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The following seminar talk will not contain forcing.
We apologize for the inconvenience.



Non proper

elementary

embeddings
beyond
L(Va+1)

Large
Cardinals Map

Chart of Cardinals

The arrows indicates direct i
both.

0=1

Vopénka’s Principle <

+
extendible —
—

s

implications or relative consistency implications, often

T —

T nhuge

 superhuge

huge <

_ almost huge

-

> supercompact —__
— strongly compact

T Woodin

1

strong
of exists

measurable

Ramsey —
T Rowbowom
Jonsson <

1
= Va € "wla” exists)

07 exists —__
—— — @5
_ indescribable
weakly compact <~

— Mabo —

inaceessible +

avinaceessible

weakly inaccessible



Non proper
elementary
Chart of Cardinals

embeddings
beyond The arrows indicates direct implications or relative consistency implications, often
both,
L(Va41)
T You are here
— B
T huge
 superhuge

huge <

_ almost huge
Vopénka's Principle <~

Large '
Cardinals Map e
¥ il = =

T

— strongly compact

T Woodin <~
1
strong

of exists,

measurable

Ramsey —
/ T Rowbowom
!

e @)

_ indescribable
weakly compact <

— Mahlo
T ainaccessible

inaccessible +—

weakly inaccessible




Non proper

Ly Reinhardt Hypothesis: there exists an elementary embedding
embes ings
ey j:Vv=<Vv.

L(Vx+1)

Introduction



Non proper

:f.’;;i’;ﬁigs Reinhardt Hypothesis: there exists an elementary embedding
beyond J . V < V

L(Va41) , . i

L It's a natural strengthening of the hypotheses with a

Dimonte j V -< M

Introduction



Non proper
ee{'“eg;j;tiangs Reinhardt Hypothesis: there exists an elementary embedding
beyond J . V < V
L(Va41) , . i
L It's a natural strengthening of the hypotheses with a
Dimonte j V -< M

Theorem (Kunen, 1971)
If j: V<M, then M #£ V.

Introduction




Non proper

elementary

embeddings
beyond
L(Va+1)

Vincenzo
Dimonte

Introduction

Reinhardt Hypothesis: there exists an elementary embedding
j:Vv=<Vv.

It's a natural strengthening of the hypotheses with a
Jj: V<M.

Theorem (Kunen, 1971)

If j: V < M, then M # V.

The critical sequence has an important role in the proof:



Non proper

e Reinhardt Hypothesis: there exists an elementary embedding
oA V<V
It's a natural strengthening of the hypotheses with a
Jj: V<M.
Theorem (Kunen, 1971)

If j: V < M, then M # V.

Introduction

The critical sequence has an important role in the proof:
Definition

Ko = Crit(j). Knp+1 :J.(K’")'



Non proper

e Reinhardt Hypothesis: there exists an elementary embedding
oA V<V
It's a natural strengthening of the hypotheses with a
Jj: V<M.
Theorem (Kunen, 1971)

If j: V < M, then M # V.

Introduction

The critical sequence has an important role in the proof:
Definition

ko = crit(j), knt1 = j(Kn), A = sup,c,, Kn.



Non proper
eellne'lj;tiangs Reinhardt Hypothesis: there exists an elementary embedding
beyond J . V < V
L(Va41) , . i
L It's a natural strengthening of the hypotheses with a
Dimonte j V -< M
Theorem (Kunen, 1971)

If j: V < M, then M # V.

Introduction

The critical sequence has an important role in the proof:
Definition

Ko = crit(j), Kn+1 = Jj(Kn), A = SUP,ey, Kn-

Kunen's proof uses a choice function that is in V);2. So

Thereisno j: V, <V, I




Non proper
eellne'lj;tiangs Reinhardt Hypothesis: there exists an elementary embedding
beyond J . V < V

L(Va41) , . i

L It's a natural strengthening of the hypotheses with a

Dimonte j V -< M
Theorem (Kunen, 1971)

If j: V < M, then M # V.

Introduction

The critical sequence has an important role in the proof:
Definition

Ko = crit(j), Kn+1 = Jj(Kn), A = SUP,ey, Kn-

Kunen's proof uses a choice function that is in V);2. So

Thereisno j: V; < V;, withn > A+ 2.
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Technical note: if j,k: Vig1 < Vagrand j [ Vi =k [ V),
then j = k.
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Woodin proposed an even stronger axiom:
Definition

[0: There exists an elementary embedding j : L(Vi\y1) <

L(Vixg1) with crt(j) < A.

Introduction
This axiom is more interesting, since it produces a structure on
L(Vx41) that is strikingly similar to the structure of L(R) under
AD.

Since A has cofinality w, V) is similar to V,, so V)41 is similar
to R.
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Let @f/(k‘fl“) be the supremum of the a's such that in L(Vy41)
there exists a surjection 7 : V11 — a.

Introduction

LR) | L(Vr+1)
© is regular @\L/(A‘ﬁ“) is regular
DC holds DC, holds.

In fact these analogies hold for every model of HODy, ,,.



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Vincenzo, L(R) under AD | L(Vat1) under 10

Dimonte

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Vincenzo, L(R) under AD | L(Vat1) under 10

Dimonte

w1 is measurable

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Jneenso L(R) under AD ‘ L(V5y1) under 10
w1 is measurable ‘ AT is measurable

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

neense L(R) under AD ‘ L(Vx41) under 10
w1 is measurable ‘ AT is measurable
the Coding Lemma holds

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Jneenso L(R) under AD ‘ L(V5y1) under 10
w1 is measurable AT is measurable
the Coding Lemma holds | the Coding Lemma holds.

Introduction



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

Jneenso L(R) under AD ‘ L(V5y1) under 10
w1 is measurable AT is measurable
the Coding Lemma holds | the Coding Lemma holds.

Introduction

The most immediate corollary for the Coding Lemma is:
For every o < ©



Non proper
elementary
embeddings .
beyond Second degree analogies (under 10 and AD):

L(Vx+1)

L(R) under AD | L(Vaq1) under 10

Dimonte
w1 is measurable AT is measurable
the Coding Lemma holds | the Coding Lemma holds.

Introduction

The most immediate corollary for the Coding Lemma is:
For every a < © there exists a surjection 7 : R — P(«).




Non proper

elementary

embeddings
beyond

L(Vx+1)

Vincenzo

Dimonte

Introduction

Second degree analogies (under 10 and AD):

L(R) under AD ‘ L(V5y1) under 10
w1 is measurable AT is measurable
the Coding Lemma holds | the Coding Lemma holds.

The most immediate corollary for the Coding Lemma is:
For every a < © there exists a surjection 7 : R — P(«).

Bonus result: Let Sg\+ be the set of the ordinals in A1 with
cofinality 9.
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Jneenso L(R) under AD ‘ L(V5y1) under 10
w1 is measurable AT is measurable
the Coding Lemma holds | the Coding Lemma holds.

Introduction

The most immediate corollary for the Coding Lemma is:
For every a < © there exists a surjection 7 : R — P(«).

Bonus result: Let 5(§\+ be the set of the ordinals in AT with
cofinality . Then there exists a partition (S, : a < n) of 5(§\+
in n < \ stationary sets such that for every a < 7 the club
filter of AT on S, is an ultrafilter.
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Suppose that there exists j : L(Viy1) < L(Va41) with crt(j) <
A. Then © is a limit of «y such that:

~ is weakly inaccessible in L(V)1);
v =051 and j(v) = 7;
for all 6 < v, 73(,3) N L(V,\Jrl) € L7(V)\+1);

for cofinally k <, K is a measurable cardinal in L(V)41)
and this is witnessed by the club filter on a stationary set;

Ly(Vat1) < Lo(Vat1).

Introduction
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10 is called Higher Determinacy Axiom, because it has
Himente consequences similar to Determinacy, but in a larger model.
Is it possible to find stronger Higher Determinacy Axioms?
We will consider elementary embeddings between two kind of
models:

Higher
Determinacy

P m o L(X, Vag1) < L(X, Vas1), with X C Vysr;

m j i L(N) < L(N), with V311 C N C Vi, and
N = L(N) N Viyo.



Non proper
elementary
embeddings

. In the first case, the first and second degree analogies hold.
A+1

Higher
Determinacy
Axiom



Non proper

elementary

embeddings
beyond
L(Va+1)

\

In the first case, the first and second degree analogies hold.
ncenns However, the third analogy resisted all attempts to be proved,
Dinchts without further hypotheses.

Higher
Determinacy
Axiom



Non proper

elementary

embeddings
beyond
L(Va+1)

In the first case, the first and second degree analogies hold.
However, the third analogy resisted all attempts to be proved,
Dinchts without further hypotheses.

Let j: L(X, V)\+1) < L(X, V/\+1) with X C Vi11.

Higher
Determinacy
Axiom



Non proper
elementary
embeddings

. In the first case, the first and second degree analogies hold.
A+1

However, the third analogy resisted all attempts to be proved,
Dinchts without further hypotheses.
Let j: L(X, V)\+1) < L(X, V/\+1) with X C Vi11.
Then
Determinacy Up={Z € L(X; Vas1) N Vaya 1 j | Vi € j(2)}

Axiom

generates an elementary embedding jy,



Non proper

elementary

embeddings
beyond
L(Va+1)

In the first case, the first and second degree analogies hold.
However, the third analogy resisted all attempts to be proved,

Vincenzo

Dinchts without further hypotheses.
Let j: L(X, V)\+1) < L(X, V/\+1) with X C Vi11.
Then
ey U={ZeclLX,Vag1)N Vg2 :j [ Vi €j(2)}

Axiom

generates an elementary embedding ji;, and there exists a
ky @ L(X, Vay1) < L(X, Viy1) with crt(ky) > © such that
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A+1

However, the third analogy resisted all attempts to be proved,
Dinchts without further hypotheses.
Let j: L(X, V)\+1) < L(X, V/\+1) with X C Vi11.
Then
Determinacy Up={Z € L(X; Vas1) N Vaya 1 j | Vi € j(2)}

Axiom

generates an elementary embedding ji;, and there exists a
ky @ L(X, Vay1) < L(X, Viy1) with crt(ky) > © such that
Jj=kuoju.

So the “important part” of j is under Lg(X, V\y1).
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Vincenzo . . .

Dimonte formed [...] a map of humanity in our mind, [...]

understanding of humanity doesn’t change much.
Orhan Pamuk

Higher Passé la puberté, tout le reste n'est qu’'un épilogue.

Determinacy

Aviom (From puberty onwards, life is just an epilogue)
Amélie Nothomb, Le sabotage amoureux (maybe)

Proof by Woodin.

If j, k : L(Vag1) < L(Vag1) and j [ Vs = k | Vs, then
J I Le(Vat1) = k | Lo(Via+1)- O
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Definition
Let j : L(X, Vat1) < L(X, Vay1) with X € Vyiq. Then j is
weakly proper iff j = jy.

Definition
Let j : L(X, V)\Jr]_) < L(X, V)\Jr]_) with X C V1. Then j
is proper if it is weakly proper and (X, j(X),j(j(X)),...) €

L(X7 V)\+1)'

If j is proper, then the third degree analogies hold.

The second case is more complicated. It can be even that the
first degree analogy doesn't hold.

But if we have that L(N) F V = HODy,,, then the first and
second degree analogy hold.
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weakly proper embeddings.

L(Vx+1)

Definition
Let j : L(N) < L(N) with V41 C N C Vyp and N = L(N)N

Vi\t2. Then jis proper if it is weakly proper and for every X € N
(X,J(X),40(X)),..) € L(N).

Higher
Determinacy
Axiom

And if j is proper, then the third degree analogy hold.

Now we have to define new axioms of this kind, with the
ultimate purpose of finding an analogous of ADg.

There is no evident elementary embedding form... so the way
chose by Woodin is defining an analogous of the minimum
model of ADg.




Non proper

elementary
embeddings
beyond
L(Vay1) . ...
Definition
Define a sequence of [, € P(R) by induction on a:
Higher

Determinacy
Axiom




Non proper

elementary
embeddings

beyond

L(Vat1 . L.

s Definition

Define a sequence of [, € P(R) by induction on a:
Mo = L(R) NP(R);

Higher

Determinacy
Axiom




Non proper
elementary
embeddings
beyond
L(Vat1) -
Definition

Define a sequence of [, € P(R) by induction on a:
Mo = L(R) N P(R);
If o is a limit ordinal then Ty, = L((Us, [5)*) N P(R);

Higher
Determinacy
Axiom




Non proper

elementary
embeddings
beyond
o) Definition
Define a sequence of [, € P(R) by induction on a:
Mo = L(R) N P(R);
If o is a limit ordinal then Ty, = L((Us, [5)*) N P(R);
Higher

If cof (©L(a)) = w, then Tor1 = L((Ta)¥, R) NP(R),

Determinacy
Axiom




Non proper

elementary

embeddings
beyond
L(Vat1)

Higher
Determinacy
Axiom

Definition
Define a sequence of [, € P(R) by induction on a:
Mo = L(R) N P(R);
If o is a limit ordinal then Ty, = L((Us, [5)*) N P(R);

If cof (©L(a)) = w, then Tor1 = L((Ta)¥, R) NP(R),
otherwise o411 = L(n) [F] N P(R), where F is the
w-club filter in @HTa),
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Higher
Determinacy
Axiom

Definition
Define a sequence of [, € P(R) by induction on a:
Mo = L(R) N P(R);
If o is a limit ordinal then Ty, = L((Us, [5)*) N P(R);

If cof (©L(a)) = w, then Tor1 = L((Ta)¥, R) NP(R),
otherwise o411 = L(n) [F] N P(R), where F is the
w-club filter in @HTa),

The sequence stops when L(I,) ¥ AD or 'y, = o41
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L(Va+1)

(Ea(Vat1) ra < Tyy,)

is defined as:
EQ(Vat1) = L(Vag1) N Vigo;
for a limit, EQ(Vat1) = L(Upey EJ(Vat1)) N Vasa;

Higher a__ o
Determinacy for (6 ||m|t,

if (cof (@E2(Van)) < A)L(EL(VAn)) then
ES+1(Vas) = L((ES(Var1))) N Viagas
if (cof(@Ea(Va)))LE(VA1)) > X then

E3 1 (Vat1) = L(E(E2(Vat1))) N Vasa;
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S Definition

L?T/yf:f) for « = 8 + 2, if there exists X C V)41 such that
EQ. 1(Vay1) = L(X, Vag1) N Vaya and EQ(Vay1) < X,
then

ES »(Vas) = L((X, Var1)') N Vaya
otherwise we stop the sequence.
Higher

Determinacy Va < TVAH 3X C V)41 such that Eg(V)\+1) < X and
fiom 3j: L(X, Vay1) — L(X, Voi1) proper;
Va limit a +1 < Ty, , iff

(Cof(@Eg(VAJrl))) 0(Vas1)) >\
3Z € EY(Vas1) L(ES(Vas1)) = (HODy, , uzy) HES(VAr)),
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crt(j) < A
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Definition
Let N = L(U{Eg(VAH) o< TVAH}) N V2. Suppose that
cof(ON) > ;
for all Z € N L(N) # (HODy, ,,uz3)"™);
Higher
gjgitj;mi”acy there is an elementary embedding j : L(N) < L(N) with

crt(j) < A
Then E2 (V1) exists and EQ (V1) = N.
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Three important facts:

mIfa<f <7, then OF < OFF.

m The EQ sequence is absolute, i.e. for every M such that
per L(M) N Vyy2, Va1 € M for every a < TM,

Determinacy

Ao ((E3: B <a))M=(EQ: B <a).

Vincenzo
Dimonte
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Three important facts:

m If < B <T, then OF < O
m The EQ sequence is absolute, i.e. for every M such that
Determinacy L(M) N Va2, Vay1 © M for every oo < TV,
fdom ((Eg B <a))M = <E[§J B < a).
m If & < T, then there exists an elementary embedding
j i L(ES) < L(ED).

Vincenzo
Dimonte
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Theorem
Suppose a < T. If
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Main Results

then every weakly proper elementary embedding j : L(ES) <
L(E?) is proper.
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We've seen that properness is quite important for establishing
neense Determinacy results.
But is it really a property?
Theorem

Suppose a < T. If
ma=0,or
Main Results m « is a successor ordinal,

then every weakly proper elementary embedding j : L(EQ) <
L(E?) is proper.
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L'ZT}/S:T) We've seen that properness is quite important for establishing

Vincenzo Determinacy reSU|ts
Dimonte But is It rea”y a property?

Theorem

Suppose oo < T. If
ma=20,or
m « is a successor ordinal, or
Main Results

® « is a limit ordinal with cofinality > w

then every weakly proper elementary embedding j : L(ES) <
L(ED) is proper.
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Main Results

We can think of two possible scenarios:
Definition
« is partially non-proper if there exist j, k : L(EQ) < L(EQ)
such that j is proper and k is not proper;
« is totally non-proper if every elementary embedding
J: L(E®) < L(ED) is not proper.

We will prove that both exist. The key Lemma is the following:

Suppose o < T and ©Fa is regular in L(ED). If j : L(ED) <
L(ED) is proper then the set of fixed points of j is cofinal in
of:.
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Suppose that there exists a class / of indiscernibles of

Himene (L(X),€,{a: a € X}, X) such that every cardinal > |X| isin /.
Then X% is the theory of the indiscernibles in the language
{etu{a:ae X} U{X}, ie.

Xt ={p(ar,...,am X, i1, . 0n)  a1,...,an € X,
L(X) E ¢(a1,...,an, X, i1,...,ip) for some (any)
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O indiscernibles i; < --- < i, € I}
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v Informal definition of X*:

Suppose that there exists a class / of indiscernibles of

Himene (L(X),€,{a: a € X}, X) such that every cardinal > |X| isin /.
Then X% is the theory of the indiscernibles in the language
{etu{a:ae X} U{X}, ie.

Xt ={p(ar,...,am X, i1, . 0n)  a1,...,an € X,
L(X) E ¢(a1,...,an, X, i1,...,ip) for some (any)

Totally

O indiscernibles i; < --- < i, € I}

X* contains the “truth" of L(X), so it cannot be in L(X).



Non proper

elementary

embeddings
beyond
L(Va+1)

In our case, for every a, (EQ)* ¢ L(E?).

Totally
Non-proper
Ordinals



Non proper

elementary

embeddings
beyond
L(Vx+1)

In our case, for every a, (EQ)* ¢ L(E?).
Dimonte If a is a limit and EY = [J E, then we can slice (E2)* in
smaller pieces, digestible by L(E?)

Totally
Non-proper
Ordinals



Non proper

elementary

embeddings
beyond
L(Vx+1)

In our case, for every a, (EQ)* ¢ L(E?).
Dimonte If a is a limit and EY = [J E, then we can slice (E2)* in
smaller pieces, digestible by L(ED):

(Eg)ﬁgﬁn = (B n({e}ufa:ac EQYU{X}IU{i,... in})

Totally
Non-proper
Ordinals



Non proper

elementary

embeddings
beyond
L(Va+1)

In our case, for every a, (EQ)* ¢ L(E?).
Dimonte If a is a limit and EY = [J E, then we can slice (E2)* in
smaller pieces, digestible by L(ED):

(Eg)ﬁgﬁn = (B n({e}ufa:ac EQYU{X}IU{i,... in})

Forevery S <a, new (an)%’n € E2, but L(ED) doesn't know
Totally that they are sharp fragments.

Non-proper
Ordinals



Non proper

elementary

embeddings
beyond
L(Va+1)

In our case, for every a, (EQ)* ¢ L(E?).
Dimonte If a is a limit and EY = [J E, then we can slice (E2)* in
smaller pieces, digestible by L(ED):

(Eg)ﬁgﬁn = (B n({e}ufa:ac EQYU{X}IU{i,... in})

Forevery S <a, new (an)% . € E2, but L(E?) doesn't know
Touly that they are sharp fragments.
Ordinals Soif k: Eg < ED, k(sharp fragment) can be anything.
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We say that k : Eg < ED is sharp-friendly if it maps sharp
fragments to sharp fragments.
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Definition
We say that k : Eg < ED is sharp-friendly if it maps sharp
fragments to sharp fragments.

If k : Eg < EQ is sharp-friendly, then it's possible to extend it to
k:L(ED) < L(ED).

Totally
Non-proper
Ordinals
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Beyond (Eg)ﬁ%,,, we can define also (Eg)py that it's a theory in
the language with constants from ES.
But (Efy))ti is also a theory in that language. What if they are
equal, i.e. what if the sharp reflects on 7
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L(Va41) In this subsection we work in

e I={B<T:Vy<p L(E,(Y)) FV =HODy, , }.

Beyond (Eg)ﬁ%n, we can define also (Eg)py that it's a theory in
the language with constants from ES.
But (Efy))ti is also a theory in that language. What if they are
equal, i.e. what if the sharp reflects on 7
This is something less than asking that L(E,?) < L(Eg), but
something more than E$ < Eg.

Totally
Non-proper

Ordinals In fact, it's equivalent to the sharp-friendliness of the identity
from ES to Eg.
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m If I # 0 then f is a limit and 8 = ©FF = sup,_, ©F;
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e B reflects on 7.

For every 5 € I:
m If I # 0 then f is a limit and 8 = ©FF = sup,_, ©F;
mif y € lg, then I3Ny = I;
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Vincenzo Let 5 € /. Define I3 as the set of all 7's such that the sharp in
e B reflects on 7.

For every 5 € I:
m If I # 0 then f is a limit and 8 = ©FF = sup,_, ©F;
mif y € lg, then I3Ny = I;

Totally

Non-proper m /g is closed.

Ordinals
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For every vy < B € I,
m for every j : L(Eg) < L(Eg),j I Eg is sharp-friendly;
m for every j : L(ES) < L(Eg),j i ES is sharp-friendly.

So every j : L(ER) < L(EJ) maps in a good way the initial
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i.e. for every v € Ig j(v) € I5.
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The following Lemma is a key point:
Vincenzo
Dimonte

For every vy < B € I,
m for every j : L(Eg) < L(Eg),j I Eg is sharp-friendly;
m for every j : L(ES) < L(Eg),j i ES is sharp-friendly.

So every j : L(ER) < L(EJ) maps in a good way the initial

Totally

gog;prloper Segments Of //B'
i.e. for every v € Ig j(7) € Ig. (Note that j(Iy) = l))-
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Let 5 € I such that ot(/g) = A.
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Since I3 is closed, sup lg = 3 = o
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Since I3 is closed, sup lg = 3 = O Define Yn as the K,-th
element of /3.
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Totally
Non-proper

Ordinals

Let 5 € / such that ot(/3) = A. Then § is totally non-proper.

Since I3 is closed, sup lg = 3 = O Define Yn as the K,-th
element of /Ig. So j(Vn) = Yn+1 (We can see 7, as the K,-th
element of /, ,), and j cannot be proper. O
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Vincenzo
Dimonte

By the Lemma above, we only have to find an « such that we
know that there exists a proper elementary embedding

j: L(ES) < L(E?), and a sharp-friendly elementary embedding
k : EQ < EQ whose extension is not proper.

Partially
non-proper
ordinal



Non proper Deﬁne the game Ga in L((Eg)u)

elementary
embeddings

beyond I {ko, Bo) (ki, 1) (k2, 2)

L(Vx+1)

Vincenzo

Dimonte II 770 ?71

with the following rules:
[ ] ko = @;
i B < ED

m for every v < Bi, kip1((EQn) = (EDf, iy
: m i <o
e m Sit1 >

m ki C kiy1 and kit1(5;) = Bita;
m Il wins if and only if | at a certain point can't play
anymore.
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e G, is determined for |.
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faw) G, is determined for |. Let £ < T and define the closed initial
Dimonte segment

0
He ={y<¢: E’(y) < (HODVAH)L(Eg)}'
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L(V, . . . e
faw) G, is determined for I. Let £ < T and define the closed initial
Vincenzo

Dimonte segment

0
H§ = {7 <¢: E’(y) - (HODVAH)L(Eg)}'

Let £ < T. Let n = sup Hg.
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L(V, . . . e
faw) G, is determined for I. Let £ < T and define the closed initial
Vincenzo

Dimonte segment

0
H§ = {7 <¢: E’(y) - (HODVAH)L(Eg)}'

Let £ < T. Let n = supHg. If n < &, then 7 is a limit ordinal
and

£0
B m =08 = oHODy %,
ordinal
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L(V, . . . e
faw) G, is determined for I. Let £ < T and define the closed initial
Vincenzo

Dimonte segment

0
H§ = {7 <¢: E’(y) - (HODVAH)L(Eg)}'

Let £ < T. Let n = supHg. If n < &, then 7 is a limit ordinal
and

0
Pl my =05 = oHODy, ).
m L((EQ)*) N Vaya = ED.

ordinal
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LVary) From now on, we call & the minimum ordinal such that

L((Eg)ﬁ) N Vaio = EQ.

Then both L(E?) and L((E2)?) have good qualities, and « is
“large” in L((E9)®).

= @EO = e(Eg)!i;
= L(ED), L((EQ)) F V = HODy, ;
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LVary) From now on, we call & the minimum ordinal such that

L((Eg)ﬁ) N Vaio = EQ.

Then both L(E?) and L((E2)?) have good qualities, and « is
“large” in L((E9)®).

o= @EO = e(Eg)!i;
= L(ED), L((EQ)) F V = HODy, ;
m « is regular in L((Eg)ﬂ)_

non-proper
ordinal
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LVary) From now on, we call a the minimum ordinal such that

L((E)F) N Vaya = ES.

Then both L(E?) and L((E2)?) have good qualities, and « is
“large” in L((E9)®).

m L(ED), L((EQ)") F V = HODy,,;
m «is regular in L((E2)").

Partially
non-proper

ordinal Note that, since there exists j : L(EQ,,) < L(E2.,),
J T L((E2)*) is an elementary embedding, so in L((E2)*) the
first and second degree analogies hold.
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We fix j : L((EQ)*) < L((E2)).
Claim. For every 3, < a, there is a surjection in L((E2)*) from

V11 to the set of all the k, such that (kp, 5,) is a legal move
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Claim. For every 3, < a, there is a surjection in L((E2)*) from
V11 to the set of all the k, such that (kp, 5,) is a legal move

for I.
This is because for every 8 < a every element of Eg is

definable with parameters from of U Vir1. So every
Partially elementary embedding k : Egnil =< Egﬂ is defined by its
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2l since cof(.a) = w and for eYeryj : L.(E2+2) < L(E2,,) .
j I L(ED) is proper, then « is a partially non-proper ordinal.
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Vincenzo

The ordertype of I, is «, so there exists an ag < « such that
Dimonte Ot(lao) =

Proof.

This is because in (EQ)* there are few partial Skolem functions.
Let v < o. Then H = H(ED*((E%)* EO) is small, so the least
1 such that H C EY is less than a.

So we can build a cIub of v's such that

(E9¥ N Un<7 " < (E9)%. Since “being a sharp” is a local
property, this means that (E2)* reflects in v, i.e. v € I,.

This proves that /, is a club in a. Since I, € L((E?)*) and « is
regular in L((E2)*), we're done. O
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Lemma

Let « and 3 as above.

m Let j: L(EQ) < L(E?) weakly proper. Then there exist at
least 2* different weakly proper non-proper (proper)
elementary embeddings k : L(EQ) < L(E2) such that
kI Vi=j1TVa

m For every j, k : L(Eg) =< L(Eg) weakly proper if
J T VA =k Vy, then j = k.
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Jncenzo m Remember the game G,. In L((E2)*) | has a winning
quasistrategy, so the set of all the winning successor moves

is in L((E2)*) and it's cofinal in . This means that the
possible different winning plays for | are at least [*2| > 2*.

m It's possible to prove that every element of EQ is definable
with parameters from /3 and V1. So the behaviours of j
and k depend only on their behaviours on /g and V), that
in turn depend on their behaviour on A and V), that are
equal.
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Vincenzo

Jeenee The structure of the previous proofs is the following:
m If Ego exists, then I C 7T;
m if | C 7T, then there exists n such that

L((EQ)*) N Va2 = EQ, and we can define o;

m « is a partially non-proper ordinal, and there exists a
totally non-proper ordinal below it

Some of these implications cannot be reversed.

Implications
and open
problems
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There are plenty of open problems, and most of them seems
very difficult:

m Are there other partially or totally non-proper ordinals?
m Is it possible to have consistency-like results?

m Are there non-proper elementary embeddings between
models like L(X, V)11)?

m Is the existence of E2 inconsistent?

Implications
and open
problems
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