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Introduction

Tree-forcing

In set theory of the reals some rather important objects are the
so-called tree-forcings. This kind of forcings plays a relevant role in
many applications regarding cardinal characteristics and regularity
properties.

Definition

e T C 2<% is called perfect tree iff T is closed under initial
segments, T is closed under increasing < k-sequences of
nodes and Vs € Tdt € T such that s C t and t is splitting.

o P is called tree-forcing iff every p € P is a perfect tree, and we
define g < p < q C p.
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Introduction

Tree-ideals and tree-measurability

e X is P-open dense iff VT ¢ PAT' C T(T' e PA[T'] C X).
The complement of a P-open dense set is called P-nowhere
dense. X is P-meager iff it can be covered by a < k-size union
of P-nowhere dense sets. The ideal of P-meager sets is
denoted by Zp.

@ X is P-measurable iff for every T € P thereis T"C T, T' € P
such that [T'|N X € Zp or [T']\ X € Zp.
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Introduction

Some well-known examples in the w-case

e Cohen forcing C := {Ts : s € 2<“}, where
Ts :={t €2<¥:s C t} --» Baire property

o Sacks forcing S := {T C 2<% : T perfect tree} --» Bernstein
property.

e Random forcing B := {T C 2<¥: T perfect A u([T]) >0 }.
--+ Lebesgue measurability.

o Miller forcing Ml := {T C w<¥:
T perfect tree A (t splitting = [{i € K : t7i € T| =k})}.

These forcings add new reals. What if we want to add a large
set of new reals?

Remark. Adding large sets of generic reals is very often used for
proving results about the additivity numbers and regularity
properties with respect to some specific ideal.
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Introduction

Amoeba for Sacks

We start with an example for Sacks forcing.

Definition

We define AS the poset consisting of pairs (n, T), with T perfect
tree and n € w. The ordering is given by:

(", TY<(n,T)&nd>nAT CTAT |n=T|n.

Given a generic filter G for AS, one may easily check that
Te =T :(n T)€ G} is a perfect tree such that each branch
is Sacks generic. From now on we refer to T¢ as a generic tree.

Let T¢ be the generic tree and {t, : n € w} be the sequence of its
leftmost splitting nodes. Define z € 2* so that z(n) = 0 iff
|tht1] < min{|t| : t € SPLIT(Tg) : t D t, 0}.
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It easy to check that z is a Cohen real.
However, there is way to define finer versions of Sacks-amoeba in
order to kill this kind (and all other kinds) of Cohen reals.

Similar situations occurs for Miller and Laver forcing. Mathias
forcing is its own amoeba and it is known to satisfy the Laver
property (and so not to add Cohen reals).

The situation for Silver forcing in completely different, as proven
by Otmar Spinas recently.

But what about the generalized context?
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Uncountable generic trees

Amoeba for Sacks in 2%
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Uncountable generic trees

Club Sacks forcing

There are several ways to generalize Sacks forcing. For instance
one can consider the following.

Definition

Let T C 2<F be a perfect tree. We say T is club Sacks iff for each
x € [T] one has

{a < Kk : x]a is splitting} is club.

The forcing consisting of this kind of trees is called club Sacks
forcing and denoted by S¢ub.
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Amoeba for club Sacks

Definition

Define AS““P as the poset consisting of pairs (p, T), with T club
Sacks tree in 2<% and p C T club subtree with size < k. The
order is:

(P, T)<(p,T)p 2™ pAT CT.

As in the w-case, given a generic filter G for AS“""P, one can check
that T ;== ({7 : (o, T) € G} is a club Sacks tree of generic
branches.
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Some important properties:

o ASCUb satisfies k-axiom A, for k inaccessible.

o ASY'P satisfies quasi pure decision: for every D C AS dense,
(p, T) € AS, there is T’ such that for every (gq,5) < (p, T'),

(q9,5) € D= (q, T'|q) € D.

As in the w-case, ASCUb 3dds k-Cohen reals.

Question. Can we consider well-sorted perfect trees in order to
get the x-Laver property? NO

Moreover, the answer is much stronger than that. Indeed we are
going to prove that there is a kind of x-Cohen sequence which is
very robust, and in fact we prove that whenever we add a
generic club Sacks tree we necessarily add «-Cohen
sequences. This is in sharp contrast with the standard case.
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To get in touch with the main difference from the w-case consider
the following easy example.

RENEILS

Fix S C k stationary and co-stationary. Let {t, : a < Kk} be the
sequence of leftmost splitting nodes of T¢. Define z € 2% as
follows:

Z(Oé) =1& |ta+1’ e€S.

One can easily check that z is Cohen.

Indeed for (p, T) € AS, let {t, : @ < d} be the sequence of
leftmost splitting nodes of T¢ already decided by (p, T). Since
there are club many splitting nodes above ts, one can freely shrink
T in such a way that ts1; € S or not. One can then extends p in
order to freeze the § + 1-st splitting of the “new” subtree of T.
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As we mentioned above we can prove a much stronger result.

Let V C N be ZFC-models such that in N there is an absolute
Selub_generic tree over V. Then there exists z € N N 2" that is
Cohen over V.

The word absolute must be understood as follows: for every
< k-closed forcing P,

N |= “T generic tree over V" < NF |= “T generic tree over V.
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Coding by stationary sets

Let x be inaccessible. Fix {S; : 7 € 2<%} family of pairwise
disjoint stationary sets.

Lemma (Pruning Lemma)

Let T € S, {D; : £ < k} be a C-decreasing sequence of dense
subsets of C. One can find T' € S°, T' C T such that for every
o < K, there is 7o, € 2<% such that

Vt € SPLIT,1(T')Vs € 259 |t| € S, and € s77, € D,.
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The key step to prove the Pruning Lemma is the following result.

Lemma (Coding Lemma)

Let T €SP o ek, 7 €2<F. There exists T' <, T, T' € Sclub
such that

Vt € SPLIT441(T'), |t] € 5.

Sketch of proof.

For every t € SpLIT,(T), i € {0,1}, pick o(t,i) € T such that
o(t,i) D t"iand |o(t,i)| € S;. Notice that we can do that as S;
is stationary and there are club many splitting nodes extending
t~i. Furthermore if 7/ # 7, then |o(t, )| ¢ S,/, since the
stationary sets are pairwise disjoint. Finally put

T = U{Ta(t,i) te SPLITQ+1(T),I' S {0, 1}} L]
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Proof of Coding Lemma.

We build a fusion sequence {T, : o < K}, with Toy1 <, T, as
follows (we start with To = T):
case a + 1: first find 7, € 2<% so that Vs € 25%, s”1, € Dg;
note this is possible since [25%| < k and D,, is open dense in
C. Then apply the Coding Lemma for T = T, and 7 = 7, to
obtain T,41 <, T4 such that

Vt € SPLIT 1( Ty )Vs € 252, |t| € S, and s774 € D,.

case A limit: put Ty := [\ ey Ta-
Finally put T":= (), Ta. Note that, SPLIT,(T') = SPLIT( Ty).
Hence, by construction T’ has the desired properties.

Ol
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Proof of the theorem

Theorem

Let V C N be ZFC-models such that in N there is an absolute
Selub_generic tree over V. Then there exists z € N N 2" that is
Cohen over V.

Sketch of proof.

By an appropriate use of Cohen forcing, one can read off a
sequence {T':i < k} of Sacks tree in such a way that for every
D C C open dense there is T' satisfying the Pruning Lemma for
such D. For every T', consider the corresponding {7/ : o < K}
defined by the Pruning Lemma. Finally put z := | J;_,, oi, where
the o;'s are recursively defined as follows: g := 0;

Oiy1 = JFTO’;I,H, where a1 satisfies 25%+1 3 g;; 0 1= UJ-<,-JJ-,
for i limit ordinal. [
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Other generalized Sacks forcings

As we mentioned at the beginning S'“P is not the only possible
choice for generalazing the Sacks forcing.

For instance another version might be to consider “measure one”
splitting levels instead of club. More precisely, for k measurable,
one could define S as the poset consisting of perfect trees T so
that Vx € T, {a < k: x]a splits } € U.

The main difference between S“"P and SY is that the latter
satisfies the following.

Fact (Basic partition property)

Let T € S¥ and C : SpLiT(T) — {0,1} be a 2-coloring. Then
there exists T' C T, T' € SY such that C[SpLIT(T') is constant,
ie., thereis i € {0,1} such that Vt € SpLIT(T'), C(t) =i.
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What fails even for S” is the following generalization of that basic
partition property.

Partition property. Let {T;:i < §}, with § < x and T; € S¥.

Let C: J];.sSpLiT(T;) — {0,1} be a 2-coloring. Then there exist
T/ C T;, T/ € S" such that C|[];_; SPLIT(T}) is constant, i.e.,
there is k € {0,1} such that V(¢; : i < §) € []; 5 SpLIT(T),
C((ti:i<9))=k.

We are going to provide a countexample to such a partition
property and this will give rise to a “new” type of Cohen
K-sequence.
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Definition

Given T C 2<F perfect tree, we say that T is w-perfect iff there is
an C-isomorphism h:2¥ — T, i.e., for every s, t € 2% one has
sCt< h(s) Ch(t)and s L t < h(s) L h(t) (roughly speaking,
T is w-perfect if it is an isomorphic copy of 2* inside 2<*). Then
we define

Q:={T C25": T is w-perfect}.

Given T € Q, x7 denotes the leftmost w-branch in T. For every
T, T' € Q we define

T~T &xr=xp ANt Cxr(T=T,).

Define the following coloring C : Q — {0, 1}.
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Given T € Q, pick the corresponding representative T* ~ T. Then
find S C T*N T such that S = T, = T}, where 0 = STEM(S).
Moreover let 7 = STEM(T) and 7% = STEM(T™).

For every t,t' € T, with t C t/ C x7, let

0 iff {se€ SpLIT(T):tCsC t'} is even,
At £) = {1 else

Then define C(S) := A(7*,0) and

1 else

{0 iff C(S) = A(r, 0)

There is no T € S homogeneous for C w.r.t. w-perfect trees, i.e.,
there isno T € S and i € {0,1} such that VT' C T, T' € Q one
has C(T') =i.
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AS adds Cohen k-reals.

Proof.

Given T¢ generic tree added via ASY, we can define z € 2% as
follows: Let {t, : @ < K, « limit ordinal} be an incresing
subsequence of the leftmost splitnodes in T¢ and let T, be the
w-perfect tree generated by SPLITq,(T%,,,). Then define

z(a) = C(Ty,), for every a < k.

To show that z is Cohen we argue as follows: given (p, T) € ASY,
and t € 2<F arbitrary, let Z be the part of z and {t, : & < A} the
part of leftmost splitnodes decided by (p, T) (w.l.0.g. we can
assume A limit ordinal). Pick ty and let py be the w-perfect tree
generated by SPLIT) ,(T%,,,).
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A
By definition of C, we can always find gg C po, qo € Q, such that
C(qo) = t(0). Then replace pg by go in T, i.e., put

T!:={t:3s € TERM(po)(t £ s) = Iso € TERM(qo)(t £ s)}.

Then proceed by induction on & < [t|: let p¢ be the w-perfect tree

generated by SPLIT’\+5+W(T§A+.§+1) and pick an w-perfect tree

ge C pe such that C(qg¢) = t(&) and put
T¢H = {t:3s € TeERM(p;)(t £ s) = Is € TERM(qge)(t £ 5)}-

Finally let T’ := ﬂ5<‘t‘ T¢ and p’ be the tree generated by
pU U£<|t| ge. By construction, T’ end-extends p’ and
(p', T") IF z 2 z"t, and this shows that z is k-Cohen. O
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Mathias forcing in 2" and generalized Ramsey property
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r-Mathias forcing MA for x uncountable is defined as the poset of
pairs (s, A), where s C k of size < k and A C & of size  such that
sup(s) < min(A), ordered by

(s,A) < (t,B)<tDsNACBAt\sCA

Note that for MA"? we have the following two straightforward
facts:

@ MA“P adds Cohen k-reals. Let z be the canonical
MA “b_generic set and then define ¢ € 2% by: c(a) = 0 iff
the oo + 1-st element of z is in S. One can easily check that c
is k-Cohen.

Q@ MAYP does not have pure decision. In fact, let T € MAC"P
and o € k successor ordinal such that T does not decide the
a-th element of z. Consider the formula
@ = "the a-th element of z is in S”; then ¢ cannot be purely
decided by T.
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We now want to show that we can build a somehow more general
k-Cohen sequence.

For every a, b € [k]¥, we define the following equivalence relation:
ar b< |al b| <w. We also choose a representative for any
equivalence class. We then define a coloring C : [k]Y — {0, 1} as
follows:

for b € [k]”, let a be the representative of [b]~. Then put:

C(b) = {0 iff a/\ b is even

1 else.

Let x C & be the Mathias generic and {o; : j < K} enumerate the
limit ordinals < . i*(§) denotes the {th element of x. Define, for
J <K,

20) = {0 iff C({i*(€) € x: aj < & < ajp1)})=0

1 else
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z is k-Cohen.

Proof.

W.l.o.g. assume sups is limit and let A be such that ay = sups.
Then let bj := {iA(€) € A: anyj < & < axijt1}, aj be the
corresponding representative, and &; := min(b; N a;). We then
recursively define b} C bj, for j < |t], as follows:

e f C(by) = )

’ bi\{} if C(by) # t())

Let I':={; : b} # bj} and A":= A\ T. Moreover, let s' = s7c,
where o € 2<% is the sequence corresponding to the set | J bJ’-.

J<lt]
Hence, for every j < [t|, (', A") IF z(A + j) = t(j), since
(s, A) IF z(A +j) = C(B) = t())- O
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Relationship between Ramsey property and Baire property

at

Beyond underlining a big difference from the w-case about Mathias
forcing, the previous construction suggests a way to prove the
following rather surprising connection between Ramsey property

and Baire property in 27,

Let T be a topologically reasonable family of subsets of 2. Then
N(MA) = I(C).

Notation: '(P) := every set in I is P-measurable.
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Table about tree-measurability at «

FORCING NOTION | Xl-counterexample | Forceable | Unknown
SACKS SClub S NG
SILVER yClub \% \%
MILLER MClub M MY
MATHIAS MAP MA, MAY

COHEN C
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Some interesting (I hope) questions

Let M, be the ideal of k-meager sets, Isauw is the ideal of
Selub_meager sets, and <1 denotes Tukey embedding. Is
MH ST IScIub ?

Can we prove that if N O V is a ZFC-model containing an absolute
SY-generic tree over V, then there is ¢ € 2 N N Cohen over V' ?

Can one prove k-axiom A for the amoebas and tree-forcings, for k
regular successor?
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THANK YOU FOR YOUR ATTENTION!
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