Let T C w x k be a homogeneous tree with measures {js}scw<e. So, A = p[T]
is k-Suslin and B = w® — A is co-k-Suslin. Given sets A = {A,}scw<w where
A, C T, let TA = {(s,&) € T: Vi < |s| @ | i € Ag;}. For x € B, let f,: Ty, — On
be the canonical ranking function, and let f; ,: Ty, — On be the subfunction of
fx (i-e., the restriction of f, to Ty,. Similarly, given {Ay,} (Where Az in)

we let fA TA — On be the canonlcal ranking function of TA and let fA be the
correspondlng subfunctions.

Definition. The homogeneous tree (T, {us}) is stable if there measure one sets Ag
with respect to the pg such that for any x € B and any measure one sets By
(with respect to piz1,) we have that
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for all n.

Thus, the homogeneous tree is stable if there is a fixed countable sequence {As}
of measure one sets which suffices to minimize the ranking functions for all = with
T, wellfounded.

The significance of this definition lies in the following easy fact.

Fact. Let (T, {us}) be a stable homogeneous tree as witnessed by the measure one
sets {As}. Let T" be the Martin-Solovay tree with B = p[T’] constructed from

(T‘Y, {ps}). Let {¢n} be the corresponding semi-scale, that is, for x € B we have
on(z) = [f2

z,n

Jiiarn- Then {p,} is a scale on B.

We next state our main result. The proof is similar to the Martin-Woodin proof
that all trees are weakly homogeneous.

Theorem (AD). Every homogeneous tree (T, {us}) on k < © is stable.

Proof. Let v be a fine measure on Py, (U,P(k")). We show that for v almost all
o that if A” denotes the measure one sets defined by o (that is, A7 = {A7 }sci<w
where A7 = N{A € o: us(A) = 1}), then the sets A witness the stability of
(T, {1s}). Suppose this fails. For almost all o we define, uniformly in o, a tree U,
on w x A for some A (A = supj,, (k). Actually, the tree will be on w x A<%, but
we can identify A< with X if we like.

We set ((s(0),...,s(n—1)),(Bo,--.,Bn)) € Uy, iff the following hold:

1) Bo € w.

2.) Each §; for i > 0 codes a finite sequence of integers t; extending s (roughly, a
commitment that later extensions of s must follow ¢;) along with a finite sequence
of ordinals (S}, ... 7B|iti\—1)'

3.) s must be compatible with all ¢; for ¢ < |s|.

4.) Let f; represent ﬂ; with respect to ;. Then for almost all g, ...n;—1 with

respect to ps); we have that (f(7), ..., flit - 1) € TA”.

5.) For almost all 7 = (no, . . ., n;) with respect to fi4)(;+1) we have that (f37" (7)), ...

extends in T3,,, the sequence (f§(77 ] 1),.. "flt,;\—l( 7).
6.) For i < By, each fJ’f is almost everywhere the identity function, and for i = S
we have that almost everywhere that (f&(7), ..., f‘ +;1—1(77)) 1s a proper extension in

Tjy,) of 77 (i.e, for i = By the f; give a proper extension of the identity function).
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7.) We weave in the Martin-Solovay tree into U, as well. Say at every even level
of U, we put in ordinals from the Martin-Solovay tree (so a branch through (U, ),
also gives a branch through (7”), and so proves z € B).

For € B the tree (U,), is attempting to produce ordinals [f/],,,,, which witness
that the sets A% have not yet attained the minimal ranking functions. They do
this, roughly speaking, by describing embeddings of T, (on measure one sets) into
proper initial segments of Tfa.

Claim. For any z, (U,), is illfounded iff # € B and there are measure one sets
Byn C AZ,,, (with respect to pz1p) such that for some m, ) i < 2 i

Proof. It (U,), is illfounded, we have © € B and get ordinals B]i- for all i and

j < |ti|. Let f;f be functions representing these ordinals with respect to pgp;. Let
By be measure one sets with respect to fiz}, on which (4)-(6) above hold. Then

the f; give an order-preserving map from T into T2” and from (6) we have that
B 1erse < [ 1uars, - Conversely, suppose 2 € B and we can find measure one
sets By C A7,
we always have [ff]#mrk < [f# ]y, for all k, Let By = m, and for i < By let

B = [id],,,,. Since [ff]#ﬂm < [f2")uaym» We can find a function g7 with domain

where for some m we have [fP],. . < [f&"]u.,.- Note that

dom(fi,1,,) such that almost everywhere g™ (i) is a proper extension of 7j in T4
and |T27 (g7 (7)) > |TE(7)|. By countable additivity ¢ has length ¢ almost
everywhere, for some ¢ > m. Let t,, = x [ ¢, and let f;"(77) = g;*(77) | j. This

defines the ordinal (,,. Continuing in this manner produces a branch 5 through
Us,. O

Returning to the proof of the theorem, we are assuming that for v almost all o
that there is an z such that (U,), is illfounded. That is, V}o (U, is illfounded ).
For almost all o, let z, Ea be the leftmost branch through U,. By countable
additivity we may fix € B so that 2% = x almost everywhere. Now fix any o
in the measure one set where 7 = z and also ¢ contains measure one sets Cy,,
(w.r.t. the pgpp,) which attain the minimal values for [ff]uwrn (which we can do
by countable choice). But then the branch 5" gives a proper embedding from T?
into de - Tf for some measure one sets Dg},. This contradicts the choice of
the Cypp. [More precisely we have an m such that [fn?rm]umrm < [ffrm]umw] This
completes the proof of the theorem. O

The above theorem allows us to fill the gap in the scale analysis from AD, and
get the complete analysis of scales and Suslin cardinals from just AD (we need AD™
to get a largest Suslin cardinal as usual). In particular, we have the following.

Corollary (AD). Let x be a Suslin cardinal with I' = S(k) (the x-Suslin sets) closed
under quantifiers. Assume £ is not the largest Suslin cardinal. Then Scale(S(k))
(known before) and every T' set admits a scale with all norms in Env(T, ) (the
envelope). Also, every set in Env(T, k) admits a scale with all norms in Env(T', ).
Finally, Scale(Eé), where 28‘ =, Env(T, k).



