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Main Sources: [4], [1]
Main Results: The Coding Lemma under 10

The most popular fact about 10 involves the similarities it has with
AD-®),

In Chapter Three we have already seen some properties that L(V) 1) and
L(R) have in common. It is time now to add AD and I0 to the picture. The
following Theorem collects some classical properties of L(R) under AD:

Theorem 0.1 (V = L(R) + AD). e w; is measurable;
e the Coding Lemma holds;

e if©® =sup{a:3Ir: R - a,7m € L(R)}, then for every a < © there
ezists m: R — P(a), m € L(R).

The original formulation of the Coding Lemma is in [2], but is too general
for our purposes. We will prove the analogue of the following slightly weaker
reformulation:

Theorem 0.2 (Coding Lemma). Suppose L(R) F AD. Let n < © and
p:R—mn, pe L(R). Then there exists vy, < O such that for every A C RxR,
A € L(R), there ezxists B C R x R such that:

e BCA;
e BeL, (R);
o for every a < n if (a,b) € A p(a) = « then I(a,b) € B p(a) = .

The most famous and used consequence of the Coding Lemma is a sort
of ”‘strong limit-ness”’ for © in L(R).



Corollary 0.3. Suppose the Coding Lemma holds in L(R). Then for every
n < © there exists a surjection m: R — P(n).

These results have a correspondent in L(Vy;1):

Lemma 0.4 ([4]). Suppose that there exists j : L(Viy1) < L(Viy1) with
crt(j) < A. Then for every 6 < X\ regular, define

S ={n < A" : cof(n) =},

the stationary set of ordinals with the same cofinality and let F be the club
filter on A*. Then there exists n < X\ and (S, : a < n) € L(Vyy1) a partition
of Sg\+ such that for every a < n F | S is a L(Vyy1)-ultrafilter in AX*. In
particular X is measurable.

Proof. Define ko = crt(j). Suppose that there is a 0 such that this is false,
and pick the minimum one. Then § is definable (using only A as a parameter,
that is a fixed point), so j(4) = ¢, and this means that 6 < ko. Moreover,
note that j [ A* is in L(V)41), because the elements of AT are well-orders of
A, 80 j [ AT depends on j | Vy,1, that in turn is defined by j [ Vi, that is in
Vit

First, we prove that there doesn’t exist a partition of .S §+ in ko stationary
sets. Looking for a contradiction, let (S, : o < ko) be such partition. Then
§((Sa s @ < ko)) = (T : @ < Ky) is a partition of S" in k; stationary sets.
Since j [ AT isin L(Va41), D = {n < X" : j(n) =n} is in L(Vy41). Now,

e D it’s d-closed: let T be a o-sequence of elements of D. Then T can be
coded in Vi1, and since j(n) = n for every n € t and j(§) = 0 we have

j(t) =1, so j(supt) = supj(t) = sup .

D it’s unbounded because A\* it’s regular, so we have that for every a < xq,
DN T, #0, where D is the closure of D. But if v € DN T,, then v € S(§\+,
so cof(y) = § and v € D. Fix a v € T, such that j(v) = 7. There must
exist an « such that v € S,, but then j(y) = v € j(Sa) = Tj(a), and so
v € Tja) N Ty, Since there is no « such that j(a) = Ko, we have that
Tj(a) # Tk, and this a contradiction because (T, : a < K1) was a partition.

Let I be the non-stationary ideal, i.e. the ideal of the non-stationary sets,
and consider B = P(S3")/I. We prove that B is atomic, and its atoms are
dense. Looking for a contradiction suppose that there exists a set S € It
that contains no atom, so that

VI CS(Telt— 3T, Tyel" (ThyUT, =T AT,NT; = 0))).



We construct by induction a tree T of subsets of S that refines reverse inclu-
sion. Indicating Lev,(T) as the y-th level of T we define Leuvy(7T) = {S} and
every T € T has exactly two successors Ty, T1 € I such that TyUT; =T
and To N T, = 0, chosen with DC,. At a limit «, we put the intersec-
tions T' = (3., Tp, with T5 € Levg(T), such that T € IT. We call
Res(a) = S\ Lev,(T) the set of the points in S that don’t belong to any
T in Lev,(T). Now, let @ < k¢ be a limit ordinal, we want to prove by
induction that Res(a) € I and Levy(T) # 0. Let z € S\ U,.,, Res(B), then
for every 8 < «a there exists 7' € Levg(T) such that x € T', so we can define
by ={Z € Ugeq Levs(T) 1 @ € Z} a branch of T of length a and = € (.
So S'is the union of J4_, Res(3), the points already skimmed by the process,
and all of the (b,. By induction every Res(/5) € I, and since [ is the dual
of the club filter, I is A*-complete by DCy, so (J,., Res(B) € I. We consider
{Nbs 2 € S\ Up, Res(B)}: it is a partition of S\ U, Res(B) € IT and
since \ is a strong limit we have that there cannot be more than 2/* < X
branches, so by A*-completeness there must be at least one set 7' € I such
that 7' = [ b, for some branch b,, i.e. there must exist T" € Lev, (7). As for
the branches such that ()b, ¢ IT, their union, again by completeness, must
be in I, so

Res(ar) = | J Res(B) U {[ b : (Vb ¢ T} €1,

B<a

and we can carry on the induction. If we consider a branch in 7 of length
Ko, say (T, : a < Kg), then

{R@S(Iﬁg) U (TO \ T1>} U {TB \ Tﬁ_,_l : 6 < lio}

is a partition of S in kg stationary sets, and we’ve just seen that this cannot
be, so we’ve reached a contradiction.

We've proved that the atoms of B = P(S3")/I are dense, so for every
S C S§‘+ there exists T' C S atom for B, in other words there exists T' C S
in I™ such that F | T is an ultrafilter. Since by DC, we have that F
is A*-complete, F | T is a measure. By induction (using DC,) we define
(So :a < m):

e Let S =52, Then there exists a T € I such that F | T is a measure,
and we choose Sy =T

e Let o ordinal, and suppose that for every 8 < «, Sp is defined. If
ST\ Up<a S8 € I, then we stop the sequence and n = . Otherwise
there exists S, € S\ Upe<a S such that S, € I is stationary and
F | S, is a measure.



In particular, F | Sy is a measure for AT, n

First we prove a weakening of the Coding Lemma, that will be used in
the proof of the Coding Lemma itself.

Lemma 0.5 (Weak Coding Lemma, [4]). Suppose that there exists j : L(Viy1) <
L(Vyy1) with crt(j) < A\. Let n < © and p: Vagr - n, p € L(Vay1). Then
there exists v, < © such that for every A C Viyq X Vap1, A € L(Vyyq), there
exists B C Vi1 X Vi1 such that:

« BCA;
® B e Ly, (Vi)
e for cofinally a < n if I(a,b) € A p(a) = « then I(a,b) € B p(a) = a.

Proof. Since this lemma is quite rich in terms of quantifiers, we will use some
abbreviation, calling W C'L the sentence of the Lemma, WC'L, the same, but
with fixed n, WCL,, , the same, but with fixed n and p, and so on. ..

Note that the last point can be re-written as {p(a) : 3b (a,b) € A} is
bounded in 7 and {p(a) : 3b (a,b) € B} is unbounded in 7.

Looking for a contradiction, suppose that W 'L is false and let 1 be the
least such that =W CL,. Then 7 is definable, so j(n) =7, and 7 is a limit:
in fact, WCL, — WCL,,1, since for cofinally a < 1+ 1 means for a = n,
and in that case we can just choose an element in {(a,b) € A : p(a) = n}.

Let p be such that =W CL,, ,. We define by induction, using DCy, ((7e, Z) :
E<A):

e Suppose that we have defined (7¢, Z¢). Since ~-WCL
-WCL so by =WCL
that

np> fOT every v < ©

there exists Z¢11 C Vi X Vg such

7,057 7,0,7¢

— {p(a) : 3b (a,b) € Z¢41} is unbounded in »;

— for every B C Z¢1, B € Ly (Vay1), {p(a) : 3b (a,b) € B} is
bounded in B.

Let ve41 be such that Z¢ 1 € Lo, (Vay1) and ¢ +w < 9¢41. By Lemma
0.39 in Chapter Three we can suppose that 7.4, < ©.

e In the limit case, we choose «¢ such that v¢ > v, + w for every ¢ < ¢
and a Ze C Vigy X Vagy such that Zg € Ly, (Vagy).

So, for every & < & < A\ we have:

® Vg +w < Yeas



* Zﬁl € L“/gl (V>\+1>;

e {p(a) : 3b (a,b) € Z¢11} is unbounded in n and for every B C Zgyy,
B € L (Van1), {p(a) : 3b (a,b) € B} is bounded in B.

Let po = p, put1 = j(pn),
(8 Z8) € < N) = (e, Ze) - € < N)

and
(e, 28 €< A = (0, Z8) - € < X)),

Let n be the minimum such that 77 | < ~vuf "', (there must exist, otherwise

(77, : n € w) would be a descendent chain of ordinals). By elementarity we
have that:

o I?o—‘rl S L"/ZO+1 (VA‘FI)?

e {pn+i1(a) : b (a,b) € Z!F1} is unbounded in 7 and for every B C
Zth, B e L,Y;zio—l(v/\+1) we have that {p,11(a) : 3 (a,b) € B} is
bounded in 7;

. j(Z:oH) = Z:;rlr

Let B = {(j(a),j(b)) : (a,b) € ZZ . }. The parameters used in the
definition of B are j [ Vy;1 (that in turn is defined by j [ Vi) and Z |, so
B e L720+1+1(V)‘+1) g L,ygl (V)\+1). If (CL, b) € Zn0+1, then

K

i((a,0)) = (4(a), j (b)) € §(Zy 1) = Zi [,

so B C Z*!,. Finally, for every a < 7 there exists (a,b) € Z7 ,, such
that a < pn(a), so a < j(a) < ppi1(j(a)), and {pp+1(a) : 3b (a,b) € B} is
unbounded in 7. Contradiction. O]

Theorem 0.6 (Coding Lemma). Suppose that there exists j : L(Vyi1) <
L(Vyy1) with crt(j) < A. Letn < © and p : Vagr > n, p € L(Vay1). Then
there exists v, < © such that for every A C Viyq X Va1, A € L(Vyyq), there
exists B C Vi1 X Viiq such that:

e BCA;
o BB € L'Yp(VAJFl);

o for every a < n if 3(a,b) € A p(a) = « then I(a,b) € B p(a) = a.



Proof. The proof is by induction on 7. Let p : V41 — n. For every a < n
we define p, : Viy1 —
(@) = {p<a> if pla) < o
0 otherwise.

By induction, for every o < n there exists 7,, < © that satisfies the Coding
Lemma for 7, p,. Let By = sup{7,, : @ < n}. Since O is regular, we have
that 3y < ©. Let 7, be the ordinal that witnesses the Weak Coding Lemma
for n, p, and let 1 = sup{fy,v,}. Since B < O, there exists 7 : Vi3 —
Lg, (Vat+1), and this 7 can be codified as a subset of Vii1. We call 5 the
ordinal < © such that the code of 7 is in Lg(Vyy1). We prove that g + 1
witnesses the Coding Lemma for 7, p.

Fix A and define A, = {(a,b) € A : p(a) < a}. We can suppose that for
every a < 7 there exists (a,b) € A such that p(a) = . We want to code

the set {(Aa, B) : @ <1, B witnesses the Coding Lemma for 7, p,, A, } as a
subset of V1 x Vy,q:

A" ={(a,b) € Vay1 X Vay1 1 p(a) > 0,7(b) € Apay,
vE < pla) 3(z,y) € w(b) p(r) = &}

Since [ testifies the Coding Lemma for all the p,, we have that {p(a) :
3b (a,b) € A*} is cofinal in 7, and since the Weak Coding Lemma holds for
n, p, B, there exists B* C A* such that B* € Lg(Vyy1) and {p(a) : 3b (a,b) €
B*} is cofinal in 7.

Let B = (J{n(b) : (a,b) € B*}. Then B C A and B € Lgi1(Vis1).
Moreover, for every a < 7, there exists (a,b) € B* such that p(a) > «,
m(b) € A and there exists (x,y) € m(b) such that p(r) = a. But then
(xz,y) € B, and B testifies the Coding Lemma for 7, p, 8 + 1, A. O

Lemma 0.7. Suppose that there exists j : L(Viy1) < L(Viy1) with crt(j) <
A. Then in L(Vyyq) for every a < © there exists a surjection w : Vi —»
Pla).

Proof. Fix o < O, p : V41 — «, and let v be the maximum between
the least § < © such that p € Lg(Vy11) and the witness for the Coding
Lemma for «, p. For every A C « define A* = {(a,0) € V41 : pla) € A}.
Then A* € L(Vy41). So there exists B¥* C A*, B* € L,(V\;1) such that
{p(a) : 3b (a,b) € B*} = A. But then A € L,.1(Vy;1). This means that
P(a) € Lyr1(Vay), and using 7 : Vi — v + 1 we're done. O

In fact, the comparison carries on even for stronger results (cfr. with [3]):

6



Theorem 0.8 ([5]). Suppose that there exists j : L(Vai1) < L(Vai1). Then
© is a limit of v such that:

e v is weakly inaccessible in L(Vy1);
o v=05M) and j(y) =7;
o for all <7, P(B) N LVasr) € Ly(Vasn);

e for cofinally k < v, Kk is a measurable cardinal in L(Vyy1) and this is
witnessed by the club filter on a stationary set;

o L,(Vit1) < Le(Vita).

In conclusion, 10 can be considered as the very first example of Higher
Determinacy Axiom, i.e. an axiom that leads to similar consequences of AD,
but in larger models. We will see other examples of this kind of axioms in
the next Section.
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