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1 Introduction

The hyper-weak (w,w)-distributive law was formulated by Prikry as a gen-
eralization of the weak (w,w)-distributive law. His motivation was an open
problem of von Neumann, whether it is consistent with ZFC that the count-
able chain condition and the weak (w,w)-distributive law completely char-
acterize measurable Boolean algebras among Boolean o-algebras [1]. Consis-
tent counter-examples to von Neumann’s proposed characterization of mea-
surable algebras were obtained by Maharam [2], Jensen [3], Gléwczyriski [4],
and Velickovi¢ [5]. Prikry’s idea was to try to find in ZFC a complete, non-
measurable Boolean algebra satisfying the countable chain condition (c.c.c.)
in which some weaker form of the weak (w,w)-distributive law holds. This
would give a type of lower bound on von Neumann’s problem within ZFC.
Specifically, Prikry asked the following question.

Open Problem 1 (Prikry) Can one find in ZFC a complete c.c.c. Boolean
algebra in which the hyper-weak (w,w)-distributive law holds, but the weak
(w, w)-distributive law fails everywhere?

We shall call such a Boolean algebra a P-algebra. Finding a P-algebra in ZFC
turns out to be harder than it might seem at first glance. No Boolean algebra
in which a c.c.c. “Suslin” (i.e. 3{) forcing embeds as a dense subset can be a
P-algebra, for Shelah has recently shown that for each c.c.c. Suslin forcing P,
the weak (w,w)-d.l. holds in r.o.(P) iff P does not add a Cohen real [6]. Since
the hyper-weak (w,w)-d.l. is weaker than the weak (w,w)-d.l. and implies that
no Cohen reals are added, Shelah’s result implies every c.c.c. Suslin forcing
which is hyper-weakly (w,w)-distributive is also weakly (w, w)-distributive. In
[7], Dobrinen investigated two families of Suslin and one family of non-Suslin,
c.c.c. forcings which give rise to non-measurable Boolean algebras, and found
that each of these algebras adds a Cohen real. Further, Blaszczyk and Shelah
have shown that the Cohen algebra embeds into each o-centered complete
Boolean algebra if and only if there are no nowhere dense ultrafilters over w
[8]. Since Shelah has shown that the existence of nowhere dense ultrafilters
is independent of ZFC [9], such Boolean algebras cannot be shown to be P-
algebras in ZFC. At least the existence of a P-algebra is consistent with ZFC,
for the regular open algebra of Mathias forcing with all tails in some Ramsey
ultrafilter is a c.c.c., hyper-weakly (w,w)-distributive algebra in which the
weak (w,w)-d.l. fails everywhere [10].

Although the problem of finding a P-algebra in ZFC remains open, the hyper-
weak (w,w)-distributive law and its generalizations for larger cardinals have
proved useful in the realm of games. Let us give a bit of background into the
connections between distributive laws and games in Boolean algebras.



Jech investigated the (w, A)-d.l., weak(w, \)-d.1., and (w, A\, w)-d.l., and related
infinitary two-player games in [11]. Among other things, he gave a game-
theoretic characterization of the (w, \)-d.l. Dobrinen generalized this to the
(K, A, < u)-d.1. for many triples of cardinals in [12]. Kamburelis solved an open
problem from [11] giving a best possible result connecting the weak (w, A)-d.l.
and its related game [13]. In §3 of this paper, we give connections between
the hyper-weak (k,\)-d.l. and its related game, obtaining a game-theoretic
characterization of the hyper-weak (x, A)-d.l. for many pairs of cardinals &, A,

under GCH.

For each distributive law and its related game, the property “II has a winning
strategy” implies that that distributive law holds. In [11], Jech used ¢ to
construct a Suslin algebra in which the game Gy(2) (related to the (w,2)-
d.l.) is undetermined. Dobrinen generalized that result in [12,14] by using
Ow+(cof(k)) and K<* = K to construct a kT-Suslin algebra containing a < k-
closed dense subset, and in which the game GZ ()) is undetermined for all A
and all 2 < g < min(\, k). This showed that the property “II has a winning
strategy for Gf(oco) in B” is consistently strictly stronger than the property
“the (k,00)-d.l. holds in B”, since there is a x-Suslin algebra in which the
(k,00)-d.l. holds, yet II does not even have a winning strategy for the game

% (), which is considerably easier for II to win than Gf(co).

In §5, we improve on this result in several ways. For every infinite cardinal «
and each infinite cardinal v < cf(k), we use O, and Q+(S) for all stationary
subsets S C cof(k) to construct a x*-Suslin algebra which contains a < v-
closed dense subset (thus, IT wins G7(oco) for each p < v) and in which II does
not have a winning strategy for G ,. In particular, CON(ZFC + for each
infinite cardinal k there is a Boolen algebra in which the (k, 00)-d.1. holds, but
in which II does not even have a winning strategy for G¥ ;). G¥_, is much easier
for I to win than G% (k). Hence we have shown the gap between the (x, c0)-
d.l. and IT winning Gf(oc) to be consistently even wider than was previously
known. In the special case when k<" = k, we can drop the [J,, assumption and
use Q.+ (cof(k)) to construct a k-Suslin algebra which contains a < x-closed
dense subset and in which II does not have a winning strategy for G%_,. Useful
in our construction is the concept of > v-club and > v-stationary sets, which
form a hierarchy of strengths between clubness and stationarity. Those ideas
are discussed in §4.
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on games and distributive laws and suggesting the idea of generalizing Jech’s
Suslin algebra example to more general distributive laws and related games.

2 Generalized distributive laws: definitions and basic facts

We start by reviewing the three-parameter distributive law, which subsumes
all the conventional generalized distributive laws. Throughout this paper, we
let B denote a Boolean algebra and B denote B\ {0}.

Definition 2 [15] For cardinals &, A, u with 2 < pu < A, a Boolean algebra
B satisfies the (k, A, < u)-distributive law ((k, A, < p)-d.l.) if for each family
(bag)a<n,p<x of elements of B,

AVbs= N N V b, (1)

a<k B<A Fre—[N[<H <K Be f(a)

provided that Vg bap for each o < k, Aycis Vp<r bag, and Aqcy Vief(a) by for
each f : k — [\|*# exist in B. B satisfies the (k, 00, < p)-d.l. if the (k, \, < p)-
d.l. holds in B for all \. We say that the (k, A\, < p)-d.l. fails everywhere in
B if there exists a family (bag)a<k,s<x C B such that Ay, Vserbasg = 1 and

Vf:n—)[)\]</‘ Na<k V,@Ef(a) bOC/D’ = 0.

Remark 3 The (k, A, < 2)-d.l. is usually referred to as the (x, A)-d.l., and
the (k, A\, < w)-d.l. is usually referred to as the weak (k, A)-d.l. Saying that
“the (k, A, < p)-d.l. fails everywhere in B” is equivalent to saying that “B is
(k, A\, < p)-nowhere distributive” in Koppelberg’s terminology [15].

Prikry formulated the following weakening of the (x, A, < u)-d.l.

Definition 4 (Prikry) [16] For &, A cardinals with A > w, a Boolean algebra
B satisfies the hyper-weak (k, \)-distributive law (hyper-weak (r, )-d.1.) if for
each family (bas)a<k < Of elements of B,

ANVobos= N ANV ba, (2)

<K B<A fie—=A o<t BeX\{f(a)}

provided that V., bas for each a < K, Aycy Vcr bag, and Agey V{bap : B €
AN\ {f(«)}} for each f: k — X exist in B. B satisfies the hyper-weak (k,00)-
d.l. if the hyper-weak (k,A)-d.l. holds in B for all A > w. We say that the
hyper-weak (k,\)-d.l. fails everywhere in B if there exists (bas)a<kp<r C B

such that Apcx Vgarbap =1 and Ve Ak V,Be,\\{f(a)} bap = 0.



In this paper we shall usually work with Boolean algebras which are sufficiently
complete so that all relevant infima and suprema exist.

The next fact follows naturally from the definitions.
Fact 5 For each Boolean algebra B, the following hold.

(1) For all cardinals ko < k1, 2 < po < p1, and Ao < A1, if B satisfies the
(K1, A1, < tg)-d.l., then B satisfies the (kg, Ao, < p1)-d.l.

(2) For all cardinals ko < k1 and w < Ay < Ay, if B satisfies the hyper-
weak (K1, Ao)-d.l., then B satisfies the hyper-weak (ko, A1)-d.l. Hence, the
hyper-weak (k,00)-d.l. is equivalent to the hyper-weak (k,w)-d.l.

(8) For all cardinals k, A\, p,v with 2 < p < X\ and v > max(w, ), if B
satisfies the (k, A\, < p)-d.l., then B satisfies the hyper-weak (k,v)-d.l.

Examples 6 (1) For cardinals k, A with A > w, the hyper-weak (k, A)-d.l.
holds in each Boolean algebra satisfying the A-chain condition.

(2) For cardinals , A, u with & regular and w < u < &, the regular open al-
gebra of Fn(k, A, u) satisfies the (p, 00)-d.l. for each p < &, but the hyper-
weak (k,v)-d.l. fails everywhere, where v = max(u, A). In particular, in
the Collapsing algebra Col(k, A), for each p < k, the (p,c0)-d.l. holds,
but the hyper-weak (k,v)-d.1. fails everywhere, where v = max(x, A).

(3) In each free Boolean algebra on infinitely many generators, the hyper-
weak (w,w)-d.1. fails everywhere, but the hyper-weak (w,w;)-d.1. holds.

(4) In Laver, Mathias, and Miller forcings, the hyper-weak (w,w)-d.l. holds,
but the weak (w,w)-d.l. fails everywhere.

Definition 7 [15] For any cardinal x and b € B*, a collection {b, : o < k} C
B is a quasi-partition of b if each b, < b, {b, : @ < K} is pairwise disjoint, and
Vackba = 0. {by : & < k} C B is a partition of b if it is a quasi-partition of b
where each b, > 0.

In a A-complete Boolean algebra B, whether the hyper-weak (r, A)-d.l. holds
in B can be determined by looking only at quasi-partitions or partitions of
unity.

Fact 8 For all cardinals k, X with A > w, for each A-complete Boolean algebra
B, the following are equivalent.

(1) The hyper-weak (K, \)-d.l. holds in B.

(2) Vb € B, equation(2) of Definition 4 holds for all families {byp : B < A},
a < K, of (quasi-)partitions of b in B.

(3) Equation (2) of Definition 4 holds for all families {bys : f < A}, a < K,
of (quasi-)partitions of unity in B.



The following is a characterization of the hyper-weak (x, A)-d.l. for a partial
ordering (P, <) via its Boolean completion r.o.(P). It holds whether or not P
is separative.

Fact 9 Given a partial ordering (P, <), the following are equivalent.

(1) The hyper-weak (k, \)-d.l. holds in r.0.(P).
(2) If Wa ={Pap: B <A}, a <k, is a family such that for each a < K,
(a) B# B — PagN Pap =1,
(b) Ug<x Pap is a mazimal antichain in P,
then there exists a mazrimal antichain Q@ C P such that Vq € Q, Ya < k,
38 < X such that Vp € P,g, p L q.

Remark 10 Prikry observed that taking suprema over all but one element of
A on the right hand side of (2) in Definition 4 of the hyper-weak (x, A)-d.l. is
equivalent to taking suprema over subsets of A whose complements have cardi-
nality A; i.e. replacing the right hand side of (2) with V.. _,s Aa<k Vaes(a) lass
where § = {X C A: A\ X| = A}. (See [17].)

We let «, 5 denote ordinals in V' and k, A denote cardinals in V. For x € V
% denotes the canonical B-name for x. We use 2 to denote general B-names.
The following is a well-known forcing equivalent of general distributive laws.

Theorem 11 (Folklore) For each complete Boolean algebra B, thev (K, A\, <
w)-d.l. holds in B iff for each B-name § for a function from & to A, VE =
(3f 1k = [A\|** in V such that Va < &, g(&) € f(a)).

In particular, a complete Boolean algebra B satisfies the (k, A)-d.l. iff forcing
with B* adds no new functions from & to A. The following is the analog for
the hyper-weak (k, A)-d.l.

Theorem 12 For each complete Boolean algebra B, the lvzyper—weak (K, A)-d.L.
holds in B iff for each B-name ¢ ]for a function from i to A\, VE = (3f : k — A
in'V such that V& < &, §(&) # f(&)).

PROOF. Suppose B satisfies the hyper-weak (k,\)-d.l. (in V). Let g be a
B-name for a function from % to A. For every oo < x and every 8 < ), define
bag = ||g(@) = B]|. Then for every a < &, {bsg : B < A} is a quasi-partition
of unity. For each f: k — Ain V, define by = Ay V{bag : B € A\ {f(a)}}.
Then by = ||V& < &, §(&) # f(@)]|. Since the hyper-weak (k, \)-d.1. holds in
B, 1=V;uonbs = ||3f: & — Xin V such that V& < &, §(a&) # f(d)]].

To prove the converse, suppose that the hyper-weak (x, A)-d.l. fails in B. Then
by Fact 8, there exists a b € B and partitions of b, {bas : 8 < A}, a < &,



such that,

VAN V bg=0 (3)

fie=Aa<k BeA\{f(a)}

Let ¢ be a B-valued name for a function from % to A such that for all
a,B < kK, bA||g(@) = B|| = bap- Let f : K — X be a function in V. Then
Na<k Vgen{f() bap = 0, by (3); hence, 0 < b =V, ba,f(a) = |[3& < & such
that g(a) = f(@)].

O

3 A game related to the hyper-weak distributive law

We begin by reviewing the following game investigated in [12], which gener-
alizes a game of Jech in [11]. This game is related to the (k, A\, < p)-d.l. (See
Theorem 16 (1) below.)

Definition 13 [12] Given cardinals &, A, p with 2 <y < A, the game G% ()
is played between two players in a max(k™, y1)-complete Boolean algebra B as
follows: At the beginning of the game, player I fixes some a € B*. For a < &,
the a-th round is played as follows: player I chooses a partition W, of a such
that |W,| < A; then player II chooses some E, € [W,]<#. In this manner, the
two players construct a sequence of length

<aaW01E01W17E11"'7Waanm--- ZO!</<J> (4)

called a play of the game. I wins the play (4) if and only if

/\ \/Ea = 0. (5)

a<K

GZo(A) is usually denoted as Gi'(A). G2, (00) is the game played just as GZ,()),
except now player I can choose partitions of any size.

Definition 14 [18] Let v be an infinite cardinal. A partial order P is < v-
closed if for every ordinal p < v, for each decreasing sequence (py)a<, in P
there is some ¢ € P satisfying ¢ < p, for all @ < p. A Boolean algebra B
contains a < v-closed dense subset if there is some D C Bt such that D is
< v-closed, and for each b € BT there is some d € D such that d < b.



Remark 15 If B has a < v-closed dense subset, then for each p < v, player
IT has a winning strategy for G (c0); moreover, I even has a winning strategy
for the harder game G, invented by Foreman (see [19]).

In [12,14] we found the following.
Theorem 16 (Dobrinen) [12,14]

(1) For B a max(k™, u)-complete Boolean algebra, the (k, A\, < p)-d.l. fails in
B = I has a winning strategy for G2 ,(X) in B = the ((A\~F)<", A, < p)-
d.l. fails in B.

(2) k< = Kk and Qu+(cof(k)) = there is a k" -Suslin algebra which has
a < k-closed dense subset and in which neither player has a winning
strategy for G£,(\) for all A, p with 2 < pp < min(A, k).

The following game corresponds naturally to the hyper-weak (k, A)-distributive
law. (See Fact 18 and Theorems 28 and 29 below.)

Definition 17 (Dobrinen-Prikry) [17] Given cardinals x, A with A > w,
the game G5, is played between two players in a k™-complete Boolean algebra
B as follows: At the beginning of the game, player I fixes some a € B*. For
a < K, the a-th round is played as follows: player I chooses a quasi-partition
W, of a such that |W,| = \; then player II chooses one b, € W, to “leave
out” and “plays” V(W, \ {ba}), equivalently a \ b,. In this manner, the two
players construct a sequence of length

(a, Wo, bo, Wi, b1y ..., Wa,bay ... 1< K) (6)

called a play of the game. I wins the play (6) if and only if

A a\ba = 0, (7)

a<K

which happens if and only if V., b, = a. We named this game G _,, because
IT plays “all but one” piece, or “A minus 1-many” pieces, from each quasi-
partition.

Fact 18 For each k™ -complete Boolean algebra B, if II has a winning strateqy
for G5_, in B, then B satisfies the hyper-weak (k, A)-d.l.

Remark 19 Note that in the game G§_,, we require player I to choose quasi-
partitions of size exactly A. If we did not, then I would always choose partitions
of size w, since this maximizes I's chances of winning.

The following fact relates the various games.



Fact 20 For all kg < K1, 2 < o < pp < A £ A1 £ Ay, and w < Aq,
the following diagram shows the implications for the existence of a winning
strateqy for the two players.

11
(M) G ®

o

For example, G%, (A\)-—=GY!_; means that for each Boolean algebra B in
which both games are defined, if II has a winning strategy for G2\, (A1) in B,
then II also has a winning strategy for Gy'_; in B.

Examples 21 (1) If B satisfies the A-chain condition, then for every infinite
&, II wins G§_; in B.

(2) For p < k and 6 = max(\, ), I has a winning strategy for G§ ; in
r.o.(Fn(k, A\, p)). If p is regular, then Fn(k, A\, 1) is < p-closed; so for
every p < p, IT has a winning strategy for Gf(oco) in r.o.(Fn(k, A, u)).
As a special case, for k regular and A any cardinal, for every p < k, II
wins Gf(o0) in the collapsing algebra Col(k, ), but I wins G ;, where
0 = max(k, \).

(3) In the Cohen algebra, for every &, I wins G5_; but 1I wins G _,.

(4) In Laver, Mathias, and Miller forcings, IT wins G¥_,, but I wins G¢, (w).

Laver, Mathias, and Miller forcings are specific cases of a more general class
of forcings P in which IT has a winning strategy for G¥_; in r.o.(IP). We review
the following definitions.

Definition 22 [20] A partial ordering (P, <) satisfies Aziom A if there exists
a sequence of partial orderings <,,, n < w, on P satisfying the following:

(1) <pis <, and for all n < w, ¢ <1 p — ¢ <, P;

(2) For each sequence (py,)n<,, in P satistfying p,+1 <, p, for all n < w, there
is some g € P such that ¢ <,, p,, for all n < w;

(3) For each p € PP, for each pairwise incompatible set A C PP, for each n < w
there is some g <,, p such that ¢ is compatible with at most countably
many elements of A.

The following Property P generalizes the Axiom A version of the Laver prop-
erty, called Ly in [20]. Bartoszynski and Judah proved that the property Py
implies that no Cohen reals are added, and moreover, that the countable sup-
port iteration of partial orderings satisfying Py does not add Cohen reals. (See
[20].)



Definition 23 [20] Let (P, <) be a partial ordering satisfying Axiom A and
let f:w — w. P satisfies Property Py if Vp € P, Vn, k < w, VA € [w]<¥, if
plF (B C Aand |B| < k), then 3C C A such that |C| < k- f(n) and Ve & C,
dq <, p such that ¢ I-c & B.

The following fact can be proved by an argument analogous to an argument,
given by Prikry [16] giving a Boolean algebraic equivalent of the property L;.

Fact 24 Let P be a separative partial ordering satisfying Aziom A, and let
[ :w — w. Then Property Py holds inP <= Vp € P, Vn, k < w, VA € [w]<, if
B is an r.0.(P)-name of the form ({ai, ..., ax},e(p)), where the a; are r.0.(P)-
names for integers, and e(p) < ||B C A||, then 3C C A such that |C| < k- f(n)
and Ve & C, 3q <, p such that e(q) < Ai<i<k llc # ail|.

Note: if Py holds, then f must actually have its range in w \ {0}.

The following proof is similar to one given by Prikry [16] that L implies the
hyper-weak (w,w)-d.l.

Proposition 25 For each separative partial ordering (P, <) which satisfies
P; for some f : w — w )\ {0}, player II has a winning strategy for G%_, in
r.0.(P).

PROOF. Suppose P holds in PP for some function f:w — w\ {0}. Suppose
I fixes a € r.o.(P)*. Let py € P be such that e(py) < a. We show how II can
choose at each round of the game to ensure a win.

Suppose we have I and IT’s choices up to stage n: For each round 7 < n, I has
played {b;; : j < w}, a quasi-partition of a, and we have chosen p;;; € P and
g(i) € w such that e(pi11) < Vjew(g0)) bij and po >0 p1 >1 -+ >p1 Dp-

Round n: Suppose I plays {b,; : j < w}, a quasi-partition of a. Let A, =
{0,..., f(n)}. For j < f(n), let c,; = e(pn) A bnj, and let ¢, rn) = e(pp) A
(V (m)<jcwo bm)- Let @ = {(j, cnz) 2 § < f(n)} and B, = ({an}, e(pn)). (k =1
here.) Then V< ) Cnj = €(pn) < ||Bn C A,||, so by P and Fact 24, 3C,, C A,
such that |C,,| < 1- f(n) and Ve & C,,, 3¢ <, pn such that e(q) < ||c # an]l.
Let g(n) be the least element of A, \ C, and choose a p,.1 <, p, such that
e(pn+1) < |lg(n) # @nl|- Then

e(pnt1) < |lg(n) # ayl| < \/ bnj = @ \ by g(n)- (9)
jew\{g(n)}

Let IT choose to leave out by, 4(n)-

10



In this manner, we obtain a sequence (p,)n<, and a function g : w — w such
that Vn < w, ppy1 <n Pn and e(ppy1) < @\ by gn)- By (2) of Axiom A, 3¢ € P
such that Vn < w, ¢ <, pp- By (1) of Axiom A, Vn < w, ¢ < p,. Therefore,
0 < e(q) < Ap<w @\ bngn), by (9). Hence, II has a winning strategy for G&_,
in r.0.(P).

O
Remark 26 In the above proof, property (3) of Axiom A was never used.

Examples 27 The following partial orderings satisfy Axiom A and P; for
some function f : w — w \ {0}: Laver, Mathias, Miller, and Random real
forcings. (See [20].) Hence, by Proposition 25, I has a winning strategy for
G¥_, in the Boolean completions of these forcings.

Next, we relate the hyper-weak (k, A)-d.1. to the existence of a winning strategy
for each of the two players.

Theorem 28 For each Kk -complete Boolean algebra, if the hyper-weak (k, \)-
d.l. fails, then I has a winning strategy for G5_,.

PROOQOF. Suppose the hyper-weak (x, A)-d.l. fails in B. Then there is a fam-
ily (bag)a<w,p<x C B such that Vgoybas for all @ < K, Agcy Vg<rbas, and
Nack V{bag : B € A\{f(a)}} for all f : kK — X exist in B; and I €
B* such that Ay, Vs<rbap > b and b is an upper bound for the family

/\a</¢ V{ba,@ : ﬁ € )‘\{f(a)}}a f TR — )‘ Let a = (Aa<n V,3<)\ baﬂ) \b and
let anp = a A bag. Then {anp @ f < A}, a < K, are quasi-partitions of a, and

Na<k Vp<r @ap = a > 0=V ) Aok V{aaﬂ : 8 € A\ {f(a)}}. The following
is a winning strategy for I: I plays a at the beginning of the game, and on the

a-th round, I plays {a.s : f < A}
O

It is not known whether the full converse of Theorem 28 holds in ZFC. Indeed,
we conjecture that it does not. However, we do have the following partial
converse.

Theorem 29 For B a k™ -complete Boolean algebra, if I has a winning strat-
egy in G¥_,, then the hyper-weak (A%, \)-d.l. fails.

PROOF. Suppose o is a winning strategy for I. Let a be the non-zero element
which I fixes according to o, and let Wy = o({ )), the quasi-partition of a
of size A which T plays on round 0 according to . Index the elements of W,

11



as {bs(0)) : 5(0) < A}. For each s(0) < A, let Wigoy) = a({bis(0))), the quasi-
partition of a which I chooses according to o if IT has just chosen to leave out
bisoyy- In general, given o < &, s € (A)*, and W, a quasi-partition of a of size
A, index the elements of W, as {b;~4(a) : () < A}. For each s(a) < A, let

Wensa) = 0((bsy+1) : B < ), (10)

the quasi-partition of a which I chooses according to ¢ if II has just chosen to
leave out by~ (o). For limit ordinals u < k and s € (A)H] let

W, = U(<bs[(a+1) a< M)) (11)

Note that {W : s € (\)<¢} lists all the possible choices for I under o.

Claim 30 The hyper-weak (A\<*, \)-d.l. fails for the quasi-partitions Wy, s €
(A)<F, of a.

Let f : (A\)<f — X be given. Recursively define a sequence ¢t € (A\)* by ¢ |
(+1) =t [a"f(t [ «) for each a < k. Then (Wyq,bijiatr) : @ < &) is a
play of G¥_, in which I follows the winning strategy o. Thus,

A a\bspi) < N\ a\byarn) = 0. (12)

se(N)<r a<k

Since f was arbitrary,

VoA a\begw=0<a= A Vi, (13)

F)<FoA s€(A)<H sE(A)<F <A

O

For some pairs of cardinals, Theorems 28 and 29 combine to yield a game-
theoretic characterization of the hyper-weak (x, A)-d.l.

Corollary 31 If B is kT -complete and \<F = k, then the hyper-weak (k, \)-
d.l. holds in B iff I does not have a winning strateqy for G5_, played in B.

In particular, this yields a game-theoretic characterization of the hyper-weak
(w,w)-d.1. for Boolean g-algebras.

Corollary 32 (GCH) Suppose B is kT -complete and either (a) A < &, or

(b) X = K and k is reqular. Then the hyper-weak (k,\)-d.l. holds in B iff I
does not have a winning strategy for GY_, played in B.
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4 > v-club and > v-stationary subsets of «

In this section, we introduce notions intermediate between clubness and sta-
tionarity. The main purpose is to highlight Proposition 36 and Fact 37 which
will be used in a non-trivial way in Theorem 38. Throughout this and the
next section, we say that a sequence of ordinals is “increasing” if it is non-
decreasing.

Definition 33 Suppose v, k are regular cardinals with w < v < k. We say
that aset C' C k is > v-club if C is unbounded in « and for all regular cardinals
v < u < K, Cis closed under strictly increasing sequences of length p. We say
that a set S C k is > v-stationary if SN C # () for each > v-club C C k.

Fact 34 Suppose v,k are reqular cardinals with w < v < k.

(1) > w-club equals club and > w-stationary equals stationary.
(2) For regular cardinals w < vy < 11 < kK, > Vy-club = > vy-club =
> vy-stationary = > vy-stationary.

Remark 35 The varying degrees of > v-clubness and > v-stationarity are
strict.

Proposition 36 Suppose v, k are reqular with w < v < k. Let cof(> v) denote
{a < k:cf(a) > v} C C kK is > v-club iff there exists a club set D C k such
that C Ncof(> v) = D Ncof(> v). It follows that for S C k, if S N cof(v) is
stationary, then S is a > v-stationary.

PROOF. Suppose C' C k is > v-club. Let D be the closure of C in k; i.e.
D = {a < k: a is the limit of an increasing sequence in C'}. Then D is club,
and C' Ncof(> v) = D Ncof(> v).

Suppose D C k is club and C' Ncof(> v) = D Ncof(> v). Since D N cof (> v)
is stationary, C' is unbounded. Suppose 6 is regular, v < 0 < k, and (¢q)a<g 1S
a strictly increasing sequence in C. Then sup,4cq € DNcof(>v) CC

O

Using Proposition 36 and basic theorems for club and stationary sets, one can
easily prove the following useful fact.

Fact 37 Suppose v,k are reqular with w < v < k. The intersection of less

than k-many > v-club subsets of k is a > v-club subset of k. The diagonal
intersection of k-many > v-club subsets of k is again a > v-club subset of k.
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5 Constructions of x*-Suslin algebras in which many games are
undetermined

In this section, we show that it is consistent with ZFC that for each infinite
cardinal k, for each regular v with w < v < c¢f(k), there is a k™-Suslin algebra
By, with the following properties. B!, contains a < v-closed dense subset, so 11
wins every game of length < v. For all p, A with v < p < k and w < A < &,
G5, is undetermined in BY. Hence, for all p, A\, u with v < p < k and 2 <
p < min(A, k), G2,(\) is undetermined in BY. To do this, we will construct
a kT-Suslin algebra which has a < v-closed dense subset and in which II
does not have a winning strategy for G;_,. This improves on and extends to
singular  a result in [12,14], showing that the gap between the strengths of “II
has a winning strategy for Gf(cc)” and “the (k,00)-d.l. holds” is consistently
even larger than was previously known. Our construction is a variant of the
usual construction of xT-Suslin trees found in [21]. We begin by giving some
definitions, notation, and background which will be used for Theorem 38.

Let B denote a x*-Suslin algebra. Since the (k, 00)-d.l. holds in each x*-Suslin
algebra, I does not have a winning strategy for Gf(oo) in B, by Corollary 1.6
of [12]. Hence, by Fact 20, for each infinite cardinal p < k, for every A, u with
2 < p < A, I does not have a winning strategy for G2,(\) in B; and for every
A > w, I does not have a winning strategy for G§ ; in B. Let v be an infinite
regular cardinal with v < cf(k). If we construct one x*-Suslin algebra in which
IT does not have a winning strategy for G, ;, then Fact 20 implies that for
each v < p < k, for every w < A < k, II does not have a winning strategy for
G4_, in B. Hence, for every \, p with 2 < u < min(\, &), II does not have a
winning strategy for G2,()) in B. Moreover, if B contains a dense < v-closed
subset, then IT wins G{(c0) for all § < v, and II even wins Foreman’s game
Gl for all § < v (see [19]).

For each infinite cardinal x and each infinite regular cardinal v < cf(k), we
will construct a k*-Suslin tree (T, <7), <7 denoting the tree ordering on 7.
For t € T, ht(t) denotes o.t.({s € T : s <r t}). For a < k™, let Lev(a) =
{t € T : ht(t) = a}, the a-th level of T, and T, = {t € T : ht(t) < a}. The
nodes of T will be the ordinals in k™ arranged so that for each ordinal o > 2,
Lev(a) = {ordinals 8 : k- a < f < k- (a+1)}. Let T* denote T under the
reverse partial ordering >, and let e : T* — r.0.(T*) denote the canonical
embedding of 7™ into its Boolean completion. We will construct 7' so that
every strategy for II for the game G”_, in r.o.(T*) will fail to be winning when
I plays some sequence of partitions of unity in r.o.(7*).

We restrict player I to playing only partitions of unity in the game GY_, in

r.0.(T*). We then transfer this restricted game to the tree (T, <r) as follows.
We say that (W (v) : v < k) is a partition of Lev(«) into k-many pieces if
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Vy <o <k W(y)#0,W(y) C Lev(a), W()NW(y) =0, and U, W(7) =
Lev(a). On round 0, I chooses a level oy < kT and a partition of Lev(ag) into
k-many pieces, say Qa, = (Q(ag,7) : v < k). Then II chooses one 7y < .
On round i < v, I chooses some «; < k' such that o; > sup,.; @; and some
partition of Lev(a;) into k-many pieces, say Q,, = (Q(wi,7) : v < k). Then
IT chooses one 7; < k. Let a = sup,_, o;. II wins the play iff there is some
branch B in T of length o + 1 such that for every i < v, BN Q(wi, ;) = 0.
Denote this game by GZ_,(T'). Note that if IT does not have a winning strategy
for GZ_(T), then II does not have a winning strategy for G ; in r.o.(T™).

Theorem 38 Let k be any infinite cardinal, and let v be any reqular cardinal
such that w < v < cf(k). Suppose that O, holds and {+(S) holds for every
stationary set S C {a < k' : cf(a) = v}. Then there is a k™ -Suslin algebra
which contains a < v-closed dense subset, and in which for each p, A with
v < p < cf(k) and w < X < Kk the game GY_, is undetermined. Hence, for
every p, \, i with v < p < cf(k) and 2 < p < min(k, ), the game G2,(\) is
undetermined.

PROOF. Let cof(v) denote {a < k' : cf(ar) = v}. For any set of ordinals
X, let lim(X) denote the set of ordinals o € X such that « is the limit of an
infinite, strictly increasing sequence of elements of X. Using a [,-sequence,
we construct in the usual manner another Oy -sequence (D, : « € lim(k™))
and a non-reflecting stationary set S C cof(v) such that Vo € lim(k™),

(1) D, C ais club in o

(2) cf(a) < kK — 0.t.(Dy) < K;
(3) 7 € im(Dy) — D, = Do 17
(4) lim(Dy) N S = 0.

We fix some definitions and notation. Fix a Q.+(S)-sequence (A, : a € S);
i.e. a sequence such that Va € S A, Ca,and VAC kT {a € S: A, = ANa}
is stationary. Let £ denote the collection of all partitions of levels of 7" into x-
many pieces. £ C ([£T]=#)* and 2* = % imply |£| = x. Fix an enumeration
(Wa + a < kT) of L, where each W, = (W(a,7) : v < k). Then each strategy
for II for GZ_,(T) can be represented as a function f : (k)<Y — k. Fix a
bijection ¢ : (k)<Y x k — k™. p will code all the possible strategies for II as
subsets of k. For each a < k™ we will fix a partition P, = (P(«a,7) : v < k)
of Lev(a) into k-many pieces and use these partitions to foil all of player II's
strategies for GZ_,(T).

Construction of (T, <r) and {P, : a < k*}. In the course of the construction

we will be building for t € T, 8 ¢ S, a certain branch Bf (which we will call
the canonical S-branch for ¢ in T) which will help continue the construction.
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Let Lev(0) = {0}. Let Lev(1) = (k- 2) \ {0}, and let P; = (P(1,7) : v < k)
be some partition of Lev(1) into k-many pieces. Suppose a > 1 and Lev(«)
has been constructed. Put x-many immediate successors above each element of
Lev(a) in such a way that Lev(a+1) = {f < kT : k- (a+1) < < k- (a+2)}.
Let Por1 = (P(a+1,7) : v < k) be a partition of Lev(a+1) into k-many pieces
such that for each node t in Lev(a) and each v < &, Lev(a+ 1) N P(a+ 1,7)
contains exactly one immediate successor of t.

Now suppose a < kT is a limit ordinal and 7, has been constructed. We have
three cases.

Case 1. cf(a) < v. Then extend every a-branch of T, to level a with exactly
one extension in such a way that Lev(a) = {8 <kt :k-a < <k-(a+1)}.

Case 2. cf(a) > v and a ¢ S. We assume that V3 € lim(a) \ S, Vt € Tp,
the canonical S-branch Bf has been extended to Lev(B) with exactly one
extension, ﬁf . Let t € T,. The canonical a-branch B} is defined as follows.
Let ¢ = 0.t.({y € Dy : v > ht(t)}) and let (; : i < €) be the strictly increasing
enumeration of {y € D, : v > ht(t)}. Let zq € Lev(fy) be the least ordinal
such that t <r xq. For i = j+1 < ¢, let ; € Lev(f;) be the least ordinal such
that x; <r z;. For i < ¢ a limit ordinal, 3; € lim(D,,), so 3; € S. Hence, B;/*
was already constructed at stage f; to be {s € T, : 3j < i(s <g z;)}. B
was given the extension 7.° at Lev(s;). Let a; = ;. Let B® = {s € T, : 3i <
e(s < x;)}. Bf is called the canonical a-branch for t in T,. For each t € T,,
extend the canonical a-branch Bf to Lev(a) with exactly one extension so
that Lev(a) = {f <kt :k-a<f<k-(a+1)}

Case 3. o € S. Let (C) be the statement, “T, = a, {Ps : B < a} C {W;s:
B < a},and " ((a)<¥ x k) = a.” Let (M) be the statement, “A, is a maximal
antichain in 7,.” Let (F) be the statement, “A, codes a partial strategy for
IT on T,.” If either (C) fails, or both (M) and (F) fail, then extend all the
canonical a-branches of T, to Lev(a).

Suppose (C) holds. If (M) holds and (F) fails, then for each t € T,,, choose one
r in T, such that r >¢ t and r >7 u for some u € A,. Extend the canonical
a-branch B? to Lev(a).

Now suppose (C) and (F) both hold. Let f = ¢~ '(A,). Then f : (o)< — & is
a partial strategy for Il on T,. Fix a strictly increasing sequence (a; : i < v)
such that each «; is a successor ordinal and sup;., o; = «. This is possible
since o € S implies cf(a) = v. We let I play (P,, : i < v) and II play according
to f. For each § < a, let g(3) be the ordinal below o such that Pg = Wy ).
Then each P,; = Wy(a,). For each i < v, let

v = f({g(a;) : 7 < 1), (14)
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Then when I plays the sequence (P,, : i < v) and II plays by f, II chooses to
leave out P(a;,";) on round i.

Let t € T,. If (M) holds, let r € T, be such that r >7 ¢t and r >7 u
for some u € A,. Otherwise, let r = ¢. Let i(f) < v be the least ordinal
such that a; > ht(r). We will construct a chain (x; : i(t) < i < v) in T,
such that x;y >p r; for each i(t) < i < j < v, ; <r z;; and for each
i(t) <i<wv,x; € P(as, 7). Let py) be the least ordinal in Lev(a;y) — 1) such
that piz) >r r. Let 24 be the immediate successor of piyy in Py, Yi))-
For i(t) <i=j+1 < v, let p; be the least ordinal in Lev(a; — 1) such that
pi >7 x;j. Let x; be the immediate successor of p; in P(a;,~;). For i a limit
ordinal with i(t) < i < v, let A\; = sup,; a;. Then ); is a limit ordinal with
cf(\;) < v, so every branch in T), has an extension in Lev(};), by Case 1. Let
p; be the least ordinal in Lev(};) such that p; > x; for all i(t) < j <i. o is a
successor ordinal greater than \;, so let p; be the least ordinal in Lev(q; — 1)
such that p; > p}. Let z; be the immediate successor of p; in P(ay, ;).

Let by = {s € T, : for some ¢ with i(t) < i < v, s <r x;}. bf is an a-branch in
T, which passes through the pieces of the partitions which II chooses to leave
out on each level o; according to f. For each t € T, extend b to Lev(a).

For each of the subcases of Case 3, for each ¢t € T, we have chosen one a-branch
containing ¢ to extend to Lev(a). Extend each of these branches uniquely to
Lev(a) in such a way that Lev(a) = {f < kT :k-a < B < k- (a+1)}. Now
let P, = (P(«,7) : v < k) be some partition of Lev(«) into x many pieces.

Let T = Uga<, Lev(a). This concludes the construction of (7, <r). By the
usual argument, (T, <r) is a k*-Suslin tree.

Let Cr ={a<km:T,=0a},Cp={a<kt  {Pz:<alC{NW;:8<
at},and Cp, = {a < kT : ¢"((a)<¥ x k) = a}. Cr and Cp are club subsets of
kT. C, is a > v-club subset of k™.

Claim 39 I does not have a winning strategy for G¥_(T).

Fix a strategy h: (k*)<* — s for Il in GZ_,(T). {8 € S : Az = ¢"(h) N S}
is a stationary subset of cof(r). Hence, it is > v-stationary, by Proposition
36. Since C, is > v-club, there exists an o € {f € S : Ag = ¢"(h)N B} N
C,NCrNCp. Let f =91 (Ay). Then f =h | (a)". a € {B€S: Az =
¢"(h)N B} NC,NCrNCp implies Lev(a) was constructed according to Case
3 with statements (C) and (F) holding for f. Let («; : i < v) be the strictly
increasing sequence we picked such that each «; is a successor ordinal and
sup;., & = a. Let I play the sequence (P,, : ¢ < v). Let ¢ € Lev(a). Then
there is some ¢ € Ty, such that ¢ is the unique extension of the a-branch b*. By
our construction, the unique element ;) € Lev (o)) Nb§ is in P(ouw), i)

the piece of the partition P, ,, which f chooses to leave out on round i(t) when

17



I has played the sequence (P,, : j < i(t)). Since ¢ was an arbitrary member
of Lev(a), there is no (a+ 1)-branch in 7" which misses all of the pieces of the
partitions (P,, : @ < v) which f chose to leave out. Hence, if II plays according
to the strategy h, II loses when I plays the sequence (P,, : i < v). Thus, h is
not a winning strategy for II. Since h was arbitrary, Il does not have a winning
strategy for G¥_,(T); hence, II does not have a winning strategy for G¥_; in
r.o.(T%).

O

Remark 40 (1) In Case 3 when (C) and (F) hold for a, for each t € T,
we only needed to extend some a-branch containing the element x; €
P(ai(), vi(ty) to ensure that II does not have a winning strategy for G/, in
r.0.(T™*). Our construction shows that IT does not have a winning strategy
in r.0.(7T%) in the following game, which is even weaker than G~_,: Players
I and II play the game GY_, constructing a sequence (a, Wy, b, : o < v).
After the play is over, II gets to choose some set X C v of cardinality v.
I wins the play iff Apex V(W, \ {ba}) = 0.

(2) In the case when k<% = k, the previous construction can be slightly
modified so that using only Q.+ (cof(x)) we can construct a x*-Suslin
algebra B which contains a < k-closed dense subset, and in which the
game GY_; is undetermined for each w < A < k. Hence, also for each A, i1
with 2 <y < min(k, A), the game G£ (1)) is undetermined in B.

References

[1] R. D. Mauldin, The Scottish Book, Birhduser, 1981.

[2] D. Maharam, An algebraic characterization of measure algebras, Ann. Math.
48 (1) (1947) 154-167.

[3] R. Jensen, Definable sets of minimal degree, in: North-Holland (Ed.),
Mathematical Logic and Foundations of Set Theory, Proc. Internat. Coll.,
Jerusalem 1968, 1970, pp. 122-128.

[4] W. Gléwczyiiski, Measures on Boolean algebras, Proc. Amer. Math. Soc. 111
(1991) 845 849.

[6] B. Velickovié¢, CCC posets of perfect trees, Comp. Math. 79 (1991) 279-294.

[6] S. Shelah, How special are Cohen and random forcings, i.e. Boolean algebras of
the family of subsets of reals modulo meagre or null, Israel J. Math. 88 (1-3)
(1994) 159-174.

[7] N. Dobrinen, Complete embeddings of the Cohen algebra into three families of
c.c.c., non-measurable Boolean algebras, Pacific Jour. Math.Accepted.

18



[8] A. Blaszczyk, S. Shelah, Regular subalgebras of complete Boolean algebras,
Jour. Symbolic Logic 66 (2) (2001) 792-800.

[9] S. Shelah, There may be no nowhere dense ultrafilter, in: Lecture Notes in
Logic, Vol. 11, Logic Colloquium '95 (Haifa), Springer, 1998, pp. 305-324.

[10] S. Simpson, in conversation, 2002.

[11] T. Jech, More game-theoretical properties of Boolean algebras, Ann. Pure Appl.
Logic 26 (1) (1984) 11-29.

[12] N. Dobrinen, Games and general distributive laws in Boolean algebras, Proc.
Amer. Math. Soc 131 (2003) 309-318.

[13] A. Kamburelis, On the weak distributivity game, Ann. Pure Appl. Logic 66 (1)
(1994) 19-26.

[14] N. Dobrinen, Errata to "Games and general distributive laws in Boolean
algebras”, Proc. Amer. Math. Soc. 131 (2003) 2967—-2968.

[15] S. Koppelberg, Handbook of Boolean Algebra, Vol. 1, North-Holland, 1989.
[16] K. Prikry, in conversation, 1998-2001.

[17] N. Dobrinen, Generalized weak distributive laws in Boolean algebras and issues
related to a problem of von Neumann regarding measurable algebras, Ph.D.
thesis, University of Minnesota (2001).

[18] T. Jech, Set Theory, the 3rd millennium Edition, Springer, 2003.

[19] M. Foreman, Games played on boolean algebras, J. Symbolic Logic 48 (3) (1983)
714-723.

[20] S. T. Bartoszynski, H. Judah, Set Theory on the Structure of the Real Line, A.
K. Peters, Ltd., 1995.

[21] K. J. Devlin, Constructibility, Springer-Verlag, 1984.

19



