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ZFC leaves a lot of freedom for our understanding of the universe.

e |s there a set of reals of cardinality strictly between the set of
natural numbers and the set of real numbers? (CH)

e |s every set definable from some ordinal? (V=HOD)
e |s the Reflection Principle (with class parameters) reflected?
e |s every Borelian measure on B([0, 1]) extendible to P([0, 1])?

These are all question non-answerable in ZFC.
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Guidelines:

e Forcing constructions permit to pass from one universe to
another;

e Large cardinals hypotheses enlarge our multiverse (more
universes!)

e V = [ has very nice structural properties;

e it is also interesting to go the other way, and investigating
properties opposed to those in V = L,

e combinatorial properties can be local (regarding one cardinal)
or global (regarding all cardinals, or at least a class).
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e (O is about stationary subsets of x (globally true in L)
(Jensen, 1972);

e [, is about the existence of a coherent collection of clubs
(globally true in L);

e AP, (Approachability Property) is a weakening of OJj;

e [ is the global version of [, (it is morally O);

e [ at small cofinalities is a weaker version of OJ (ad hoc to
avoid inconsistencies with large cardinals);

e TP, (Tree Property) is Konig's Lemma for k. TP,++ is both

a stronger failure of the local GCH and a failure of .
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e K is (strongly) inaccessible iff uncountable, regular and strong

limit. )
Definition
Let M, N be sets or classes. Then j : M — N is an elementary
embedding iff for any formula ¢(vp, . .., v,) and for any xp, ..., x, €

M,
ME o(xo, ..., xn) iff NE ©(j(x0),---,j(xn))-

Theorem (Keisler, 1962)

Kk is measurable iff there exists j : V < M with crt(j) = . This
implies <*M C M.
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Let j : V < M with crt(j) = x. We define the critical sequence
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Let x be a cardinal. Then x is huge iff there is a j : V < M with
crt(j) = k, JIM C M.

<

Definition

Let j : V < M with crt(j) = x. We define the critical sequence
(Ko, K1,...) as ko = Kk and j(Kn) = Knt1.

Definition (Reinhardt, 1970)

Let x be a cardinal. Then k is Reinhardt iff thereisa j:V < M
with crt(j) = ko, *M C M, with A = sup,c, kn.Equivalently, if
thereisa j: V <V, with k = crt(j).

v

v

11 /26



Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics

Open Problems Appeal

Theorem (Kunen, 1971)

There is no Reinhardt cardinal.




Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics Open Problems Appeal

Theorem (Kunen, 1971)
There is no Reinhardt cardinal. J

This leaves space for the following definitions:

12 /26



Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics Open Problems Appeal

Theorem (Kunen, 1971)

There is no Reinhardt cardinal.

This leaves space for the following definitions:
Definition
I3 iff there exists A s.t. dj : V) < Vj;

12 /26



Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics Open Problems Appeal

Theorem (Kunen, 1971)

There is no Reinhardt cardinal.

This leaves space for the following definitions:
Definition

I3 iff there exists A s.t. dj : V) < Vj;

12 iff there exists A s.t. 35 : Vi1 <1 Vg

12 /26



Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics Open Problems Appeal

Theorem (Kunen, 1971)

There is no Reinhardt cardinal.

This leaves space for the following definitions:
Definition
I3 iff there exists A s.t. dj : V) < Vj;
12 iff there exists A s.t. 35 : Vi1 <1 Vg
I1 iff there exists A s.t. 3j : Viy1 < Voag;

12 /26



Introduction Cardinal Combinatorics Large Cardinals Large Cardinals and Combinatorics Open Problems Appeal

Theorem (Kunen, 1971)

There is no Reinhardt cardinal.

This leaves space for the following definitions:
Definition
I3 iff there exists A s.t. dj : V) < Vj;
12 iff there exists A s.t. 35 : Vi1 <1 Vg
I1 iff there exists A s.t. 3j : Viy1 < Voag;

|0 For some )\ there exists a
J i L(Vag1) < L(Vag1), with crt(j) < A
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All the large cardinals defined, other than the inaccessible, are
incompatible with V = L.

It makes sense to ask the relationship between large cardinals and
combinatorics:

e Are there consistency equivalences? (It needs another talk)

e Which combinatorial properties (local or global) are possible
in models with large cardinals?

e Special case: local case exactly at the large cardinal.
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v

Same thing for measurable (Scott, 1961).
Theorem (Solovay, 1974)

Let % be supercompact.For all A > & strong limit singular, 2* = \*.
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Theorem (Levy, Solovay, 1967)

Let x be measurable and E Easton function such that there exists
v < k Vn >~ E(n) =2". Then Con(measurable + Vn E(n) = 27).

Theorem

Con(inaccessible)—Con(inaccessible+GCH).
Con(supercompact)— Con(supercompact+GCH).

Theorem

If k is A T-supercompact, then [y fails. If there exists a subcompact,
then [J fails.

4
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Note: all this properties are global.

What is the proof, then (and what etc... means)?

Easton’s Theorem uses a class forcing to force many different
behaviours of the power function on regular cardinals. The trick is
to use the same method (reverse Easton iteration), changing the
forcing but preserving the large cardinal.
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Theorem (Corazza, 2007)

Suppose |3 witnessed by j and A. Let PP be a forcing iteration of
length A\, with Qs its stages and Py its initial segments. Then I3 is
preserved in the forcing extension if P is:
e a reverse Easton iteration (nontrivial forcing only at limit
stages, direct limit at inaccessible stages, inverse limit
otherwise)

e adequate (for all §, V¥5  |Qs| < the smallest inaccessible
bigger than )

o directed closed (for all §, Qs is < d-directed closed)
e j-coherent (for all 6, j(Ps) = Pj(5))
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Theorem (D., Friedman, 2013)

Suppose 13,12,11,10 witnessed by j and A. Let P be a forcing iteration
of length A\, with Q5 its stages and Py its initial segments. Then
13,12,11,10 is preserved in the forcing extension if P is:

e a reverse Easton iteration (nontrivial forcing only at limit
stages, direct limit at inaccessible stages, inverse limit
otherwise)

e adequate (for all 4, V5  |Qs] < the smallest inaccessible
bigger than )

o directed closed (for all §, Qs is < d-directed closed)

e j-coherent (for all 6, j(Ps) = Pj(5))
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Theorem (D., Friedman, 2013)

Suppose 13,12,11,10 witnessed by j and A. Let P be a forcing iteration
of length A, with Qs its stages and Py its initial segments. Then
13,12,11,10 is preserved in the forcing extension if PP is:

e a reverse Easton iteration (nontrivial forcing only at limit
stages, direct limit at inaccessible stages, inverse limit
otherwise)

e \-bounded (for all §, VFs = |Qs| < \)
e directed closed (for all §, Q5 is < d-directed closed)
e j-coherent (for all 6, j(Ps) = Pj(5))
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What about the local case?

If the forcing is small, then it is trivial: if /*(\) and P € V), then
I*(\)V" This is a big problem.

If the forcing is large and closed, then it is trivial: if /*(\) and P is
A-closed, then [*(A)V".

So the interesting case is local combinatoric properties in .
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Theorem (D., Wu, 2014)

Suppose 10. Then I1, i.e., j : V41 < Vi11, is consistent with each
of the following
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Generic Absoluteness Theorem (extended)

Suppose there exists j : L(Vy41) < L(Vay1). Let (M,,J.) be
the w-th iterate of (L(Viy1),/)
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Generic Absoluteness Theorem (extended)

Suppose there exists j : L(Vh41) < L(Vay1). Let (M,,j.) be
the w-th iterate of (L(Vi4+1),Jj). Let G € V generic for M,, such
that (cof(\) = w)M=[C]. Then there exists 7 : (L, (Vay1))Mel6] <
Lo(Vai1) with 7 | Vi = id
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Generic Absoluteness Theorem (extended)

Suppose there exists j : L(Vh41) < L(Vay1). Let (M,,j.) be
the w-th iterate of (L(Vi4+1),/). Let G € V generic for M, such
that (cof(\) = w)M=[C]. Then there exists 7 : (L, (Vay1))Mel6] <
L,(Vag1) with 7 [ Vy = id.

<

Corollary

Suppose there exists j : L(Vyy1) < L(Vag1) with crt(j) = . Let
Q be a "'Prikry-like"" forcing in k (k-good). Then in the generic
extension there exists k : V11 < Viy1.

v
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Can we lower the hypotheses of the last Theorem to 11?7 Can we
improve the Theorem to 107

Is there a combinatorial property that is non-trivially inconsistent
with [*¥?

Or some that is equiconsistent?
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From the European Charter for Researchers:

"Researchers should ensure that their research activities are made
known to society at large in such a way that they can be
understood by non-specialists, thereby improving the public's
understanding of science”
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