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Introduction

Historical background

Over the years, several notions of regularity have been studied in
set theory. Let us remind some popular examples.

Giorgio Laguzzi Generalized Silver measurability



Introduction

Historical background

Over the years, several notions of regularity have been studied in
set theory. Let us remind some popular examples.

Definition

A set of reals X is Lebesgue measurable iff there exists a Borel set
B such that XAB is null. Analogously one can define the Baire
property by replacing “null” with “meager”.
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Introduction

Historical background

Over the years, several notions of regularity have been studied in
set theory. Let us remind some popular examples.

Definition

A set of reals X is Lebesgue measurable iff there exists a Borel set
B such that XAB is null. Analogously one can define the Baire
property by replacing “null” with “meager”.

Definition

A set of reals X is Sacks-measurable iff there exists a perfect tree
T such that [T] C X or [T]NX = 0.
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Introduction

Theorem (Solovay, 1970)

T1(BAIRE) & Vx € w*,C(L[x]) is comeager
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Introduction

Theorem (Solovay, 1970)

T1(BAIRE) & Vx € w*,C(L[x]) is comeager

Theorem (Judah-Shelah,1979)

AL(BAIRE) & Vx € w”, C(L[x]) # 0
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Introduction

Theorem (Solovay, 1970)

T1(BAIRE) & Vx € w*,C(L[x]) is comeager

Theorem (Judah-Shelah,1979)

AL(BAIRE) & Vx € w”, C(L[x]) # 0

Theorem (Brendle-Léwe,1999)

AL(S) & ZI(S) & Vx € w”,w® N L[x] # w®
AL(M) & Z3(M) < Vx € w?,w” N L[x] does not dominate w®

A}(L) & Xi(L) & Vx € w”,w” N L[x] is not unbounded in w*
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Introduction

Theorem (Solovay, 1970)

L(w*)VICl = all sets are “regular”,

where G is Coll(w, < k)-generic, with k inaccessible.

Theorem (Shelah, 1984

—~~
~

L(w)VICl = all sets have the Baire property,

where G is B, -generic and B, is a ccc algebra built by using
“sweetness” and Shelah’s amalgamation.

Theorem (Brendle-Halbeisen-Lowe, 2005)

L(w®)VI€l |= all sets are Silver measurable,

where G is C,, -generic.
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Introduction

From w¥ to k"

Question. What happens if we move from Baire space w* to the
generalized Baire space k", with k uncountable?
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Differences and problems
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@ In L there is a Z%—good well-ordering of the “x-reals”;
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@ In L there is a Z%—good well-ordering of the “x-reals”;

o In L there exists a Al set which is not regular;
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Introduction

Differences and problems

@ In L there is a Z%—good well-ordering of the “x-reals”;
o In L there exists a Al set which is not regular;

e there is a X1 set without Baire property (namely the club
filter CUB);
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Introduction

Differences and problems

@ In L there is a Z%—good well-ordering of the “x-reals”;
o In L there exists a Al set which is not regular;

e there is a X1 set without Baire property (namely the club
filter CUB);

@ it is not clear how to generalize the Lebesgue measure;
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Generalized tree forcings
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Generalized tree forcings

Generalizing tree-forcings

e T C 2<% is Sacks iff every node has a splitting extension. We
call S the poset of Sacks trees ordered by inclusion. (Note
that S is not < k-closed)
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Generalized tree forcings

Generalizing tree-forcings

e T C 2<% is Sacks iff every node has a splitting extension. We
call S the poset of Sacks trees ordered by inclusion. (Note
that S is not < k-closed)

e T C 2<"is club Sacks iff it is Sacks and for every x € [S] we
have {a < K : x[a € SPLIT(T)} is closed unbounded (we
write T € S°lub)

Giorgio Laguzzi Generalized Silver measurability



Generalized tree forcings

Generalizing tree-forcings

e T C 2<% is Sacks iff every node has a splitting extension. We
call S the poset of Sacks trees ordered by inclusion. (Note
that S is not < k-closed)

e T C 2<"is club Sacks iff it is Sacks and for every x € [S] we
have {a < K : x[a € SPLIT(T)} is closed unbounded (we
write T € S°lub)

e T C 2<% is Silver iff it is Sacks and moreover for every
s,t € T such that |s| = |t| one has s~/ € T < t7i e T, for
i€{0,1} (we write T € V);

@ T C 2<Fis club Silver iff it is Silver and
Lv(T) ={a<k:3te T(t e SPLIT(T)A|t| =)} is
closed unbounded (we write T € V<'b): analogously for Vstat;
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Generalized tree forcings

o T C k<% is called Miller iff
Vte T3t e T(t Ct/ At/ € SpLIT(T) A |Succ(t, T)| = k)
(we write T € M);

o T Cr<"iscalled club Miller (T € M€P) iff it is Miller and

the following hold:
o for every x € [T] one has {& < k : x[a € SPLIT(T)} is closed

unbounded,
o for every t € SPLIT(T) one has {a < k: t"« € T} is closed

unbounded.
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Generalized tree forcings

o T C k<" is called Miller iff
Vte T3t e T(t Ct/ At/ € SpLIT(T) A |Succ(t, T)| = k)
(we write T € M);
o T Cr<"iscalled club Miller (T € M€P) iff it is Miller and
the following hold:
o for every x € [T] one has {& < k : x[a € SPLIT(T)} is closed
unbounded,
o for every t € SPLIT(T) one has {a < k: t"« € T} is closed
unbounded.
o T C k<" is called full Miller (T € M) iff it is Miller and for
every t € SPLIT(T) for every a < k, one has t"a € T.
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Generalized tree forcings

P-measurability

Definition

Let P € {Sclub yelub ©Melub S v M}. We say that a set of x-reals
X is P-measurable iff there exists T € P such that [T] C X or
[TINX =0.
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Generalized tree forcings

P-measurability

Definition

Let P € {Sclub yelub ©Melub S v M}. We say that a set of x-reals
X is P-measurable iff there exists T € P such that [T] C X or
[TINX = 0.

For I topologically reasonable class of subsets of k-reals, the
following implications easily generalize from the standard
framework.

o IN(BAIRE) = I(McuP)

° r(Mclub) = r(Sclub)

° r(Vclub) = r(Sclub)

o I(BAIRE) = I(VUP), for x inaccessible.
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Generalized tree forcings

Measurability for “club” tree forcing

Question. Can we obtain “nice” characterizations of
P-measurability for the first levels of projective hierarchy?
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Generalized tree forcings

Measurability for “club” tree forcing

Question. Can we obtain “nice” characterizations of
P-measurability for the first levels of projective hierarchy?

Problem. If P ¢ {Sclub yelub ©MeubY “then T1(P) fails in ZFC,
because of the club filter. This is shown in a general framework by
Friedman, Khomskii and Kulikov. (We will see later a direct and
specific proof for Velub),

This suggests that we should look at Al sets.
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Generalized tree forcings

Al-measurability
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Generalized tree forcings

Al-measurability

Proposition
AL(SIP) = vx € k5(K" N L[x] # k7).

Proposition (Friedman-Khomskii-Kulikov, 2013)
A} (M) = Vx € %(x% N L[x] is not dominating).

Proposition (L., 2012)
A}(BAIRE) = Vx € x%(C(L[x]) # 0).
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Generalized tree forcings

Al-measurability

Proposition
AL(SIP) = vx € k5(K" N L[x] # k7).

Proposition (Friedman-Khomskii-Kulikov, 2013)
A} (M) = Vx € %(x% N L[x] is not dominating).

Proposition (L., 2012)
A}(BAIRE) = Vx € x%(C(L[x]) # 0).

So in general we are able to generalize only one direction.
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Generalized tree forcings

Proposition (Friedman-Wu-Zdomskyy, 2013)

Suppose k is successor. There exists an extension M D L such that

M = —A7(BAIRE) A Vx € £7(C(L[x]) # 0).
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Generalized tree forcings

Proposition (Friedman-Wu-Zdomskyy, 2013)

Suppose k is successor. There exists an extension M D L such that

M = —A7(BAIRE) A Vx € £7(C(L[x]) # 0).

4

Corollary
M | -A1(SYP) AVx € KF(K5 N L[x] # K").
M = =AL(MCP) A Vx € k(K" N L[x] is not dominating).
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Generalized tree forcings

Al-separations
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Generalized tree forcings

Al-separations

Even if one cannot prove exact characterizations for statements
A%(P), one can anyway prove some separation theorems for
different notions of measurability.

Proposition (Friedman-Khomskii-Kulikov, 2013)

Let k be inaccessible. Then
e S+ IF A%(SC'”b) A ﬁA%(MC'”b)
o V. .+ Ik A}(VC'“b) A ﬁA}(MC'“b).
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Generalized tree forcings

Projective measurability

Question. What about projective measurability?

Giorgio Laguzzi Generalized Silver measurability



Generalized tree forcings

Projective measurability

Question. What about projective measurability?
We have already mentioned that it fails for every “club” tree
forcing.
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Generalized tree forcings

Projective measurability

Question. What about projective measurability?

We have already mentioned that it fails for every “club” tree
forcing.

Question. But what if we consider the notions of measurability
with non-club tree forcing?
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Generalized tree forcings

Projective measurability

Question. What about projective measurability?

We have already mentioned that it fails for every “club” tree
forcing.

Question. But what if we consider the notions of measurability
with non-club tree forcing?

The club filter becomes measurable in this case. As a consequence,
in such a case one might be able to build a model where all
projective sets are measurable.

The first step is to look at the method used in the standard setting.
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Generalized tree forcings

In the standard setting, we have:
if P € {S,V}, then C,, I+ Pr(P);
if P € {C,M,B}, X inaccessible, then Coll(w, <) IF PR(P).
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Generalized tree forcings

In the standard setting, we have:

if P € {S,V}, then C,, I+ Pr(P);

if P € {C,M,B}, X inaccessible, then Coll(w, <) IF PR(P).
The key point which fails in the generalized setting is the so called
factor lemma.

Lemma (Factor Lemma)
o Let G be Coll(w, < A) and x € w N V[G]. Then there exists
H Coll(w, < X)-generic over V[x] such that V[x|[H] = V[G].
o Let G be Cy, and x € w* N V[G]. Then there exists H
C., -generic over Vx| such that V[x|[H] = V[G].

Giorgio Laguzzi Generalized Silver measurability



Generalized tree forcings

In the standard setting, we have:
if P € {S,V}, then C,, I+ Pr(P);
if P € {C,M,B}, X inaccessible, then Coll(w, <) IF PR(P).

The key point which fails in the generalized setting is the so called
factor lemma.

Lemma (Factor Lemma)

o Let G be Coll(w, < A) and x € w N V[G]. Then there exists
H Coll(w, < X)-generic over V[x] such that V[x|[H] = V[G].
o Let G be Cy, and x € w* N V[G]. Then there exists H
C., -generic over Vx| such that V[x|[H] = V[G].

Even if we do not have an analogue for C,.+ and Coll(k, < A), the
main scope will be to find “sufficiently” many k-reals with good
quotient. This clever idea is due to Philipp Schlicht.
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Cohen branches with good quotient
Projective statio Silver measurability

Stationary Silver vs club Silver

Stationary Silver vs club Silver
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Perfect tree ric reals
Cohen branches with good quotient

Stationary Silver vs club Silver S : S
Projective stationary Silver measurability

Stationary Silver vs club Silver

Proposition (L., 2013 / Friedman-Khomskii-Kulikov, 2013)

CUB is not VUb_measurable.

Proposition (L., 2013)

Let K be inaccessible and G be C,+-generic over N. Then

N[G] [ all On*-definable subsets of 2" is V****-measurable.
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Proposition (L., 2013 / Friedman-Khomskii-Kulikov, 2014)

CUB is not V"b_measurable.
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Perfect tree als
Cohen branc wi d quotient
Projective stationary er measurability

Stationary Silver vs club Silver

Proposition (L., 2013 / Friedman-Khomskii-Kulikov, 2014)

CUB is not V"b_measurable.

Proof.
We show that for every T € Velub,

dx € 28(x € CuBN[T]) Ay € 2%(y e NSN[T]),
Define x € 2% as follows:

‘(o) = {fT(a) ifaeqom(fr),
1 otherwise.

Then obviously x O Lv(T) and so x € CuB N [T]. Analogously,
we can define y € 2" so that y(a) = 0 iff & ¢ dom(f7), in oder to
obtain y € NSN[T]. O

Giorgio Laguzzi Generalized Silver measurability




neric reals
th good quotient
Silver measurability

Stationary Silver vs club Silver

Proving that C,+ forces that all On"-definable sets are stationary
Silver measurable requires more work.

Main idea. We want to find a stationary Silver tree whose
branches have good quotient, i.e., they satisfy the factor lemma.
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Perfect trees of generic reals
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Perfect trees of generic reals
Cohen branches with good quotient

Stationary Silver vs club Silver e h : -
Y Projective stationary Silver measurability

Perfect trees of generic reals

Lemma

Let k be inaccessible. Let VT := {p: 3T € Via € k(p = Tla)},
ordered by end-extension, i.e., p' < p iff

pC p AVt e p'\ pds e TERM(p)(s C t). Let

Te :=U{p:p € G}, where G is VT-generic filter over the ground
model N. Then

N[G] = Tg € VAVx € [Tg](x is Cohen over N)

A Lv(Tg) is stationary and co-stationary,

Moreover, VT is a forcing of size k and is < k-closed. So it is
actually equivalent to k-Cohen forcing.
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Perfect trees of generic reals
Cohen branches with good quotient

Stationary Silver vs club Silver Projective stationary Silver measurability

Proof.

Fix p € VT and D C C open dense and let {t, : o < § < K},
enumerate all terminal nodes of p (w.l.o.g. assume §J is a limit
ordinal). Then consider the following recursive construction:
- pick sp D tg such that sp € D;
- for a+ 1, pick sp41 2 tat1 D s, such that s,41 € D.
- for o limit, put s}, = ¢, 5 and pick s, 2 to © s, such that
So € D.
- once the procedure has been done for every o < 6, we put
S5 = Un<s to @ S and then t), == t, @ ss.
Finally, let p’ be the downward closure of | J,_; t,. By
construction, p’ € VT, p’ < p and for every terminal node t € p/,
we get t € D. Hence p’ IFVx € [Tg](Hx N D # (), where
Hy :={se C:sC x}.
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Perfect trees of generlc reals
Cohen branches good quotient
jecti i Silver measurability

Stationary Silver vs club Silver

We now want to further extend p’ in order to catch the second
property as well, i.e., Lv(Tg) is both stationary and co-stationary.
So fix C name for a club of x. Build sequences {q, : n € w} and
{&n : n € w} such that: go = p’, and gp4+1 < gp such that

Gni1 IF &n € C and &, > ht(gn) and ht(gn+1) > &,. Finally put
§w = limpcw &n, G := Upe,, Gns and then

p* =g, U J{t7i: t € TERM(qu) AP € {0,1}}.
Hence p* I Vn(&, € €), and then p* I &, € C. But &, = ht(qu),

since the £,'s and the |ht(gy,)|'s are mutually cofinal, and hence
*IF &, € Lv(Tg) N C. This shows that Lv(Tg) is stationary.
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Perfect trees of generic reals
Cohen branches with good quotient
Projective stationary Silver measurability

Stationary Silver vs club Silver

For proving that it is co-stationary as well, we can further extend
p*, by using the same procedure, in order to find {¢g, : n € w} and
{&,: n € w} as above and then p** < g/, such that

p** =g/, UJ{t"0:t € TERM(q,,)}. Hence

pIFE, e Lv(Te)NCAE, ¢ Lv(Tg)N C,

which completes the proof. []
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Brief digression: Miller trees of generic branches
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Perfect trees of generic reals
Cohen branches with good quotient

Stationary Silver vs club Silver Projective stationary Silver measurability

Brief digression: Miller trees of generic branches

Coll(x,2%) adds a full Miller tree of Cohen branches. Indeed,
define the forcing MT := {p : 3T € Mg, Fa < s(p 2 Tla])},
ordered by end-extension. Then MT adds a full Miller tree of
Cohen branches and MIT 2 Coll(k, 2%).
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Perfect trees of generic reals
Cohen branches with good quotient

Stationary Silver vs club Silver e h : -
Y Projective stationary Silver measurability

Brief digression: Miller trees of generic branches

RENEILS

Coll(x,2%) adds a full Miller tree of Cohen branches. Indeed,
define the forcing MT := {p : 3T € Mg, Fa < s(p 2 Tla])},
ordered by end-extension. Then MT adds a full Miller tree of
Cohen branches and MIT 2 Coll(k, 2%).

Lemma (L., 2014)

Let M be a ZFC-model extending the ground model N. If for all
x € kN M there exists y € k™ NN such that

Va < k3B > a(x(B) < y(B)), then in M there is no club Miller
tree of Cohen branches.
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Perfect trees of generic reals
Cohen branches h good quotient

Stationary Silver vs club Silver Projective stationary Silver measurability

Cohen branches with good quotient

We now aim at showing that any Cohen branch through the Silver
tree added by VT has good quotient.
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Projective stationary Silver measurability

Cohen branches with good quotient

We now aim at showing that any Cohen branch through the Silver
tree added by VT has good quotient.

Let « < kT. Let T be the canonical VTg-name for the generic
Silver tree added by VTg, and x be a VT ,-name for a Cohen
branch through T. Let G be a VT,-generic filter over N and
z=xC. Then VT, /%=z is equivalent to VT,
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Perfect trees of generic reals
Cohen branches with good quotient
Projective stationary Silver measurability

Stationary Silver vs club Silver

Cohen branches with good quotient

We now aim at showing that any Cohen branch through the Silver
tree added by VT has good quotient.

Let « < kT. Let T be the canonical VTg-name for the generic
Silver tree added by VTg, and x be a VT ,-name for a Cohen
branch through T. Let G be a VT,-generic filter over N and
z=xC. Then VT, /%=z is equivalent to VT,

We need some preliminary results.
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Stationary Silver vs club Silver

VT}, :={p € VT, : |x,| > ht(p(0))} is dense in VT,.
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Perfect trees of generic reals
Cohen branches with good quotient
Projective stationary Silver measurability

Stationary Silver vs club Silver

Claim

VT}, :={p € VT, : |x,| > ht(p(0))} is dense in VT,.

Proof.

Given p € VT, we have to find p’ < p in VT}. Start with pp :=p
and then, for every n € w, pick pp+1 < p, such that

|Xp,1| > ht(pn(0)). Let p, := U, Pn and w :=J,c,, Xp,- Then
w C xp, and |w| = ht(p,(0)). Hence p’ := p,, has the required
property. L]

| \
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Cohen branches with good quotient
Projective stationary ver measurability

Stationary Silver vs club Silver

For every p € VT, we have |x,| = ht(p(0)).
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Perfect trees of generic reals
Cohen branches with good quotient

Stationary Silver vs club Silver e h A -
Y Projective stationary Silver measurability

Claim

For every p € VT, we have |x,| = ht(p(0)).

Proof.

By contradiction, assume x, = t"s, for some t € TERM(p(0)) and
non-empty s € 2<*. Let S be the downward closure of

U{t® t : t € TERM(p(0))}, for some t’' L t"s with t' D t. Let
p’ € VT, be defined as

s IS if 1 =0,
p(b)'_{p(b) if 1> 0,

Then pick p* < p’ such that p* € VT}. Since p* IF S C T and
[xp<| > ht(S), it follows that t' C xp« and so xp+ L Xp,
contradicting p* < p. []
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Perfect tree
Cohen branches with good quotient
Projective stationary Silver measurability

Stationary Silver vs club Silver

Vp € VTiVs € 2<%(x, C s = Jp* € VT (s C xp+)).

Completely analogous to the previous one.
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Stationary Silver vs club Silver Celiram [eremelivs widh eed) et

Projective stationary Silver measurability

Vp € VTiVs € 2<%(x, C s = Jp* € VT (s C xp+)).

Completely analogous to the previous one.

Let D C VT?, be open dense. Then
Wy :={x, € 2<% : pe DA p < q} is dense in C below x.
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Perfect trees of generic reals
. . K hen branch ith ien
Stationary Silver vs club Silver c ' b 2 _C,e-‘ L g_ood quot_e t .
Projective stationary Silver measurability

Proof of the main Lemma.

We know that VT, /x=z = VT, \ Uz, A, where the elements
of this union are recursively defined in N[z] as follows:

Ao = {p € VT : 3¢ < w(p I X(€) # 2(£))}.
Agt1:={p € VT, : 3D C Ag open dense below p , D € N}.

Ay = | Ag, for A limit ordinal,
B<A

and finally 7 is chosen so that A, = A, 1. Note that v =0
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Perfect trees of generic reals
Cohen branches wi
Projective stationary Silver measurability

Stationary Silver vs club Silver

A
We argue by contradiction, pick p € A; \ Ag. Since p € Ay, it
follows that there exists D C Ag such that D € N and D is dense
below p. Then the set W, := {x,y € 2<": p' €e DA p' < p}is
dense in C below x,, by the corollary previously mentioned, and so
there exists p’ € D such that x,y C z, as z is Cohen over N (and
Xp C z, by p ¢ Ag). Also since D C Ay, it follows p’ € Ap. But, by
definition,

p' e Ay & p Ik x(€) # z(€), for some € < k

providing us with a contradiction. Hence we get

VTe/x=z = {p € VT, : V€ < s(p I x(§) # 2(¢))} =
={p e VT, : x, C z}.
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Projective stationary Silver measurability

We now have all tools needed for proving the main result.
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Stationary Silver vs club Silver

Projective stationary Silver measurability

We now have all tools needed for proving the main result.

Proposition

Let k be inaccessible and G be C,+-generic over N. Then

N[G] k= all On*-definable subsets of 2" is V****-measurable.
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Perfect trees of generic reals
Cohen branches with good quotient
Projective stationary Silver measurability

Stationary Silver vs club Silver

Projective stationary Silver measurability

We now have all tools needed for proving the main result.

Let k be inaccessible and G be C,.+-generic over N. Then

N[G] k= all On*-definable subsets of 2" is V****-measurable.

Proof sketch.

Since we have obtained a method to add a stationary Silver tree of
Cohen branches with good quotient, the method is completely
analogous to the standard one.
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Cohen branches good quotient
Projective stati ilver measurability

Stationary Silver vs club Silver

- |
If x is a Cohen branch through the generic Silver tree added by

VTo, C,.+ can be viewed as Qy * Ro * Ry, where Qy is the forcing
generated by x, while IFq, Ry = C, and finally R is just a “tail”
of C,+, and so it is equivalent to C+ itself. So let us put

R = Ry * Ry, so to have N[x] = RX = C,. .

Let x be Cohen over N with good quotient. Then

NI b e 0(x)" o N[ b * Fe (%)

Assume the former, and put 0(x) := " IFp, ©(x)" Then there
exists s € C such that s IF §(x). Pick T stationary-Silver tree of
good Cohen branches over N such that STEM(T) = s. Hence, for
every z € [T], we have N[z] = 0(z), and so N[z] = “IFg. ©(2) "
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Stationary Silver vs club Silver Projective stationary Silver measurability

Since any z has good quotient, it follows that R? is C.+. That
means that there exists H filter R?-generic (i.e., C,.+-generic) over
N|z] such that N[z][H] = N[G]. Hence N[G] | ¢(z), that gives
us N[G] = [T] C X.

For the case N[x] = “ |5« (x)", simply note that “ I/ s, @(x)" is
equivalent to " I, —(x)", by weak homogeneity. Hence, a
specular argument provides us with T € V5t such that

N[G] E[T]NnX =0. O
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Full Miller measurability
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Full Miller measurability

Concerning Miller measurability, the situation looks different. It is
not clear whether one can use C for adding a Miller tree of Cohen
branches. We have seen before that this cannot be done if we
require the tree to have club splitting nodes, but we conjecture
that a similar method could be used even to obtain the same
“negative” result for simple Miller tree.
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Full Miller measurability

Concerning Miller measurability, the situation looks different. It is
not clear whether one can use C for adding a Miller tree of Cohen
branches. We have seen before that this cannot be done if we
require the tree to have club splitting nodes, but we conjecture
that a similar method could be used even to obtain the same
“negative” result for simple Miller tree.

However, we have mentioned before that Coll(x,2") adds a full
Miller tree of Cohen branches. So the idea to get projective full
Miller measurability is to work with the Levy collapse Coll(x, < A),
with A > k inaccessible.
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Let G be Coll(k, < \)-generic over N. Let T be the canonical
name for the generic Miller tree added by Coll(k,2%), x a
Coll(k, < \)-name for a branch in T, and z = x6. Then
Coll(k, < X)/x = z is forcing-equivalent to Coll(k, < \).

Proposition (L., 2013)

Let A\ be inaccessible greater than k, and let G be
Coll(x, < X)-generic over N. Then

N[G] E “all On"-definable subsets of k™ are Mg, -measurable ”.
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Full Miller measurability vs Hurewicz dichotomy

We say that X C k" has the Hurewicz dichotomy (HD) iff either it
is K-compact or it contains a homeomorphic copy of k”.
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Full Miller measurability vs Hurewicz dichotomy

We say that X C k" has the Hurewicz dichotomy (HD) iff either it
is K-compact or it contains a homeomorphic copy of k”.

Theorem (Liicke-Motto Ros-Schlicht, 2014)

Coll(k, < A) forces that all On"-definable sets have the HD.
Moreover, if k is weakly compact, HD implies the Miller
measurability pointwise.

Giorgio Laguzzi Generalized Silver measurability



Full Miller measurability

Full Miller measurability vs Hurewicz dichotomy

We say that X C k" has the Hurewicz dichotomy (HD) iff either it
is K-compact or it contains a homeomorphic copy of k”.

Theorem (Liicke-Motto Ros-Schlicht, 2014)

Coll(k, < A) forces that all On"-definable sets have the HD.
Moreover, if k is weakly compact, HD implies the Miller
measurability pointwise.

Their result and mine are anyway independent, since there seems
not to be a direct implication with the full Miller measurability.
Moreover, for k not weakly compact it is not even clear whether
HD implies the simple Miller measurability.
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Open questions
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Open questions

About generalized Lebesgue measurability and random-like forcing

@ Can we find a random-like forcing for x inaccessible, i.e., a
poset that is kT-cc, k"-bounding and < k-closed?

@ Investigate the corresponding regularity properties.
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Open questions

About generalized Lebesgue measurability and random-like forcing

@ Can we find a random-like forcing for x inaccessible, i.e., a
poset that is kT-cc, k"-bounding and < k-closed?

@ Investigate the corresponding regularity properties.

General question about tree forcing and notions of measurabilty

e Find the "right” generalization of a tree forcing P so that P is
< k-closed (and possibly has fusion) and simultaneously we
can force PrR(PP). E.g., Can we find F ultrafilter on x such
that V7 is < k-closed and we can also force PR(V7)?
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Open questions

About Miller measurability vs HD and PSP (joint project with
Luca Motto Ros):

@ In which cases is the inaccessible \ strictly necessary?

@ Separate projective (full) Miller measubility from projective
HD.

Investigate other separations involving (full) Miller
measurability, HD and PSP.

@ Look at the generalization of other dichotomies coming from

the standard setting, such as u-regularity, /-property and
Spinas dichotomy.
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Thanks for your attention!
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