy - - - ci,,_, /C). But by indiscernibility of the sequence (c;)i<x the latter only depends
on the number n and the n cuts in the well-order I that are defined by the ordinals jo < j1 <
... < Jn—1 < K. As there are at most |T’| such cuts, at most |T'| different types tp(a/C) can
occurﬂ O

Proposition 26. If the type spaces S*(M) are countable for all countable models M |= T,
then T is totally tmnscendentalm

Proof. Take a tree in some model M |= T, witnessing that T is not totally transcendental.
Since the tree has only countably many nodes, the parameters that appear in it fit into a
countable set B. By Lowenheim-Skolem, M has an elementary substructure M’ such that
B C M'. Each node in the tree gives rise to an incomplete type over B, hence over M’, which
can be extended to a complete type in S*(M’). The types we get in this way are pairwise
distinct because any two branches are inconsistent due to the inconsistent branching. There
are 2% branches in the tree, so [S7(M')| > 250 > Ry. O

5T have only seen this terminology in a recent book by Hinman [3], but T like it.

6Models constructed around indiscernibles as in this proof are known as Ehrenfeucht-Mostowski models.

"Theories with the property assumed in the proposition are called w-stable. For countable theories the converse
to the proposition is also true, but we will not need it.



Proof of Lemma A. Suppose T is not totally transcendental. Then there is a countable model
M =T whose type space S®(M) is uncountable. By compactness we can find an elementary
extension N which realises at least Ny 1-types over M and such that |N| > . By Lowenheim-
Skolem we can assume |N| = k. The model N we have constructed is not ‘modest’, so it cannot
be isomorphic to the model provided by the theorem. Hence T is not k-categorical. O

7 Prime models

Recall that we have fixed a complete first-order theory 7" with infinite models and a cardinal
% > |T|. In this section we will prove a result that will be used in the proofs of both Lemma B
and Lemma C.

Definition 27. M = T is said to be a prime model for T if for every model N | T there is

an elementary embedding f: M =N , 1.e. M is isomorphic to an elementary substructure
of N.

Expressed topologically, the following result says that in any type space for a totally
transcendental theory the isolated points are dense.

Lemma 28. Suppose T is totally transcendental, B C M = T, and o(z) is a consistent
formula with parameters in B. Then there is a complete type p(z) € Si;(B) and a formula
x(x) € p(x) which isolates p(x).

Proof. Let us temporarily call a formula ¢(z) perfect if it is such that the conclusion of the
lemma does not hold. It is easy to see that for any perfect formula p(z) there is a formula
(), also with parameters in M, such that the two formulas ¢(z) A¢(x) and ¢(z) A= (z) are
both consistent. Both must again be perfect. Using this, we can build a tree that contradicts
total transcendentality. (I

Proposition 29. 1. Iftp(ab) is isolated, then tp(a) is isolated.
2. Iftp(a/b) and tp(b) are both isolated, then tp(ab) is also isolated.

3. Suppose a, ba' b € M are such that tp(®) zitp(g), and tp(a/b) is isolated by a formula
x(Z,b). If M |= x(a@',b'), then tp(ab) = tp(a’d’).

Proof. 1 is easy. For 2 suppose x(Z,b) isolates tp @/E) and () isolates tp(_E). Then tp(dl:J)
is isolated by x (&, %) A (7). For 3 let p(z7) = tp(ab) and ¢(7) = tp(b) = tp(V'). Since p(z,b)
is isolated by x(Z,b), we have

py) 2 {x@yrue®) F pEy).
Since a’b’ realises {x(Z, %)} U q(7), a’b’ also realises p(Z, 7). O

Theorem 30. Suppose T is totally transcendental.
1. T has a prime model.

2. If M =T is a prime model of T and a € M, then tp(a) is isolatedEI

Proof. 1. Let T be totally transcendental and M = T'. Consider a sequence (a;);<o without
repetitions and such that each type tp(a;/a<;) is isolated. (We are using the abbreviation
a<i; = {a;j | j <i}.) Since the empty sequence has these properties, such sequences do exist.

If a<o is not an elementary substructure of M, then there is a formula p(z) with param-
eters in a<o such that M = Jzp(x) but M = —p(a;) for all i < a. By Lemma [2§ there is
a consistent formula x«(z), also with parameters in a<q, such that x«(z) F ¢(z) and more-
over if we take any an € M such that M = ¢(aq), then tp(aa/a<q) is isolated by xa(z).
Thus by fixing such an element a, we can extend the original sequence to a new sequence
(as)icat1. Alsoif A is a limit ordinal and we have a coherent system of such sequences (a;)i<a
for all @ < A, then (a;);<x also has the required properties, allowing us extend the sequence
transfinitely.

8Models with this property are called atomic. Prime models need not be atomic in general, and atomic models
need not be prime.



Since the elements a; are pairwise different, this process cannot continue forever and we
must run into an elementary substructure a<, of M at some point. It only remains to show
that a<o can be elementarily embedded into every model N |= T. But an easy induction
shows that for every such sequence in M we can find one in N that has precisely the same
type.

2. By induction on « we can show for sequences (a;)i<o as in 1 that for any ip < i1 <
... < ik < a the type tp(aiyai, ... ai,) is isolated. For this we use Proposition It follows
that the prime model M = a~, constructed in 1 has the property described. If M’ is another
prime model, then there is an elementary embedding of M’ into M, so we can assume M’ < M
and the claim follows easily. O

8 Proof of Lemma B

Recall that we have fixed a complete first-order theory 7" with infinite models and a cardinal
k > |T|. Our aim in this section is to prove:

Lemma B. IfT is countable, k-categorical and totally transcendental, then T does not admit
Vaught pairs.

Initially we will observe that there is always a model of size k whose infinite definable sets
all have size k. Then we will have to work much harder to find a model of the same size
for which this is not the case. We will first show (assuming countability) that if 7" admits
any Vaught pairs at all, then 7" also admits Vaught pairs M < N in which |M| = X¢ and
|IN| = ®;. Afterwards we will also assume total transcendence to inflate N to size |[N| = &
(using a theorem due to Lachlan).

Proposition 31. There is a model M |= T of size |M| = k such that for all non-algebraic
formulas p(x) with parameters in M we have {apM| = k. Le. each o™ is either finite or of
size K.

Proof. Let My = T be a model of size |Mo| = |T|. Given a model M,, let My4+1 be an
elementary extension such that for each of the | M, |-many non-algebraic formulas ¢(z) with
parameters in M, there is at least one new solution in My41. Moreover, using Lowenheim-
Skolem we make sure that [Ma41| = |Mq|. Taking units at limit steps, we get a transfinite
sequence. M, is as required. O

Definition 32. A model M = T is called w-homogeneous if every elementary bijection
f: A — B between finite subsets of A, B C M can be extended to an automorphism of M.

Proposition 33. Suppose T is countable.

1. M [ T is w-homogeneous if and only if for every finite subset B C M, every elementary
map f: B — M and every type p(xz) € S3,(B) that is realised in M, the image f(p) of
p s also realised in M.

2. The union of an elementary chain of w-homogeneous models is w-homogeneous.

Two w-homogeneous countable models are isomorphic if and only if they realise the same
n-types, for alln < w.

4. Every countable model of T has a countable elementary extension which is w-homoge-
neous.

Proof. 1, 2 and 3 are by simple back-and-forth arguments. For the proof of 4, let My = T
be countable. Given any countable M;, choose M; 1 > M; such that for every finite subset
B C M;, every elementary map f: B — M; and every type p(z) € Siy, (B) that is realised in
M, the image f(p) of p is realised in M;41. Since only countably many types need realising,
we can choose M;1 countable by Lowenheim-Skolem. |J, _,, M; is w-homogeneous by 1. [
Theorem 34 (Vaught’s Two-Cardinal Theorem). If T is countable and admits a Vaught pair,
then T also admits a Vaught pair M < N for ¢(z) which has |M| = RXo and |[N| = N;.



Proof. We may assume that T' admits a Vaught pair for a formula () is without parameters.
(Otherwise add the parameters to the language. Any Vaught pair for the extended theory
will be a Vaught pair for the original theory.)

First we note that T admits a Vaught pair for ¢(z) in which both models are countable.
To see this, expand the language by a predicate P, and consider the theory T’ of Vaught
pairs PV < N |= T for p(z). By Léwenheim-Skolem it has a countable model Ny = T”. Let
My = PNo. Then My < M, is a Vaught pair for ¢(z) as claimed.

Next we want a countable Vaught pair M < N for ¢(x) in which M =2 N. By 1 of
Proposition [33] it suffices to ensure that M and N are w-homogeneous, and M realises all n-
types that are realised by N. Our method is a refinement of the proof of 4 of Proposition [33]

Given any countable model N; |= T", corresponding to a countable Vaught pair M; < N;,
we choose a countable elementary extension Nj,; > N; such that

o every n-type in the language of T that is realised in N; is also realised in M;; = PYNi+1;
and

e for every finite subset B C N/, every elementary map f: B — N, and every type
p(z) € S%,/(B) that is realised in Nj, the image f(p) of p is realised in Ny ;.

Taking N’ = UKW N/ and M = pN = Ui<w M;, we see that M and N are both homogeneous
and realise the same n-types for all n.

Now we start again with a countable Vaught pair My < M; for ¢(z) in which Mo = M;.
Using the isomorphism, we can find Ms such that M; < M, is a Vaught pair for ¢ and
My =2 M, etc., taking unions at limit stages. Then My < My, is a Vaught pair for ¢ with
|Mo| = No and | My, | = Ry, as desired. O

Theorem 35 (Lachlan). Suppose T is countable and totally transcendental, and M = T is
an uncountable model of T. Then there is a proper elementary extension N = M such that
every countable set of formulas with parameters in M that is realised in N is also realised
i M.

Proof. First note that there is a formula p(y) with parameters in M such that u™ is un-
countable but for all formulas v (y) with parameters in M either (u A )™ or (uA )M is
(at most) countable. (If there were no such formula, then every uncountable formula could
be split into two uncountable formulas, and we would be able to build a tree that contradicts
total transcendentality.) Choose such a formula p(z), and let

q(y) = {¥(y) | (u A )™ is uncountable}.

By choice of u, q(y) is a complete type over M. Since (y # b) € q(y) for all b € M, this type
is not realised in M. Therefore we can find b € N > M such that b = p. By Theorem [30| we
may assume that N is prime over Mb.

Given any element a € N and countable C C M, we will find an element a’ € M such
that tp(a’/C) = tp(a/C). This will conclude the proof.

Since tp(a/M?b) is isolated by Therem there is a formula x/(z,y) with parameters in M,
such that x(z,b) isolates tp(a/Mb). Let C* be C together with the parameters that appear
in the formulas p©(y) and x(z,y). Note that C* is still countable, C C C* C M, and

x(z,b) isolates tp(a/C™b).
We next find an element b’ € M such that
tp(b'/C™) = tp(b/C).

Consider qo(y) = tp(b/C™) C ¢q(y). By definition of ¢(y), each of the countably many formulas
¥(y) € qo(y) holds for all but countably many elements of M. It follows that M \ ¢! is a
countable union of countable sets, hence countable. Therefore ¢}’ is uncountable, hence not
empty. Any b € ¢3f will do.

Finally, we can find an element a’ € M such that

M = x(a',b).



Such an element exists because N = Jzx(x,b), hence N | Jxx(z,b’), hence M = Jzx(z,b)
as the formula is over M.

Using Remark[29] applied to N and the language extended by constants for the elements of
C*, we see that tp(a’'d’ /C*) = tp(ab/C*). It follows that tp(a’/C) = tp(a/C), as required. [

Corollary 36. Suppose T is countable, totally transcendental, and admits a Vaught pair for
some formula ¢(x). Then there is a Vaught pair M < N for ¢(z) such that |[M| = Ro and
IN| = k.

Proof. By Theorem [34] we can get a Vaught pair M < N for ¢(z) such that |M| = Ry and
|N| = ;. Consider the partial type p(z) = {o(z)} U{z # a | a € o™}, which is not realised
in N. Using Theorem we can find a proper elementary extension N’ = N such that N’
also omits p. By transfinite induction, taking unions at limit steps, we get an arbitrarily long
increasing sequence of elementary extensions with that property. At some point we get an
elementary extension N* of size [N*| > « that still omits p. By a simple Lowenheim-Skolem
argument we see that we can reduce N* to size |[N*| = k. O

Proof of Lemma B. Suppose T is countable and totally transcendental but admits a Vaught
pair. By Corollary [36|there is a Vaught pair M < N for ¢(z) such that [M| = Ro and |[N| = .

Thus we have |<,0N| = !cpM = Ng. As N cannot be isomorphic to the model of Proposition
T is not k-categorical. [

9 Proof of Lemma C

Recall that we have fixed a complete first-order theory 7" with infinite models and a cardinal
k > |T|. Our aim in this section is to prove:

Lemma C. If T is totally transcendental and does not admit Vaught pairs, then T is k-
categorical.

Definition 37. A formula pu(z) is called minimal in a model M, if for every formula ()
with parameters in M either u(z) A ¢(x) or u(z) A —¢(x) is algebraic. The formula is called
strongly minimal for a theory T if it is minimal in every model of T.

Lemma 38. Suppose T is totally transcendental. For every model M =T there is a minimal
formula p(x) with parameters in M.

Proof. If there is no minimal formula, then every non-algebraic formula with parameters can
be split into two non-algebraic formulas with parameters. Thus we can build a tree that
contradicts total transcendence. (I

Lemma 39. Suppose T does not admit Vaught pairs. Every formula p(x) without parameters
that is minimal in a model M = T is strongly minimal for T.

Proof. Let u(z) be minimal in M = T. If u(x) is not strongly minimal for T, then there is
a model N |= T such that p(z) is not minimal in N. Replacing N by a common elementary
extension of M and N (such things always exist by compactness), we can assume that M < N.
Having extended the language by a unary predicate P, let T be the theory of N with the
subset M described by P, i.e. N = M. We denote the expanded model by N*. Note that
T* ‘knows’ that the subset defined by P is a proper elementary substructure.

Let @(z,b) witness that p(z) is not minimal in N, i.e. neither u(z) A p(z,b) nor u(z) A
—p(z,b) is algebraic. Note that because M is elementary in N, for every natural number n
we have M = 3g(32"x(u(z) A o(z, 7)) A 2"z (u(z) A —p(z,7))). Keeping in mind that u(z)
is minimal in M it follows that, possibly after replacing ¢ by —¢, there are arbitrarily big
definable finite sets of the form {a € M | M = pu(a) A ¢(a,b)} with b € M. Hence for every
natural number n there is a tuple b=1boy...bk_1 € M such that

N* = 3"z(u(z) Ap(z,b) A Va(u(z) Aoz, b) — Pz).
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Therefore the partial T™-type

ay) = { Fe@) Ae@y) | n<w }
U A{Va(u@) Ae(,y) = Pe)y U {PyoA... APy} U T

is consistent by compactness. Let Ny |= T be a model of T in which this type is realised
by a tuple b |= q(7). Denote the reduct of Ny, to the original theory by Ny and the subset
PNV C Ny of Ny by My . Using the definition of T, we see that M < N is a Vaught pair

for p(x) A p(z, l_))EI O

Remark 40. Let q(§) € SY(T) be an isolated type and let & be a tuple of new constants. If
T* = p(c) is k-categorical, then T is k-categorical.

Proof. Suppose My, Ma =T and |M;| = |M2| = k. Since the type ¢(g) is isolated, there are
tuples by € M; and by € M realising it. Thus by interpreting ¢ as b we can expand M; to a
model M7 |= T of the x-categorical theory, and similarly for Ms. By k-categoricity M{ and
M3 are isomorphic, i.e. there is an isomorphism from M; to M> which moreover maps by to
bo. In particular T is x-categorical. O

Proof of Lemma C. By Theorem[30] T" has a prime model M. By Lemma[38] M has a minimal
formula yu(z,b) with parameters b € M. By Theorem tp(b) is isolated. By Remarkit is
enough to prove that the original theory expanded by constants for b is k-categorical. Since
total transcendence and non-existence of Vaught pairs are clearly preserved under extension
by constants, it all boils down to this: We may assume that there is a minimal formula u(x)
without parameters for (the expansion of) M. By Lemma [39|it then follows that wu(z) is a
strongly minimal formula for T'.

Let Mi | T be a model of size |M:i| = k. We first verify that |/.LM1| = k. Let T" be T
together with a new constant each for every element of p™'. Let M] E T’ be the obvious
expansion of M;. The theory T’ is again totally transcendental, so it has a prime model
N’. By the definition of prime models we can find Ni such that N’ = Ni < Mj. Note that
p™M = M Like T, T’ does not have a Vaught pair for u(z), so we must have Ny = M;. By
the Léwenheim-Skolem Theorem, the size of a prime model for 7" can be at most |T”|, hence
we have [p*| < |Ny| < |T|+ |p*]. Since |Ni| = [Mi| = & > |T| it follows that |u*"| = k.

If My = T is another model of size |Mz| = k, the by the same argument uMz| =K. At
this point we engage in some hand—wavingh The material from Section generalises to
strongly minimal formulas as smoothly as one can hope. In particular, acl when restricted to
the realisations of u(z) describes a matroid, and any two bases of this matroid have the same
type, provided they have the same size.

Let B; C M; be a basis of the matroid </J,Mi,aCIquIi ), for i € {1,2}. Asin Theorem we
can take any bijection f: B; — Bz, note that it is an elementary bijection, and then extend
it to the algebraic closures, noting that the result is again an elementary bijection. Since
u(M;) C acl B; it follows in particular that there is an elementary bijection f': pu(M;) —
p(Ma).

Via f' we can define an expansion M} |= T’ of M, such that every element of p™? is
named by one of the new constants; f’ is an elementary map also in the language of T”. As
above for M7 we can now find an isomorphic copy N2 = N such that N2 < Mz and show that
N2 = MQ. It follows that M1 = N1 ~ N N2 = Mg‘ O

This concludes the proof of Morley’s Theorem.
Corollary 41 (to the proof of Lemma C). If T is totally transcendental and does not admit

Vaught pairs, then for any cardinal k < |T|, T has at most k non-isomorphic models of size k.

Proof. There is only one place in the proof of Lemma C where the assumption £ > |T'| was
used: when we concluded !,uMl} = k from |;¢M1| <k < |T|+ ’uMl | If we have instead
k < |T|, we only know that ‘,uM1| < k.

9Embedded in this proof is a proof that if 7' does not admit Vaught pairs, then T' eliminates the quantifier 3%,
i.e. every formula in first order extended by this quantifier (meaning: there exist infinitely many) is equivalent
modulo T to a regular first-order formula.

10 A later version will have a rigorous proof here.
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Having added the parameters b of the minimal formula p(z,b) to the language as in the
proof of Lemma C, we see that a model M |= T (of any cardinality) is characterised up to
isomorphism by the cardinal | ,uM| < k. As before, any two models that are isomorphic in the
expanded language are also isomorphic in the original language. O
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