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Main Sources: [10] and [9]

Main Results: Introduction of w-many new hypothesis between I3 and
I1. When n is odd, than a ! rank-into-rank elementary embedding is also
3, 1, but when n is even, the existence of a ¥, | rank-into-rank elementary
embedding is stricly stronger than the existence of a 3! one.

Remember that I3 is the existence of an elementary embedding j : V) <
Vy and 11 of j : Vi4q < Viy1. Is there a correlation between these two (other
than the trivial implication of I3 from I1)? Are they really two different
axioms, or maybe also I3 implies I1? The question with an affirmative answer
is the first, and in this section will be presented an infinity of axioms between
I3 and I1, all strictly implying one another.

Definition 0.1. Let j : V), < V). Define j© : Vi1 — Vigg as

VACVy jHA) =]iAnVp).
B<A

While it is not clear whether 57 is an elementary embedding, every ele-
mentary embedding from V), to itself is the ‘plus’ of its restriction to V,:

Lemma 0.2. If j : Vi1 < Vigq, then (5 | VAT = 4. Thus every j : Vi1 <
Vi1 is defined by its behaviour on Vy, i.e., for every j, k: Vi1 < Vg,

j=k dff  JIVa=k[Vi

Proof. The critical sequence (k, : n € w) is a subset of V), so it belongs to



Vis1. But then for every A C V), {ANV,, :n€w}e Vi, so

GV = U 1WAn,,)

=Jianv,)

new

=ji(J@nv.,))

new

= j(4).
]

It is worth noting that there is a strong connection between first-order
formulas in V), and second-order formulas in V). In fact, all the elements of
V41 are subsets of V), so they can be replaced with relation symbols. First
of all, note that since V) is closed by finite sequences, all the A-sequences in
V41 can be codified as members of V) ;.

Lemma 0.3. Let A € Vi 1\ Vi and ¢(vg, vy, . ..,v,) be a formula. Fix Aa
relation symbol, and define ©*(v1,...,v,) in the language of LST expanded
with A as following:

e for every occurrence of vy, substitute A;

o for every non-bounded quantified variable x, substitute every occurrence
of x with X, a second-order variable.

Then for every ay,...,a, € V)
Viei F (A ar, ... a,) iff (Va,A)E " (aq,...,an).

Proof. The proof is by induction on the complexity of ¢.

If ¢ is atomic, or a conjunction of atomic formulas, the Lemma it’s obvi-
ous.

If pis Jdz € v; Y(voy,x,v1,...,v,), whether 7 is 0 or not, then V) i F
©(A,aq,...,a,) iff there exists ¢ € Vi1, ¢ € a; or ¢ € A, such that V), F
(A, e, aq,...,a,) But then ¢ must be in V), and by induction we have that
this happens iff (Vy, A) E ¥*(c, a4, ..., a,), that is (Vy, A) E ¢*(aq, ..., a,).

If pisVa € v; Y (vo, x,v1, ..., v,), then suppose that (Vy, A) E ¢*(a1, ..., a,)
and fix b € a; or b € A (depending on whether i is 0 or not). Therefore
(Va, A) E Y*(b,ay,...,a,) and by induction Vi1 F (A, b,ay,...,a,). Since
this it’s true for every b € a;, Vai1 F (4, aq,...,a,).



If ¢ is Jz ¢¥(vy, z,v1,...,v,), then suppose that Vi, E p(A4,aq,...,a,,
ie. let C € Vi1 such that Vy; F ¢(A,C,aq,...,a,). By induction
(V\, A) E Y*(Claq,...,a,) (with ¢* a second-order formula), so (Vy,A) E
IX" (X, ay,...,a,).

The Vz case is the same as the previous one. O

The previous Lemma is a key to clarify the relationship between ele-
mentary embeddings in V) and V)., and to finally prove that j* is a ¥
elementary embedding from Vy,; to itself (or, alternatively that j is a 3§
elementary embedding from V) to itself).

Theorem 0.4. Let j : V\ < V. Then j* : Vg1 — Vg is a Ag-elementary
embedding.

Proof. Let A be a symbol for an 1-ary relation, a4, ..., a, symbols for con-
stants and let ¢ be a formula in LST", the language of LST expanded with
A and aq,...,a, We want to prove that

(V/\aAaala-“aan)':(P iff (V)\7j+<A)7j(a1>7"->j(an)) ':90

Actually we will prove only one direction for every ¢, the other one following
by considering —.

First of all, we skolemize ¢, so we find f1,..., fn, functions, f;: (Vy)™ —
VA, such that ¢ is equivalent to a formula ¢* in LST* expanded with fi, ..., fi,
where ¢* is Va1V, ...V, ¢, with ¢’ a A formula.

Let to(@1, ..., &m), ..., tp(x1, ..., 2,) be all the terms that are in ¢’. We
can express as a logical formula the phrase “t;(x1,...,z,,) exists“: we work
by induction on the tree of the term, writing a conjuction of formulas in this

way

e every time that there is an occurence of a function, i.e. f;(¢'), we add
to the formula Jy fi(t') = y;

e every time that there is an occurence of a constant, i.e. a;, we add to
the formula a; # 0, if a; # 0; otherwise we don’t write anything.

Then we have that
(V, Ayar, .o an, fiyooo fm) E o™ iff
V5<)\(Vg,AﬂVg,a’l,...,a'n,flﬂVg,...,fmﬁ%)|=

Vay, ... ,Va:m(/\ ti(x1, ..., Ty) exists — ),
i<p



where a is a; if a; € V5, otherwise is (). This is true because, with ¢ fixed, if
only one term doesn’t exist the formula is satisfied, and if all the terms exist,
then they are a witness for the satisfaction (or not) of ¢'.

So

(V)\7A7a17"'7an) 'ZQD
—>(V)\,A,(Il,...,an,fl,---,fm)':QO*

— Vo <A (V5s,ANVs,ay,...;a, finNVs,..., fm NV5) E
Vaq,. ..V, /\t (T1,. .., %) exists — @)
i<p
= V6 <A (Ve, j(ANV5),5(ah), .. d(an), 5(fi O V), i(fn NV5)) F
Vg, ..., Va, ( /\t T1,...,Ty) exists — @)
i<p

= (Va, 3" (A), d(ar), - (an), 57 (), 57 (fm)) F o
= (Vi " (A),j(ar), ... j(an)) F .

]

Therefore every j : V < Vj can be extended to a unique j* : Vi — Vigy
that is at least a Ag-elementary embedding. Moreover it is possible to prove

e I3 holds iff for some A there exists a j : Vi1 — Vii1 that is a Ag-
elementary embedding;

e 1 holds iff for some A there exists a 5 : Viy; < Viy; that is a X,-
elementary embedding for every n

Theorem implies that if 5,k : V), < V), then j7(k) : V), < V). This
operation between elementary embeddings is called application, and we write
jT(k) = j-k. Coupled with composition (not to be mistaken to!) they create
an interesting algebra.

Theorem 0.5 (Laver, 1992 [7]). Fiz X and let £\ = {j : Vo < Vi}. For all
j € 8/\_'

e The closure of {j} in (Ey,-) is the free algebra generated by the law

(Left Distributive Law) i-(j-k)=(i-j)-(i-k).



e The closure of {j} in (Ey,-,0) is the free algebra generated by the left
distributive law and the following laws:

io(jok)=(ioj)ok

(toj) k=i-(j-k)
- (JoR) = (i )0 (i}
ioj=1(i-k)oi.

Moreover Laver proved that the free algebra generated by the laws above
satisfies the word problem. His proof used extensively I3, but later Dehornoy
([1) managed to prove the same thing in ZFC. A proof of this can be found
in the Handbook of Set Theory [3], Chapter 11.

Another interesting result in I3 regards a function on the integers. Con-
sider j : V) < V) with critical point x and let A; be the closure of j in (&, ).
Then define

f(n) = {crt(k) : k€ Aj, j"(k) < crt(k) < F"THR) Y.

Then f(0) = f(1) = 0 and f(2) = 1, because the simplest element of A;
that has a critical point not in the critical sequence of jis ((5-7)-7)- (7 7).
However f(3) is very large. Laver ([8]) proved that for any n, f(n) is finite,
but f dominates the Ackermann function, so f cannot be primitive recursive
(2.

At last, the possibility of applying an elementary embedding to itself leads
to interesting reflection properties of Vj:

Lemma 0.6. Suppose j : V\ < V) and let (k, : n € w) be its critical sequence.
Then for everyn € w, V,, < V).

Proof. Since j is the identity on Vj,, it is easy to see that V,,, < Vj,. Consid-
ering j(j), since crt(j(j)) = 1 and j(j)(k1) = j(4)(5(%0)) = j(i(%0)) = ka2,
we have also that V,,, < V,,. We can generalize this to prove that for every
n € w, Vi, < Vi,.,. But then ((V,,,idy, ),n € w) forms a direct system,
whose direct limit is V. O

Let’s go back to 7 and j©. Theorem [0.4] proves that ;1 is a Ag-elementary
embedding, and ;7 is a full elementary embedding iff it is a X,-elementary
embedding for every n. So between I3 and I1 there are many intermediate
steps:



Definition 0.7 (X! Elementary Embedding). Let j : Vi < Vi. Then j is ¥}
iff 51 is a ¥, -elementary embedding, i.e., iff for every XL -formula (X)), for
every A C Vj,

Vi E @(A) ¢ o(j7(A)).

It is not clear, however, if these hypothesis are really different. In fact,
this is not true. The following theorems will prove that if n is odd, then j is
¥, iff it is X} .

To prove this we need what is often called the ‘descriptive set theory’ on
Vi. The fact that A has cofinality w and is a strong limit, makes possible to
develop a description of the closed subsets of V) as projection of trees similar
to the classic one in descriptive set theory. Fix A and a critical sequence
</<C,Q, Ki,... >

Let ¢(X,Y) a X}-formula, namely

VaoodyoVe 3y -+ - w(X, Y, xo,y0, ... )

We define the tree T,(x,y). The m-th level of T,(x vy is the set of (a,b, F, P)
such that:

e a,bCV, ;

e [ is a partial function : (V,, )="*! — V, such that for all dy,...,d,

where F'is defined then "

w(avb7 d07F(d0)7d17F(d07d1)7 s )7

o P:((V,

Km

)=\ dom(F)) = (w )\ (m+1)).

We say that (a,b, F, P) < (a’,V/, F', P"), with the first term in the m-th level
and the second in the m/-th level, whena C d/, b0 C V', a'NV,, =a, VNV, =
b, F C F', and if P(d) < m then d € dom(F), otherwise P'(d) = P(d).

Informally, a and b are just the attempts to construct X and Y, F'is an
approximation of the Skolem function that would witness the first order part
of ¢, and P is booking the level in which the elements of V,, that are not
yet in the dominion of F will be in its extension.

It is clear that if T,(xy) has an infinite branch, the union of the a’s and
b’s will give suitable X and Y, and the F’s will construct a total Skolem
function (thanks to the P’s).

Lemma 0.8. Let (X,Y) a 3}-formula and B C Vy. Then Vi E 3X p(X, B)
iff Ty(x,By has an infinite branch.



The E% case is a bit more complex. Fix a B C V). For every a C V,,  let
Gn(a) =A{(c,F,P) : (a,c, F, P) € m-th level of T ,(x B,v)}
Then the m-th level of T, (x p) is
{(a,H):a CV,, ,H:Gpla) > AT}

We say that (a, H) < (a’, H') when ’'NV,,,, and if (a,c, F, P) < (d/, ¢, F', P),
then H(c, F, P) > H'(c, F', P').

Lemma 0.9. Let (X,Y) a X}-formula and B C Vy. Then V) F 3XVY (X, B)
iff Tox,py has an infinite branch.

If 7,(x,p) has an infinite branch, with A the union of the a’s in the branch,
then the H’s assure that there are no possible infinite branches in 1.4, 5,v)
for every Y C V), because otherwise it would be possible to build a descend-
ing chain in \T.

Lemma 0.10. Let j : Vi < V. Then j is X} iff j= preserves the well-founded
relations.

Proof. ‘Being well-founded’ is a A} relation, so if j is X1 it preserves well-
founded relations. Vice versa, let o(X,Y) a X} formula, B C V) and suppose
that V) F 3Xp(X,B). Fix an X C V) such that V), E ¢(X, B). There-
fore by Theorem Vi E o(3H(X),77(B)) and V) F 3X o(X,j7(B)). If
Vi E VX@(X,B), then T ,x, p) is without infinite branches. Fix a well-
ordering R of V), and define the relative Kleene-Brouwer order. There-
fore the Kleene-Brouwer order of T.,x,p) is well-founded. But then the

Kleene-Brouwer order relative to j7(R) on T.(x j+ () is well-founded. So
Vi EVXp(X,57(B)). [

Definition 0.11 (A-Ultrafilters Tower). Fiz A and (k, : n € w) a cofinal
sequence of reqular cardinals in X. Then U= (U, - n € w) is a A-ultrafilters
tower iff for every n € w, U, is a normal, fine, K-complete ultrafilter on
[Fnt1]™, and if m < n then for every A € Uy,

{z € [Fn1]™ i x NKkpmy1 € A} EU,.

A X-ultrafilters tower is complete if for every sequence (A; € i € w) with
A; € U; there exists X C X such that for everyi € w, X N k11 € A;.

Lemma 0.12 (Gaifman ([]), Powell ([I1]), 1974). If U is a complete A-
tower, then the direct limit of the ultrapowers Ult(V,U,,) is well-founded.

7



When j : V) < Vj, it is natural to consider the sequence ij = (U, :n € w)
defined as

U ={A C [kns1]™ 1 J7Kny1 € j(A)}
Lemma 0.13. If j is X1, then ZJJ 1s a complete \-tower.

Proof. Let (A; : i € w) such that A; € U;. Let X = j7A. Then for every
i €w, X NKiyo=7"kKir1 € JT(A), so

dX CAWView XN Kiyo € j+(Az)

This is a ¥} statement, so by Yi-elementarity 39X C A\Vi € w X Nk €
A;. O

Definition 0.14. Let M be a transitive class, with V\, C M. Then M 1is
Yl-correct in A if for every XL -formula p(X), for every A CVy and A € M,
(VA F @(A))M iff Vi F o(A).

Theorem 0.15 (Martin ([I0])). Let j : Vi < Vi. If j is S} then Ult(V,U;)
is Y.3-correct, therefore j is Xi.

Proof. Consider the direct limit Ult(V,2;) of the ultrapowers Ult(V,u,). By
)

Lemma and Lemma Ult(V, L_{; is well founded, and it is possible to
collapse it on a model M.

J 1 o
V —" My = Ult(V,Uy) —— M = UL(V, )

jO]_ /
1y

I6(V,Uy)

J12

1t(V,U,)

By the usual theory of normal ultrafilters, it is possible to prove that the
above diagram commute, that crt(j,) = &, crt(jnnt1) = Kn, 50 Vi, C M,



crt(i,) = Ky, and therefore V, € M. Let i = i, o j, for every n. Then
il Va=7,i(\) =Xand i(A\T)Y) = (A)".

Observe that for every B C V), B € M we have that (Tw(B))M = T, (B),
so M is Yl-correct in A\. Unfortunately, the same cannot be said to the ¥}
case, since it is possible that (E(X,B,y))M # To(x,B,y)- The reason for this is
that while it is true that (G,,(a))” = G,,(a) for every m € w and a € V,,,
it is possible that there exists H : G,,(a) — AT with H ¢ M.

Claim 0.16. Ifce V\ and F': ¢ — Ord, thenio F € M.

Proof. Let ¢ € V,, with a < A, and pick n € w such that crt(i,) > o. Then
ioF =i,0j,0F =iy(jnoF)oi, [ ¢c=1i,(jnoF) € M. O

By ¥ correctness in A,
(Va b 3XVY (X, B,Y)M = V3 £ 3XVY (X, B, Y),

so it suffices to prove the other direction.

Suppose that (Vy E VX3V =p(X,B,Y))™. Then (T,xny))™ is well-
founded. Let L : (E(X’B’y))M —s Ord that witnesses it. Define L : To(x,By) =
Ord as L((a, H)) = L((a,io H)). By the previous claim io H € M, and more-
over 7o H is a function from G,,(a) to i(AT) = A", so (a,i0H) € (Tox.5y))"
and L is well-defined. It remains to prove that L witnesses that Tox,By) 18
well-founded. Suppose that (a, H) < (a’,H'). If in T,x 5y) we have that
(a,c, F, P) < (', ,F', P') then H(c,F,P)> H'(¢,F', P'), so

ioH(c,F,P)>ioH'(d,F' P,
therefore (a,i0 H) < (a',i0 H'). It follows that
L((a,io H)) > L((d',i0 H")),

so L((a,H)) > L((d', H').

Then T, (x,p,y) cannot have an infinite branch and V) F VX3Y-p(X, B,Y),
i.e., M is Yi-correct in \.

This proves that i | Vi is 33: if ¢ is 33 in V) and V F (B), then
by elementarity Ult(V,U;) E ¢(i(B)), therefore by Si-correctness also V £
@(i(B)). Since i [ V\, = j we're done. O

This theorem proves that X1 and X} elementary embeddings in V) are
the same. It is possible, after a pair of technical lemmas, to generalize this
for ¥} and ¥, ;.

Lemma 0.17. Let n be odd. Then “j is X} “is a 11}, formula in Vy, with
j as parameter.



Proof. By definition j is X} iff

VB C Vy VX formula (X, ..., X,,Y)
JA, VA, ... 3A, VA E @(A,jT(B)) — A, VA,...3A, Vi E o(A, B).
But for every D C Vi, Vi E @(A, D) iff there exists a branch in T () whose

projection is D. Using this is easy to check the Lemma.

Lemma 0.18. Let n be odd, n > 1. Let j be X}, crt(j) = k. Let 8 <
A, B C V\. Then there exists a k : Vy < Vy that is ¥} | such that k:(B)
J(B), k(A") = A for some A’ C V) and 5 < crt(k) < k.

Proof. The formula “3k,Y, kis XL ., k(B) = j(B),k(Y) = A, < crt(k) <
k" is X! by Lemma m The following formula is clearly true:

718 Sa, J(I(B) = j(i(B)), j(A) = j(A), j(B) = B < ert(j) < j(k)

but then, with a smart quantification of some of the parameters of the formula
above, we have

Y kis X, k(§(B)) = j(i(B)), k(Y) = j(A), j(B8) < ert(k) < j(x)

By elementarity the lemma is proved. O

U

[

Note that the Lemma holds not only if n is odd, but also when n = 0.

Theorem 0.19 ([9]). Let n be odd. Then if j is XL, it is also X},

n’

Proof. Theorem [0.15]is the case n = 1. We proceed by induction on n.
Let B C V). We have to prove that for every ¢ ¥,,,; formula and B C

Vs,
Vi E¢(B) iff VA E(57(B)).
By induction, the direction from left to right is immediate, so it suffices to
show the other direction. Suppose
VaE 33X, VX, 3X5. . VX g1 o( X1, .., Xg1, 7 T(B)).

Let Xg = A a witness. By Lemma we can pick a k that is X} _, such
that k(B) = j(B) and there exists A" C Vi, such that k(A") = A. By

induction, k is also X! | and since

V)\ = VXQ E|)(3 .- 'VXTL+1 SD(]{(AI), X27 cee >Xn+1> k(B))a

then
V>\ = VXQ E]Xg .. 'VXn—f—l QO(A/, XQ, e 7Xn+1, B)

Therefore A’ is a witness for ¢)(B). O

10



Theorem [0.19] shows a peculiar asimmetry. What problems arise when
n is even? The key is in the proof of Lemma [0.17] When the number of
the quantifiers of a >, formula is odd, then the last one is an existential
quantifier. Since by Lemma the satisfaction relation for 1 formulae
is ¥1, this quantifier is absorbed by the satisfaction formula. When n is
even, however, the last quantifier is an universal one, and “being Y. ¢ is still
IT}, . ,. This seems an ineffectual detail, but in fact Laver proved that it is an
essential one, since he showed that being a X! 41-embedding, for n even, is
strictly stronger than being a 3! one.

Theorem 0.20 ([9]). Let h and k be XL embeddings. Then h -k is a XL-
embedding.

Proof. By Theorem we can suppose n odd. Let ¢ be a X} formula with
n + 1 variables. Then

Vi EVY (3X, ¥Xy . 3X, o(Xi, .. X B(Y))
53X, VX, 3X, o(Xy, . X, Y).
This formula is II;, ;. Since by Theorem his ¥}, we have
VAEVY (3X; VX5...3X, o(Xi,..., X, h(k)(Y))
— 3X1 VX,...3X, (X1, ..., X, Y)).
so h(k) is 1. O

Note that the converse is not true. Let k be X1. The formula ”3h h(h) =
k, his B! .7 is a X! -formula. Since k(k) = k(k), then ”3h h(h) = k(k), h
is X1 ,“is true, so by elementarity 3h h(h) = k, his 3! ,. Let h be the
one with minimal critical point. Then

x = crt(h) = min{crt(h) : h is X}

n—2

h(h) = k}

is ¥l-definable, so h cannot be X!.
However, if we switch application with composition, then also the converse
is true.

Lemma 0.21. If h and k are ¥}, and hok is X}, |, then k is X}, .

Proof. Suppose that

V)\ = VXl HXQ . .VXm+1 gO(Xl, oo ,Xm+1,B>

11



with B C V). Then
VWEVX) 3X5. . VX o( X1, .., Xog1, ho k(B)).
Let A C V). Then in particular
Vi E3Xy. . VX1 o(h(A), Xo, ..., Xpny1, h o k(B)).
By elementarity
ViE3IXs . . VX (A, Xs, .o, X, k(B)).
Since this is true for every A C V), we have

V)\ ':\V/Xl ElXQ . .\V/Xm_|_1 QO(Xl,. .. ,Xm+17k<B)).

Theorem 0.22 ([9]). Let h,k € Ey. Then h,k are 3} iff hok is B}.

Proof. If h and k are X!, then obviously ho k is 3. We prove by induction
on m < n that h and k are 3},

The case m = 0 is by hypothesis. Suppose it is true for m. Then by
Theorem h(k) is 3} . Tt is easy to calculate that h o k = h(k) o h, and
this is X}, ; by hypothesis. By using Lemma in the left side, we have
that k is ¥}, ., and using it on the right side we have that his X} ;. O

Theorem [0.22] is promising for our objective, that is proving that being
3 5 is strictly stronger than being X} for an elementary embedding. The
most natural idea for doing this is using some sort of reflection, to prove that
if there is a j € &, X1 ,,, then there is a k € &y that is ¥. A common
idea for similar proofs is to use a direct limit of elementary embeddings, but
unfortunately this is not possible in this setting:

Theorem 0.23. (Laver, [8]) There exists a j that is X! that has a stabilizing
direct limit of members of A; that is not 31,

So we will consider inverse limits instead.

Let (jo, j1,---) be a sequence of elements of £y, and let J = jyoji0...
be the inverse limit of the sequence. By definition the dominion of J is
{z € V) : Ing Vi > n, ji(x) = x}. But we know that j;(z) = x iff v € Viyyj,),
so this is {x € V) : In, Vi > n, € Voy(y}. That is, x € domJ depends
only on the rank of x, and this implies that dom J = V,, for some a. It is
also possible to calculate «, since § < « iff In Vm > n [ < crt(j,):

a = sup inf crt(j,,) = iminf crt(j,).
n>0 m>n new

12



With some cosmetic change, we can also suppose that a as the supremum
of the critical points, not only the limit inferior. This will also simplify the
following proofs and notations.

So let A\, = inf,,>, crt(j,,). Then a = sup,¢, An, and A, is increasing in
n. If the supremum is also a maximum, we incur in the trivial case, where
J is in fact just a finite composition of elementary embeddings: if n is the
first one such that A\, = «, then all crt(j,,) with m > n are bigger than «,
so they are constant in the domain of J and they don’t change anything.

Suppose then that « is a proper supremum of the A, sequence. We can
suppose crt(j,) = A\, by aggregating multiple elementary embeddings in just
one: consider the largest n such that crt(j,,) = Ag (there will be a largest one
because « is a proper supremum of the \, sequence), define the new ky as
the old jp o --- o j,, and repeat this for every A,. The following is a grafical
example:

L I 1 ] I

ko ky ko ks

The columns represent the behaviours of each j, on A, where the column
on the left represent jy, and the horizontal lines indicate the critical point.

Definition 0.24. Let J = joojyo.... Then we define J, = j, © jpr10 ...
and JO(n—l) =Jo©OJ19 "0 Jn 1.

Lemma 0.25. Let j,, € &\ for every m € w, define a,, = crt(j,) and
suppose that for every m € w, ay < amyr. Let o = sup,,c, am and J =
joojlo.... Then

o J"a is unbounded in \;
o J:V, <V, is elementary.

Proof. e Let 6,, = sup J,,“a. We prove that when 6,, < A, then §,, #
Om+1. Obviously 6, > «, because otherwise J,,(0,,) € J,“a and
I (0m) < Om. In particular 6, is above «,,, i.e., the critical point
of jm, so &, is moved by j, and there exists a pu < 4, such that
Jm(ft) > 0m. By contradiction, suppose that 0, = 0p,11. Then pu is
also less than d,,,1, so by definition there exists an ¢+ € w such that
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Jma1(ag) > p. Therefore

Jm(az) - jm o m+1(ai) 2 ]m(#) 2 6ma

contradiction.

Suppose then that 6y < A. Therefore for any m € w 0,,11 < 9,,, but
this creates a strictly descending sequence of ordinals, contradiction.

e Fixn € wand let k = jo(j1(. .. 4n(jn)--..)). Then

crt(k) = crt(Go(si (- gn(dn) - -))) =
= Jo(1 (- Jnlert(in)) ... )) = Jo o jr o -+ 0 jnlom) = J(am).

By Lemma [0.6) then, Vj(,) < Va. But J [ Vo, : Vo, = Vi, is
an elementary embedding, because J [ V,, = Jo, | Va,, so for every
new,J |V, <V\ With methods similar to those in the proof of
Theorem [0.4], it is possible to prove that this implies J : V, < Vj.

m

Like in the V) case, we can extend J to V,.; in the expected way: when
A CVa, J(A) = Ugeo J(AN Vp). Now we want to prove an equivalent of
Lemma [0.18], but for inverse limits.

Lemma 0.26. Let J : V,, < V) an inverse limit of X, elementary embed-
dings. Then for all A, B C 'V, there exist K : V,, < Vy inverse limit of 3}
elementary embeddings and A" C 'V, such that k(A") = A and k(B) = J(B).

Proof. We define k,, and A,, by induction, with repeated uses of Lemma
[0.18] At the end, K will be the inverse limit of the k,,’s, and the A,,’s will
be the images of A’ through the inverse limit.

Let Ag = A, ko and A; such that ky is a 3! elementary embedding,
A CVy, k(A1) = A = A,

ko(J1(B)) = jo(1(B)) = J(B)

and crt(ko) < crt(jo).
More generally, k.41 and A,,.» are such that k,,.; is a 3! elementary
embedding, A2 C Vi, ki1 (Ami2) = Apgr,

km+1 (Jm+2(B)) = Jm+1 (Jm+2(B))

and crt(jm) < crt(kms1) < crt(fmer)-
So k,, and A,, satisfy:
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kp is B}
L4 km<Am+l) = Ama

km<Jm+1(B)) = Jm(B)§

crt(ko) < crt(jo) < crt(ky) < -+ < crt(fm) < crt(km) < crt(fme1) <

Let K be the inverse limit of the k’s. Then sup,,¢, crt(k,,) = «, and by
Lemma K :V, <V, is an elementary embedding. Note that

K<B N ‘/crt(km)) == kO o kl 0--+0 km(Km—i—l(B N ‘/crt(km)) =
- kO O-++0 km(B N V;:rt(km)) - kO 0--+0 km(Jm—‘rl(B N ‘/crt(k:m)) =
= J(B N Vert(kn))-

So K(B) = J(B).
Finally, consider A1 N Verg(ky):

A2 N Vertten) = Kmt1 (Ame2 0 Vertten)) = Ams1 N Vert(on) s
SO
K(Ami1 N Verttin)) = koo - 0 ki (Ams1 N Vertkn)) = AN Vic(ert(bm))-
Define A" = J,,c.,(Am+1 N Vart(hn))- Then K(A") = A. O
We use Lemma to calculate the strength of an inverse limit:

Theorem 0.27 ([9]). If J : V,, < Vi is an inverse limit of ¥\ elementary
embeddings, then J is 21

Proof. The case n = 0 is Lemma [0.25] combined with an obvious generaliza-
tion of Theorem [0.4], so we proceed by induction on n.

Suppose that J is 3! |, we need to prove that for every o I} ,-formula,
and any B C V),

Vi E3Xp(X, J(B)) = Vi, E3IXe(X, B).

Suppose Vi F 3X¢(X, J(B)), and fix A a witness. Using Lemma [0.26] we
find K inverse limit of ¥! , elementary embeddings such that K(A') = A
and K(B) = J(B) for some A" C V,. So V) F ¢(K(A"), K(B)), and by
elementarity V, F p(A’, B), that is V,, F 3X ¢(X, B). O
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Finally, we can prove that the existence of a X}, elementary embedding
is strictly stronger than the existence of a X! elementary embedding.

Theorem 0.28 ([9]). Let j: Vy < V) be ¥ _,. Then

o for every B C V), there exist an o < X\ and a k, : V, < V) such that
ko(By) = B for some B, C V,. In fact, we can find an w-club C C X
of such a’s.

e there exist an o < X and a j, : Vo, <V, that is Z}L. Moreover, we can
find an w-club C C X\ of such a’s.

Proof. o Let

G={{o,....Ln) : l; : VA = Vyis B} ertly < crtly < --- < crtly, < ko,

n’

3By, ..., B lo(Bo) = B, Vi liy1(Biy1) = Bi}.

By Lemma [0.18] the set
{0 < ko3l (lo,..., 1) € G ert(l) =0}

is unbounded in kg. Pick an infinite branch (ly,l;,...) of G, and let
a = sup,¢, crt(l;). Let k, the inverse limit of the /;’s. Then by Theorem
ke is 3. Define B = (J,,c.,(Bm+1 N Vart,,)) as before to have
ko(B') = B. To prove the existence of the w-club C, note that we
could have used any infinite branch of T', and the set of the ordinals that
are the supremum of the critical points of the elementary embeddings
appearing in an infinite branch of 7" (like ) contains an w-club.

e Let the B above be j. Then there exists a (again, any a € C' works),
ko : Vo < V), and j, C V, such that k,(j,) = j. Suppose, by Theorem
[0.19] that n is odd. Then by Lemma 7y is X1 is 11 4. Again
by Theorem and Lemma ko is X, 1, so by elementarity j, :
Vo<V, is 3},

O

This ends the proof that “Jj j is X} ,, “is strictly stronger than ”3j j is X}, “
let A minimum such that there exists j : V) < V) that is X, ,, then there
exists a A < X and a k : Viy < Vi that is ¥}, Since A\ was the minimum, k
cannot be X} .
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