COVERING PROPERTIES OF IDEALS

MAREK BALCERZAK, BARNABAS FARKAS, AND SZYMON GLAB

ABSTRACT. M. Elekes proved that any infinite-fold cover of a o-finite measure space
by a sequence of measurable sets has a subsequence with the same property such that
the set of indices of this subsequence has density zero. Applying this theorem he gave
a new proof for the random-indestructibility of the density zero ideal. He asked about
other variants of this theorem concerning [-almost everywhere infinite-fold covers of
Polish spaces where I is a o-ideal on the space and the set of indices of the required
subsequence should be in a fixed ideal J on w.

We introduce the notion of the J-covering property of a pair (A, I) where A is a o-
algebra on aset X and I C P(X) is an ideal. We present some counterexamples, discuss
the category case and the Fubini product of the null ideal N and the meager ideal
M. We investigate connections between this property and forcing-indestructibility of
ideals. We show that the family of all Borel ideals J on w such that M has the J-
covering property consists exactly of non weak Q-ideals. We also study the existence
of smallest elements, with respect to Katétov-Blass order, in the family of those ideals
J on w such that N or M has the J-covering property. Furthermore, we prove a general

result about the cases when the covering property “strongly” fails.

1. INTRODUCTION

We will discuss the following result due to Elekes [8].

Theorem 1.1. Let (X, A, ) be a o-finite measure space and let (Ap)necw be a sequence
of sets from A that covers p-almost every x € X infinitely many times. Then there
exists a set M C w of asymptotic density zero such that (Ay)nen also covers p-almost

every x € X infinitely mamy times.

Applying this result, Elekes gave a nice new proof for the fact that the density zero
ideal is random-indestructible. He asked about other variants of this theorem, in par-
ticular, he asked whether the measure case could be replaced by the Baire category

case.
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For an ideal J C P(w), we assume that w ¢ J and Fin C J where Fin stands for the
ideal of finite subsets of w. An ideal J is tall if each infinite subset of w contains an
infinite element of J. Clearly, an ideal J on w is tall iff its dual filter J* does not have
a pseudointersection, that is a set X € [w]¥ such that X C* Y for each Y € J* where
X C*Y means that X \ Y is finite.

An ideal J on w is called a P-ideal whenever for every sequence of sets F,, € J (n € w),
there is a set E € J such that E,, C* FE for each n.

Each ideal on w can be treated as a subset of the Cantor space 2“ via the standard
bijection between 2¥ and P(w), so we can talk about Borel, Fy, analytic, meager. ..
ideals.

We will need the following very useful characterization of meager ideals:

Theorem 1.2. ([16], [6, Theorem 4.1.2]) An ideal J on w is meager if, and only if there
is an partition (Pp)new of w into finite sets (or even intervals) such that each element

of d contains only finitely many P, ’s.

If I is an ideal on a set X then let I* = {X \ A : A € I} its dual filter and let
I™ = P(X) \ I the set of I-positive subsets of X. If Y C X and Y € I", then the
restriction of I to'Y is the following ideal on Y: I [Y ={Y NA: Ae I}.

More informations about ideals on w can be found e.g. in [13].

Elekes discovered that these covering properties have an effect on forcing indestruc-
tibility of ideals. Assume J is a tall ideal on w and PP is a forcing notion. We say that J
is P-indestructible if -p 3 A € J | X NA| = R for each P-name X for an infinite subset of
w, i.e. in VF the ideal generated by g is tall. This property has been widely studied for
years. For general characterization theorems about forcing indestructibility of ideals see
[9] and [7]. In these papers the authors studied a very general class of forcing notions,
namely forcing notions of the form P; = Borel(X) \ I ordered by inclusion where X is
a Polish space and I is a o-ideal on X (with Borel base). For instance, the Cohen and
the random forcing can be represented of this form by C = Py and B = Py where M is
the o-ideal of meager subsets and N is the o-ideal of null subsets (with respect to the

Lebesgue measure) of the real line (or 2 or w®).
We will need the following classical Borel ideals on w:
The density zero ideal,

Z:{Agw: lim M:O}

n—00 n

is a tall F,5 P-ideal.

The summable ideal,
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is a tall F,; P-ideal and clearly J;,,, C Z.
Let €D be the eventually different ideal, that is

ED = {A Cwxw:limsup|(4),| < oo}
n—oo
where (A), = {m € w: (n,m) € A}. Let A = {(n,m) € w xw : m < n} and
EDan = ED | A. These two ideals are tall F,; non P-ideals.
At last, the Fubini-product of Fin by itself

Fin ® Fin = {A Cw X w : V> n|(A),] < co}.

This is a tall F,5, non P-ideal.

Furthermore, we will use the Katétov-Blass (KB) order on ideals: Jo <gp J1 iff there
is a finite-to-one function f : w — w such that f~![A] € J; for each A € Jo.

In Section 2 we introduce a general covering property of a pair (A, I) with respect to
an ideal on w where A is a g-algebra and [ is an ideal on its underlying set. This property
is a natural generalization of the interaction between the pair (measurable sets, ideal of
measure zero sets) and the density zero ideal proved by Elekes. We discuss this notion,
its connection to the star-uniformity of ideals on w and to the Katétov-Blass order. We
give some negative results showing that in certain cases the respective a.e.-subcovers do
not exist on w*, and in general, we show that ideals with property (M) cannot have any
J-covering properties. We investigate covering properties of N ® M. And at last, we
present the general effect of the covering property on forcing indestructibility of ideals.

In Section 3, applying a result of C. Laflamme on filter games, we characterize the
category case, namely we prove that if J is Borel, then M has the J-covering property
iff EDg, <kp J. In particular, we answer the question from [8] about the category case
of Elekes’ theorem. We also present some examples which show that our implications
are not reversible.

In Section 4 we discuss the existence of KB-smallest elements in the family of those
ideals J on w such that N or M has the J-covering property. We show that Z is not
the KB-smallest in the measure case even among the Borel ideals. We prove that if
t = ¢, then there is no KB-smallest element of these families. At last, we investigate the
generic ideal on w in the Cohen model.

In Section 5 we describe a class of ideals I on R (in general, on Polish groups) for

which the J-covering property fails in a strong fashion.

2. THE J-COVERING PROPERTY

We can consider the following abstract setting.
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Definition 2.1. Let X be an arbitrary set and I C P(X) be an ideal of subsets of X.
We say that a sequence (Ay)new of subsets of X is an I-a.e. infinite-fold cover of X if
{x eX:{new:xe€A,l}is ﬁnite} el, ie. limsupA, e I".

new
Of course, the sequence (4,,) above can be indexed by any countable infinite set. Assume
furthermore that A is a g-algebra of subsets of X and J is an ideal on w. We say that
the pair (A, I) has the J-covering property if for every I-a.e. infinite-fold cover (A )new
of X by sets from A, there is a set S € J such that (Ay)nes is also an I-a.e. infinite-fold

cover of X.

If A is clear from the context (e.g. A = Borel(X) if X is a Polish space), then we
will write simply “I has the J-covering property” instead of “(A,I) has the J-covering

property”. Furthermore, we will use the following notation:

CP(I) =CP(A,I) {H (A, I) has the J-covering property}

and if I" is a class (or property) of ideals then let CPr(/) = CP(I) NI'. For example,
we can talk about CPpeer(I), that is, the family of those Borel ideals J such that I has
the J-covering property.

First of all, we list some easy observations on this definition:

Observations 2.2.

(1) Clearly, in the previous definition it is enough to check infinite-fold covers in-
stead of I-a.e. infinite-fold covers. Observe that, if I; C Iy and (A, I1) possesses
the J-covering property, then (A, Iz) also possesses it. In other words, I; C Iy
implies CP(I;) C CP(ly).

(2) In this context, Elekes’ theorem says that, if (X, A, ) is a o-finite (complete)
measure space, then (A, N,) has the Z-covering property (ie. Z € CP(N,))
where N, = {H € A : u(H) = 0}.

(3) It is trivial that, if a pair (A, ) has the J-covering property, then § must be
tall. In the study of covering properties of pairs (Borel(X), I') where [ is a“nice”
o-ideal on the Polish space X, interesting ideals on w must have a bit stronger
property than tallness. If J is a tall ideal on w then the star-uniformity of g is

the following cardinal:
non*(J) = min {|H| : HC [w] and AA€JVH € H [ANH| =w}.

We claim that, if (A, I') has the J-covering property and A\ I contains infinite
antichains (in the forcing sense), then non*(J) > w.

Simply let (Bg)kew be a partition of X = (JA into I-positive sets from A,
and assume on the contrary that (Y)ke, is a sequence in [w]“ such that V S €

Jkew|SNYy| <w. Wlo.g. we can assume that this sequence is a partition
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of w. Define A,, = By, if n € Yi. Then (A )ney is infinite-fold cover, since any
By, appears infinitely many times in this sequence. Take any S € J. Then there
is k such that SNYj is finite, in particular By, appears only finitely many times
in (A,)nes, and therefore By, Nlimsup,cg A, = 0, so limsup,,cg A, ¢ I*.

(4) Clearly (P(X),{0}) has the J-covering property iff |X| < non*(J). This fact
and the following reformulation of the J-covering property shows that covering
properties can be seen as “analytic star-uniformity”: (A, I) has the J-covering
property if and only if, for every (A, Borel([w]¥))-measurable function F': X —
[w]“ (where X =JA), there is an S € J such that

{zeX:|F(z)NS| <w} el

(5) Notice that if (A,I) has the J-covering property, then (A[I],I) also has this
property where A[I] is the “I-completion of A”, that is

Alll={BCX:3AcAAABeI}.

For instance, Borel(R)[N] is the o-algebra of Lebesgue measurable subsets of R,
and similarly Borel(R)[M] is the o-algebra of sets with the Baire property.

(6) If (A, I) has the J-covering property then for all Y € A\ the pair (A [ Y, I [Y)
also has this property where of course, A [ Y = {YNA: A € A} is the restricted
o-algebra.

(7) If both (A, I1) and (A, I5) have the J-covering property, then (A, I;NI3) also has
this property. Moreover, it is easy to see that CPp(I;N1y) = CPp(I1)NCPr(Is).

(8) How could we conclude a Ji-covering property from a Jo-covering property? It
is easy to see that if Jo <kp J1 and (A, I) has the Jo-covering property, then
(A, I) has the J;-covering property as well. In other words, CP(7) is KB-upward

closed.

Now, let us discuss some negative results. We start from an easy example concerning

the measure case.

Example 2.3. We will show that N does not have the J; /,-covering property in a
strong sense. First consider interval (0,1) and a fixed infinite-fold cover (A;)necw of
(0,1) of the form A, = (ap,by), by — ap, = n%rl
> nes AM(An) < 0o where X stands for Lebesgue measure on R. Hence by the Borel-

Then for each S € J;/, we have

Cantelli lemma, A(limsup,cg A,) = 0. Fix a homeomorphism A from (0,1) onto R of
class C'. Then (h[A,])neco is an open infinite-fold cover of R. Since h is absolutely

continuous, we have A(limsup,,cg h[A,]) = 0, which gives the desired claim.

This example motivates the following question which will be discussed in Section 5

(see Example 5.1 and Theorem 5.2 below).
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Question 2.4. Assume X is a Polish space, I is a o-ideal on X, and I does not have
the J-covering property. Does there exist an infinite-fold Borel cover (A, )new of X such
that limsup,,cg Ay € I for all S € g7

We will show that a wide class of ideals cannot have any J-covering properties.

The following property was introduced in [1]: An ideal I on an uncountable Pol-
ish space X has property (M) if there is an uncountable Polish space Y and a Borel-
measurable f: X — Y such that f~![{y}] € I'" for each y € Y. This property can be
seen as a strong violation of the countable chain condition. Recall that I is said to fulfil
this condition (or, that I is a ccc ideal) if every disjoint subfamily of Borel(X) \ I is
countable.

First of all, it is natural to ask about the existence of an ideal I on an uncountable
Polish space X without property (M) such that there is family of ¢ pairwise disjoint
I-positive Borel sets. Surprisingly, this is still an open question in ZFC. D.H. Fremlin
constructed such an example under the assumption cov(M) = ¢ (see [1, Prop. 1.5]).

Numerous classical ideals (without ccc) have property (M). Let us see some examples:

Example 2.5.

(1) The ideal of nowhere dense sets has property (M) (see [1, Prop. 1.3]).

(2) The o-ideal X, generated by compact sets on w*, has property (M). Indeed, if
F:wY = wY, F(z)(n) = z(2n) for each x € w* and n € w, then F is continuous
and F~1[{y}] € K} for each y € w*.

(3) The ideal of H{*-null subsets of R for s € (0,1) has property (M) where 3{* is
the s-dimensional Hausdorff measure (see [11]).

(4) The ideal of so-called o-porous subsets of R has property (M) (see [17, Prop.
2.1)).

(5) The so-called Mycielski ideal has property (M) (see [3, Lemma 0.1]).

(6) The ideal of so-called nowhere Ramsey subsets of [w]“ has property (M) (see [1,
Prop. 1.4]).

(7) If J is a tall non prime ideal on w, then let J be the ideal on [w]“ generated by
the sets of the form

A={XeWw”: |[AnX|=w} forAeg.

Clearly J is a o-ideal iff g is a P-ideal. Let Cyo U C1 = w be a partition into
J-positive sets, and let F': [w]* — 2¥ F(X)(n) = i iff the nth element of X
belongs to C;. It is easy to see that F' shows that g has property (M).

(8) It is easy to see that if I or J have property (M), then I ® J also has this
property (see definition of the Fubini-product below).

The next simple result says that ideals with property (M) are not interesting in the

sense of covering properties.
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Proposition 2.6. If an ideal I on X has property (M), then CP(I) = (). Moreover,
there is an infinite-fold Borel cover (Bp)new of X such that for each infinite and co-
infinite set S C w, limsup,cg By, ¢ I*.

Proof. Fix a Borel function f: X — w“ which witnesses property (M) of I. Consider
the following infinite-fold cover (Ay)new of wW* by Fy sets:

Ay, ={zx €w”:x(n) #0 or Yk (k) = 0}.

It is easy to see that, if S C w is infinite and co-infinite, then w* \ limsup,cg Ay is
uncountable (even it is dense and does not belong to X, ). For each n, let B, = f~1[A,].
We claim that for each infinite and co-infinite set S C w, limsup,,cg By, ¢ I*. Indeed,
limsup B, = f~* [hm sup An} is co-uncountable,
nes nes

hence the preimage of any x € w* \ limsup,,cg A, shows that limsup,cg By, ¢ I*. O

As we will see, if we know that N has the J-covering property, then we can infer
the same for the Fubini product N ® M, provided that J is a P-ideal on w. For more
informations on the o-ideals N ® M and M ® N on R?, see [2].

We recall the definition of Fubini product of ideals I C P(X) and K C P(Y). For
ACX xYandze X let (A), ={yeY :(x,y) € A}, and let

IQK={ACXxY:{zeX:(A),cK}el}
It is easy to see that
CP(I® K) C CP(I)NCP(K)(=CP(INK))

for each I and K: Clearly, (B, )new is an I-a.e. infinite-fold cover of X iff (B, X Y),cw
is an I ® K-a.e. infinite-fold cover of X x Y. Similarly, (C),)new is an K-a.e. infinite-fold
cover of Y iff (X x Cp)new is an I @ K-a.e. infinite-fold cover of X x Y.

Theorem 2.7. CPP-ideals(N X M) = CPP-ideals(N)-

Proof. To show the nontrivial inclusion “2”, assume that J is a P-ideal such that N has
the J-covering property. Let (A,)new be an N ® M-a.e. infinite-fold Borel cover of R?.
By [2, Prop. 4], for each Borel set G in R? there is a Borel set H with open sections
such that GAH € N ® M. So, we may assume that all sections (A,), for n € w and
x € R are open. There exists a Borel set B € N* such that limsup,,c,,(Ay)z is residual
for all x € B. Fix a base {Uy, : k € w} of open sets in R. For all n, k € w define

Dy :i={x eR: (A,). NU; # 0}.
Since (Ay).NUg # 0 iff (Ay).NUk ¢ M, the sets D, are Borel (see [10, 22.22]). Observe

that for all £ € w we have B C limsup,,c., Dy since for each x € B there are infinitely

many A,’s such that ({x} x Ug) N A, # 0. Since N has the J-covering property, pick an
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Sk € J such that lim SUPpes, D, € N*. Since J is a P-ideal, we can pick an S € J such
that S, C* S for all k € w. Then
C .= m limsup Dy, O ﬂ limsup D, € N*.

kew nes kew n€Sk

Fix an z € C. Then for all k¥ € w and infinitely many indices n € S, we have (4,,),NUy #
(. It follows that limsup, cg(A,), is a residual Gg set for all x € C. Hence (Ap)nes is
an N ® M-a.e. infinite-fold cover of R2. O

Question 2.8. Is the analogous result true for M®N? Can one prove the same theorem

for all (Borel) ideals on w?
Applying CP(I ® K) C CP(I N K), we obtain the following
Corollary 2.9. CPP—ideals(N) - CPP—ideals(M)'

Finally in this section, we discuss the natural generalization of Elekes’ result about

random-indestructibility of Z.

Theorem 2.10. Let I be a o-ideal on a Polish space X, and assume that Py is proper.
If I has the J-covering property, then J is Pr-indestructible.

Proof. Assume on the contrary that Y is a P;-name for an infinite subset of w, i.e.
lFp, Y € [w]* and B IFp, ¥V A € J |Y N A| < w for some B € P;. Then there are a
C € Py, C C B, and a Borel function f : C — [w]¥ (coded in the ground model) such
that C IFp, f(Fgen) = Y where fgey is a name for the generic real (see [18, Prop. 2.3.1]).
For each n € w let
Y, = fH{S € [w]* : n € S}] € Borel(X).

Then (Y},)new is an infinite-fold cover of C' (by Borel sets) because x € Y,, iff n € f(z)
and |f(z)| = w. Using the J-covering property of (Borel(X) | C,I | C) we can choose
an A € J such that (Y,)nea is an I-a.e. infinite-fold cover of C, that is |f(z) N A] = w
for I-a.e. z € C,ie. {x € C:|f(x)NA| <w}el,soC IFp, [f(Fgen) N Al = w, and
consequently, C' IFp, |V N A| = w, a contradiction. O

By the following example, the covering property is, in general, truly stronger than

the forcing indestructibility.

Example 2.11. We show that €D and Fin ® Fin are Cohen-indestructible but M does
not have the £D- or Fin ® Fin-covering properties.

It is easy to see that non*(€D) = non*(Fin ® Fin) = w, so because of Observation
2.2(3), M does not have the corresponding covering properties.

Although €D C Fin ® Fin, in particular Cohen-indestructibility of Fin ® Fin follows
from the Cohen-indestructibility of €D, it is easy to see that a forcing notion P destroys
Fin ® Fin iff P adds dominating reals.
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Cohen-indestructibility of €D: Let C = (2<%, D) be the Cohen forcing and assume
that X is a C-name for an infinite subset of w x w such that IF¢ 3% n (X), # 0 (because
else X cannot destroy £D). Enumerate C = {p, : n € w}. By recursion on n € w we
will define A = {(mp,ky) : n € w} C w X w (in the ground model). Assume (my, ky)
is done for £ < n. Then we can choose a g, < p,, an m, > m,_1, and a k, such that
Gn IF kn € (X)m, . Clearly A € ED.

We claim that IF¢ [AN X| = w. Assume on the contrary that pIF ¥V n > N (A), N
(X)n = () for some p € C and N € w. Then p = p,, for some n and we can assume that

n > N. Then m, >n and ¢, IF k, € (A)m, N (X)m,, a contradiction.

3. AROUND THE CATEGORY CASE

In this section we will characterize CPpopei(M). We will need the following notion
and its characterizations: An ideal J on w is called weak @-ideal if for each partition
(Pp)new of w into finite sets, there is an X € J* such that | X N P,| <1 for each n.

For example, the partition ([27,2"%1)),c, witnesses that Z is not a weak Q-ideal.

It is not hard to see that J is a weak Q-ideal iff €Dg, Lkp J.

Note that EDg, <kp J holds for a quite big class of ideals, namely for tall analytic
P-ideals. This fact easily follows from Solecki’s representation theorem (see [15, Thm.

3.1.]) which says that analytic P-ideals are exactly the ideals of the form

Exh(p) = {A Cw: nh_}rgo w(A\n) = O}

for some lower semicontinuous submeasure ¢ on w.

C. Laflamme in [12] proved another nice characterization of weak Q-ideals by using
infinite games. In general, he investigated the games of the form &(X,w,Y) where
X,Y C P(w). The rules are the following: At the kth stage Player I chooses an X € X
and Player II responds with an ng € Xj. Player II wins if {ny : £ € w} € Y. We will
need the characterization of existence of winning strategies in a game of this form.

Before the next theorem, we recall a notion: an ideal J on w is w-diagonalizable if
there is a countable family {Y,, : n € w} of infinite and co-infinite subsets of w such that
for each A € J there is an n with A C* Y,,. Clearly, J is w-diagonalizable iff non*(J) = w,

in particular, in this case M does not have the J-covering property.

Theorem 3.1. ([12, Thm 2.2]) Let J be an ideal on w. Then in the game &(Fin*, w, J")

(1) Player I has a winning strategy iff J is not a weak Q-ideal;
(2) Player II has a winning strategy iff J is w-diagonalizable.

Theorem 3.2. Assume J is a Borel ideal. Then M has the J-covering property iff J is
not a weak Q-ideal (i.e. EDgy <kp d). In other words,

CPBorel(M) = {3 : J is a Borel non weak Q—ideal}.
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Proof. First we prove that M has the EDgy-covering property. It implies that CP(M)
contains all non weak Q-ideals. Let (A, m))(n,m)ea be an infinite-fold cover of R by
Borel sets. Without loss of generality, we can assume that all A, ,,)’s are open and
nonempty.

Enumerate {Uy : k € w} a base of R. We will define by recursion a sequence
(nk, Mi)rew of elements of A. First, pick (no,mo) € A such that Ag, ) N Uo # 0.
Assume (n;,m;) are done for i < k. Then we can choose an (ng,my) € A such that
ng # n; for i <k and Ag,, ;) VU, # (). We obtain the desired set S = {(ng, my) : k €
w} € EDgy. For every k € w, the set ;> A(n,,m,) is dense and open. Consequently,
lim sup, ;myes A(n,m) is a dense Gy set, hence it is residual.

Conversely, first we show that if J is Borel, then the game &(Fin*,w,Jt) is de-
termined. We reformulate this game a bit. The Players are choosing elements from
the countable set Fin® x w. The “set of rules” is the following tree on Fin* x w:
((Xo0,1n0), (X1,n1), ..., (Xk_1,n%-1)) € T iff ny € X;_1 for each odd ¢ € [1,k). Player I
wins the game ((Xx,ng) : k € w) € [T] = {branches through T'} if {ny, : kis odd} € g. It
is easy to see that the function from [T to P(w), given by ((Xk,nk) : k € w) — {ng : k
is odd}, is continuous, and hence if J is Borel then the game is determined.

Applying Theorem 3.1, if EDg, £xp J, then Player II has a winning strategy, so J is

w-diagonalizable, and hence M does not have the J-covering property. U

Notice that this theorem shows that M plays an important role in the following sense:

Corollary 3.3. If A\ I contains infinite antichains, then CPperel(A, I) C CPpBeorel(M).
In particular, CPgore1(N) € CPpoper(M).

We also know that CP p_igeats(N) € CP p_igeais(M) (see Corollary 2.9), so it is natural
to ask the following:

Question 3.4. Does CP(N) C CP(M) hold?

4. KB-SMALLEST ELEMENTS IN CP(I) AND IN CPpoei (1)

First we show that Z is not KB-minimal (in particular, it is not the KB-smallest ideal)
in CPpore(N). For A Cw and n € w let

Sp(A) =max {|AN[k,k+n)| : k€ w},

ZUZ{AQw: lim S”(A)zo}.

n—oo N

and let

Then Z,, is an ideal called the uniform density zero ideal. It is easy to see that Z, is
an F,s non P-ideal (for more details, see [4]), and that EDg, <kp Zu <kB Z.

Proposition 4.1. Z £xp Zy.
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Proof. Let f: w — w be finite-to-one. We will inductively define a sequence (by,)n>1 of

natural numbers such that
A:U{f(bn+k):n€wandk€ [0,n)} € 2.

Then f~![A] contains blocks of natural numbers of arbitrary length. Therefore f~![A] ¢
Zy so f cannot witness that Z <k Z.

Let b be such that f(b1) > 2 = 2. Let by be such that f(b2), f(ba + 1) > f(b1) + 22.
Assume we have already defined by, ..., b,. Let b,11 be such that

min { f(bny1 + k) : k€ [0,n+ 1)} > max {f(b, +k): k€ [0,n)} 4 2n L,

Clearly, A=J{f(bn + k) :n € wand k € [0,n)} has asymptotic density zero, that is,
Aez. O

The proof of the following theorem is Elekes’ original proof, simply it works for Z, as

well.
Theorem 4.2. N has the Z,-covering property.

Proof. Let (Ap)new be an infinite-fold Borel cover of 2. Let Ny = 0. By continuity
of measure we can find Ag, A1, ..., An,—1 such that A\(2¥ \ (AgU A1 U---UAN,—1)) <
1/2 (where X is the Lebesgue measure on 2¢). Note that if we remove finitely many
elements from an infinite-fold cover, then it is still an infinite-fold cover. Therefore we
can inductively define numbers 0 = Ny < Ny < Ny < ... such that A(2¥ \ (An, U
AN+1U--UAN, 1)) < 27%=1 and k divides N}, — Nj_; for any k > 0.

Since Ny, — Nj_1 = dik for some dj, € w, we can define

I/Vik:{Nk_l+i,Nk_1—i—k—l—i,...,Nk_l-i-(dk—l)k-i-i}

for i € [0, k), that is, the partition of [Ny_1, Ni) into k many arithmetical progressions
of length dj and difference k.

Consider X = [];5[0,k) the product space of the uniformly distributed probability
spaces on k > 1 with the discrete topology, and denote by u the product probability
measure on this Polish space.

For each Z = (zp)k>1 € X let Z(Z) = > Wk . Clearly Z(Z) € Zy for any 7 € X.
To end the proof we claim that (An),ecz(z) is a A-a.e. infinite-fold cover of 2¢ for y-a.e.
T e X.

For a fixed f € 2¥ let

Ef = {feX L f eU{An:ne Wfk}} € Borel(X).

Then ,u(E,]:) > 1/k provided f € An,_, U---U An,—1. But for M-a.e. f € 2% there is
ko(f) such that f € Ay, ,U---UAp, 1 for all k > ko(f). Why? Simply because of the
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construction of (Ng)ke, we have

MU N Aw,u-UAy ) | =1
ko>1k>ko
Therefore Y 7, M(E,J;) = oo for M-a.e. f € 2% Since (E,]:)kEw are independent,
applying the second Borel-Cantelli Lemma we obtain that

A ({f €2¥:p <limsupE,{> = 1}> =1.
k—w

And hence by Fubini’s theorem we are done. a

Unfortunately, despite of the category case, the following question is still open.

Question 4.3. Does there exist a KB-smallest (or at least KB-minimal) element in
CPBorel(N)?

Recall that a sequence T = (T,)a<x in [w]* is a towerif k is regular, T is C*-descending
(i.e. Ty € Ty if < f < 7), and it has no pseudointersection. The tower number t is

the smallest cardinality of a tower, and ¢ stands for the continuum.

Theorem 4.4. Assume t = ¢ and |A| < ¢. Then there is no KB-smallest element in
CP(A,I).

Proof. It CP(A,I) = () then we are done. If (A, I') has the Jy-covering property then we
will construct a J such that Jg ﬁKB d but (A, I) has the J-covering property.

Enumerate (fy)a<. all finite-to-one functions from w to w, and enumerate ((AS)pew :
a < ¢) the infinite-fold covers of X = [JA by sets from A. By recursion on ¢ we will
define a C*-increasing sequence (Sg¢)a<c of infinite and co-infinite subsets of w and the
ideal J generated by this sequence will be as required.

Assume (S¢)e<q is done for some o < ¢. Because of our assumption on t, we can
choose an infinite and co-infinite S}, such that S; C* S/, for each { < «a. The set
falw\ S] contains an infinite element E of Jo. We want to guarantee that f;![E] ¢
because then f, can not witness Jo <kp J. Let H = f;![E]\ S, € [w]“.

Consider the ath cover (Aj)new- If (An)new\ g is an I-a.e. infinite-fold cover of X,
then let S, = S/, U (w\ H).

If not, then

C={zeX:{ncw\H:zecA}}is finite} ¢ I.
Applying our assumption for (A[I] | C,I | C) and (A% N C)per (with a copy of Jo on
H) we can choose an infinite H' C H such that H \ H' is also infinite and (A% N C)pepn
is an I | C-a.e. infinite-fold cover of C.
Finally, let S, = S, U (w\ H) U H'. Tt is easy to see from the construction that J is

as required. O
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Corollary 4.5. If t = ¢ then there are ideals Jo € CP(N) and §; € CP(M) such that
Zu £xB do and EDg, Lxp J1-

Without t = ¢ we can use a simple forcing construction.

Theorem 4.6. After adding wy Cohen-reals, there is an ideal J such that EDgy ﬁKB dJ
(in particular, Z,, ¢xp ) but N and M have the J-covering property (i.e. § € CP(N)N
CP(M) =CP(NNM)).

Proof. Let (ca)a<w, be the sequence of generic Cohen-reals in 2¥, C, = c;'[{1}] C w,
and let J be the ideal generated by these sets. J is a proper ideal because it is well-known
that {Cy : @ < w1} is an independent system of subsets of w.

To show that N has the J-covering property in the extension, it is enough to see that if
(A )new is an infinite-fold cover of 2¢ by Borel sets in a ground model V', then (A4, )nec
is an N-a.e. infinite-fold cover of 2¢ in V[C] where C' C w is a Cohen-real over V.

Clearly, it is enough to prove that V[C] |= A( Unec A,) =1 for each k € w (because
then V[C] = A(limsup,cc Ay) =1). Let p € C = (2<¥,2), k € w, and ¢ < 1. We
can assume that [p| > k. Then there is an m > |p| such that )\(Unem\|p| Ap) > e so if
g:m—2,ql|p|=p,and q | (m\|p|) =1, then ¢ < p and ¢ I+ )\(UnEC\kAn) > €.

To show that M has the J-covering property in the extension, it is enough to prove
that if (A;,)new is an infinite-fold cover of 2* by open sets in V', then (4;,)pec is an M-
a.e. infinite-fold cover of 2 in V[C]. By a simple density argument V[C] =*U,cc\x An
is dense open” for each k € w, so V[C] =“limsup,,cc Ay, is residual.”

To show that €Dg, £xp J, it is enough to see that if f € AY N V[(ce)ecal Is a
finite-to-one function for some o < wi, then there is an A € EDgy N V[(ce)e<al such
that f~1[A] cannot be covered by finitely many of C¢’s (€ < wy). Simply let A be a
Cohen function in [[, ., (n + 1), i.e. the graph of a Cohen-function in A, for example
A={(nk) € A:d,(n) =k mod (n+1)} is suitable. Using the presentation of this
iteration by finite partial functions from w; X w to 2, we are done by a simple density

argument. O

Question 4.7. Is it provable in ZFC that there are no KB-smallest elements of CP(N)
and CP(M)? Or at least, is it provable that Z, and €Dg, are not the KB-smallest

members of these families?

The next result shows that, to give positive answer to the second question, it would be
enough to find a non meager weak Q-ideal. However, at this moment we are unable to
construct such an ideal. Discussing the existence of a non meager weak Q-ideal could be
interesting on its on right because the so-called Q-ideals satisfy these properties (these
are the most natural consequences of property Q) but it is consistent that there are no
Q-ideals (see [14]).

Proposition 4.8. CP(M) N CP(N) contains all non meager ideals.
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Proof. Let J be non meager, that is (by Theorem 1.2), for each partition (P, )ne, of w
into finite sets, there is an S € J which contains infinite many elements of the partition.

We claim that J € CP(M). Let (A,,)new be an M-a.e. infinite-fold Borel cover of R.
We can assume that A,,’s are open. Fix a base {Uy : k € w} of R. By recursion on n we

can define a partition (P, )ncw of w into finite sets such that for each k <n

UkﬂU{AZZEPn}%@

We can do it because for each N the sequence (A4, ),>n is still an M-a.e. infinite-fold
cover of R. By our assumption on g, there is an .S € J such that P, C S for infinitely
many n’s. It yields that (J {An :n e S\N } is a dense open set for each N, hence
limsup,,cg Ay, is residual.

We claim that J € CP(N). Let (Ay)new be an N-a.e. infinite-fold Borel cover of R.

By recursion on n we can define a partition (P,)ne, of w such that for each n
Al nJ{4isi€ PY) > 20— 27",

We can do it because for each N the sequence (A;),>n is still an N-a.e. infinite-fold
cover. Applying our assumption on J, there is an S € J such that P, C S for infinitely
many n’s. It yields that |J {4, : n € S\N} is co-null for each N and hence lim sup,,cg 4y,

is also co-null. O

5. WHEN THE J-COVERING PROPERTY “STRONGLY” FAILS

In this section we give a positive answer to Question 2.4 in a special case. First of

all, we present a counterexample:

Example 5.1. Consider X = (—1,1) and let an ideal I on X consist of sets A C X such
that AN (—1,0] is meager and AN (0,1) is of Lebesgue measure zero. Using Example
2.3 and Theorem 3.2 observe that I yields the negative answer to Question 2.4 with
d = J1/n- However, this question remains interesting if we restrict it to translation
invariant ideals on R. In this case, we describe a class of ideas which yields a positive

answer to Question 2.4 provided J is a P-ideal.

Let Q stand for the set of rational numbers. For A, B C R and = € R we write
A+z={a+z:acAland A+ B={a+b: Ac Aand b€ B}.

Theorem 5.2. Assume that I is a translation invariant ccc o-ideal on R fulfilling the

condition
(1) Q+ AeI” for each A € Borel(R) \ I.

Fiz a P-ideal J on w. If I does not have the J-covering property, then there exists an
infinite-fold Borel cover (A!)new of R with limsup,cg Al € I for all S € .
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Proof. Fix an infinite-fold Borel cover (A;,)ne, of R such that limsup,,cg Ay, ¢ I* for all
S € J. We will show that there is a Borel set B C R with B ¢ I and (limsup,,cg A,)NB €
I for all S € J. Suppose it is not the case. So, in particular (when B = R), we find
So € J with Xg := limsup,,cg, An ¢ I. Then by transfinite recursion we define sequences
(Sa)a<y and (Xa)a<y with Sq € § and X, := (limsup,cg, An) \ Ugcq Xp ¢ I (when
B =R\ Upg,Xp & I). Since I is ccc, this construction stops at a stage v < wy with
Ua<r limsup, g, An = U,er Xa € I*. Since [ is a P-ideal, there is S € J which almost
contains each S, for a < 7. Then limsup,,cg A, € I* which contradics our supposition.

So, fix a Borel set B ¢ I such that (limsup,cgA,) N B € I for all S € J. Let
Q= {qr : k € w}. Define By := B and By, := (qx + B) \ U, Bi for k € w. Then put
Al = Upeo((qr + An) N By) for n € w. Since (Ay)new is an infinite-fold cover of R,
we have limsup,,c,((gx + An) N By) = By, for all k € w. Note that (A),)ne, is an I-a.e.
infinite-fold cover of R since

limsup A}, D U limsup((gx + An) N Bx) =Q+ B
new kew new

and Q + B € I* by (1). Finally, let S € J. Since [ is translation invariant and
(limsup,,cg A,) N B € I, we have limsup,,c5((gx + A,) N By) € I for all k € w. Since I
is a o-ideal and By’s are pairwise disjoint, it follows that

limsup A, = U limsup((gx + An) N By) € 1.
nes kew nes

Of course, we can modify (A}) to be an infinite-fold cover of R. O

Theorem 5.2 can be generalized to any Polish group G with Q replaced by a countable
dense subset of G. Condition (1) is related to the Steinhaus property, for details see [5].
Note that M, N, M @ N and N @ M satisfy (1) with Q replaced by any dense subset of
R (resp. R?).
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