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Abstract

In this paper we will define a cardinal invariant corresponding to
the independence number for partitions of w. By using Cohen forcing
we will prove that this cardinal invariant is consistently smaller than
the continuum.

1 Introduction

The structure ([w]¥, C*) of the set of all infinite subsets of w ordered by
“almost inclusion” is well studied in set theory. To describe much of the
combinatorial structure of ([w]¥, C*) cardinal invariants of the continuum
are introduced like, for example, the reaping number t or the independence
number i.

In recent years partial orders similar to ([w], C*) have been focused on
and analogous cardinal invariants have been defined and investigated. For
example ((w)“, <*), the set of all infinite partitions of w ordered by “almost
coarser”, and the cardinal invariants pg, tg, $4, tq, g and hy have been defined
and investigated in [2], [3] and [4].

In this work we will define the dual-independence number i; analogous
to the independence number i and get a consistency result.

Once we define dual-independence number i4, we can prove the following
proposition similar to the proof of vt <1 .

Proposition 1.1 (Brendle). vy < iy.



And v, has the following property.
Theorem 1.2. [3/ M A implies tg = c.

So it is consistent that i; = ¢. And it is natural to ask the following
question.

Question 1.3. Is it consistent that iy < ¢?

In section 2 we will define the dual-independence number and study its
properties. In section 3 we will prove that i; < ¢ is consistent by using Cohen
forcing.

2 (w)¥ and dual-independent family

We start with the definition of “partition of w”.

Definition 2.1. X is a partition of w if X is a subset of p(w), | JX =w and
for each a,b € X if a # b, then aNb = 0. By (w) we denote all partitions
of w. Also by (w)¥ we denote all infinite partitions of w and by (W)<¥ we
denote all finite partitions of w.

For partitions of w we give the ordering “coarser”.

Definition 2.2. For X,Y € (w) X is coarser than'Y (Y is finer than X ) if
for each x € X there exists a subset Y’ of Y such that x = JY".

For XY € (w)* X is almost coarser than Y (Y is almost finer than'Y')
if for all but finitely many x € X there exists Y' CY such that x =JY".

We can easily check that ((w), <) is a lattice. For each X, Y € (w) by
X ANY we denote the infimum of X and Y. For X,Y € (w)“ by X LY we
mean that X AY € (w)<“.

As ([w]¥, C¥), ((w)“, <*) has the following properties:

Lemma 2.3. [3] Suppose that Xg > X; > X5 > ... is a decreasing sequence
of (w)“. Then there exists Y € (w)* such that Y <* X,, for n € w.

Lemma 2.4. [3] For X, Y € (w)* if ~(X <*Y), then there exists Z € (w)¥
such that Z <* X and Z L Y.



So ((w)“, <*) is similar to ([w]*, C*). On the other hand there is a serious
difference: (Jw]“, C*) is a Boolean algebra but ((w)“, <*) is just a lattice and
not a Boolean algebra.

In general when we define independence, we use complementation. But
((w)¥,<*) doesn’t have any natural complementation. So we will define
independence for ((w)*, <*) without mentioning complementation.

Definition 2.5. Let I be a subset of (w)*. I is dual-independent if for all
A and B finite subsets of T with AN B =0 there exists C € (w)* such that

(i) C <* A for Ae A and
(i1)) C L B for B € B.
Then define dual-independence number iz by
ig = min{|Z| : Z is a mazimal dual-independent family}.

Since there is no natural complementation for an element of ((w)“, <*),
it becomes more difficult to handle dual-independent families than to handle
independent families for a Boolean algebra. But the following lemmata helps
to handle dual-independent families.

Lemma 2.6. [3/ If X,Y € (w)* and —=(X <*Y'), then there exists an infinite
sequence {ay, tnew of different elements of X such that

VnewdyeY (yNag, #DAyNag, 1 #0)
or there exists a finite subset A of X such that the set
{:UEX\A:EIyEY(a:ﬂy#@/\UAﬂy#@)}
15 infinite.
Proof. Suppose that we have defined a sequence {a, },<2r but for any two

a,b € X \{ag,...,a9,1} andy € Y we haveaNy=0or bNy = (. Let A
denote the finite family {ay, ..., a%_1} and let

f:{xeX\A:EIer(xﬂy#(Z)/\UAﬂy#@)}.
If F is finite, then the partition
X. ={JAauvJFrux\AuF)

is a finite modification of X which is coarser than Y. It is a contradiction to
(X <MY).



By this lemma we can prove the following useful lemma.

Lemma 2.7. If X € (w)¥ and B is a finite subset of (w)* such that =(X <*
B) for B € B, then there exists Z < X such that Z 1. B for B € B.

Proof. Let B = {B; : i < n}. By the above lemma for each i < n there
exists an infinite sequence {a} } e, of different elements of X such that

Vk € w3b € Bi(bNak, #DAbNay,,, #0)

or there exists a finite subset A; of X and an infinite sequence {ai }re, of
different elements of X \ A; such that

Vk € wdbe Bibna DA JAinb#0).

In the first case we define A; = (.
Recursively we shall construct a subsequence {b} } e, of {ak }re, for i < n.
Given {b] }1<or for i < n and by, b, for i < j for some j < n.

A; =0 Choose kg € w such that

{ady, . ady, 1 10 (U A U{b i <n AL <2k} U {bhy, by ) i< j}) = 0.

<n
j o] j _ . J
Put by, = Aoy and b]2k+1 = Aopot1-

A; #( Choose kg < k; € w such that

{aio,ail}ﬂ (UAiU{bf:i<n/\l<2k}U{b§k,bgk+1:z'<j}) = 0.

i<n
Put b}, = aio and b]ékﬂ = ail.
Define Z = {Ub;k ckewlU{w)\ U Ub’%} Then Z < X and for each

<n kewi<n
z € Z and 7 < n there exists b € B; such that

bnz#£0A W\ (o) no#0.

kEw i<n

Hence Z 1 B; for 1 < n.



So it becomes easier to check dual-independence.

Corollary 2.8. 7 is dual-independent if and only if for each finite subset A
of T and BeTI\ A

NAZ B.

3 Cohen forcing and dual-independence num-
ber

By using Cohen forcing we will prove it is consistent that iz < c.
Theorem 3.1. Suppose V |= CH. Then VE“2) =iy = w,.
To prove Theorem 3.1 we use the following lemma.

Lemma 3.2. Assume p € C, T is a countable dual-independent family and
X is a C-name such that p\F “X is a non-trivial infinite partition of w and
{X}UZT is dual-independent”. Then there exists X* € (w)* NV such that
{X*}UZT is dual-independent and p - X L X*.

Proof of 3.1 from 3.2 Within the ground model we shall define a maximal
dual-independent family 7 of size w;. It suffices to verify maximality of 7 in
the extension via C (see [5] pp256).

By CH, let (pe, 7¢) € < wy enumerate all pairs (p, 7) such that p € C and
7 is a nice name for an infinite partition of w. By recursion, pick an infinite
partition of w as follows. Given {X,, : n < £} for some £ < wy. Choose X¢ so
that

(1) {X}U{X, :n <&} is dual-independent.
(2) If pe Ik “{re} U{X, : n <&} is dual-independent”, then pe IF X L 7¢.

(2) is possible by Lemma 3.2. Let Z = {X,, : n < wy}. We shall prove Z is
maximal. If 7 is not maximal in V[G] for some C-generic G, then there exists
pe € G and 7¢ such that pe IF {7} UZ is dual-independent. By construction
there exists X¢ € 7 and p¢ IF 7¢ L X,. It is a contradiction.



Proof of 3.2. Let P(Z) be a partial order such that (o, H) € P(Z) if o is a

partition of a finite subset of w and H is a finite subset of Z. It is ordered by
(o, H) < (1,G) if

(i) Ve € 732" € o(x C 2'),
(i) HD G,
(iii) Vg # 21 € ™V € 0 (19 C 2y — 21 Ny = 0),
(iv) VY € GYyo, 11 € (Y AT)Vy,, vy € (Y N o)
(yoﬂyl =0AUrnuw#0AJrnm #0Aw CyhAp Cyt — yp Ny :(3))-
Claim 3.2.1. The following sets are dense.
(i) D, ={(o,H) :ne o} fornecw.

(ii) DYy = {{(o,H) : A C HA{he (ANHAo):hnJo # 0} > 1} for
finite subsets A of T andl € w.

(iii) Dag = {(c;H) : AC HA3z € o ({h e ANH:zNh#0} > 1)} for
finite subsets A of T and |l € w.

(iv) Let A be a finite subset of T, B € T\\A and A = \ A. Since -(A <* B)
and by Lemma 2.6, there exists {ay, }ne, such that

Vn € w3b € B(ag, Nb# DA ag,1 N0 # D) (1)

or there exists a finite subset Ay of A such that the set
FAO:{aeA\AO:3y€Y<yﬂa7é®AyﬁUA07é®>} (2)

is infinite. If (1) holds, fix {an}new- If (2) holds, fix Ay and Fa,

(1) Let Dap; = {{o,H) : H{a' : i <21} C (ANo) (Vi < 2l(Jo Na’ # DA

Na' : i < 21} is pairwise disjoint AVi < 13b € B(a* Nb# QA a*T Nb#0))}
(2) Let Dap; = {{o,H): Ha':i <1} C (AAo) (Vi < (o Na" # DA

{a' ;1 <1} is pairwise disjoint AVi < I(|J Ao Na’ = QA

Va € AglanUo #0)AVi<iFoe Bbna' #OAbNJ Ay # 0))}.



(v) Let {@; i € w} be C-names such that - X = {&; : i € w} and mini; <
min ;1. Put Dy, = {{o,H) : Ir <¢q (7‘ -3z € (X Ao) (U, @ C x))}
forqg<pandl € w.

Proof of Claim.
(i) Clear.

(ii) Let (r,’H) € P(Z). Without loss of generality, we can assume .4 C H.
Let H = AH. Choose h; € H for i < [ such that h; N|J7 = 0. Choose
n; € hy. Put o =7U{{n;} :i <l}. Then {h;:i<l} C{he€(HANo):
hnJo # 0}. So (o, H) € DY.

We shall prove (o, H) < (7, H). Let Y € H. Since h; N|J7 = 0 and
ni€hifori<l,{ye(YAo):ynUo#0}={ye (YAT):yNUo #
PYU{y € Y : 3i <l(n; € y)}. Hence (o, H) < (1, H).

(iii) Let (1, H) € P(Z). Without loss of generality, we can assume A C H.
Let H = A\'H. Choose {h; : i < [} distinct elements of H such that
h; "J7 =0 for i <. Choose n; € h; fori <. Put 0 = 7 U {{n; :
i <l}}. Then {h € H:{n; :i<Il}nh#0}={h;:i<Il} So
<0’, H) € D.A,l-
We shall prove (o, H) < (1,H).
Since b, NUr =0 and n; € h; fori <, {y € Y Ao) :ynJo #

y={ye YAT):ynUr £ 0YU{U{y €Y : i <l(n; € y)}}. Hence
(o, H) < (1, H).

(iv) (1) Let (r,’H) € P(Z). Choose distinct i; € w for j <1 so that [J7 N
agi; = 0 and |J7Nag;, 11 = 0 for j < 1. Let k,, = mina,, for n € w. Put
oc=T1U {{l{igij}, {l{igij_H} . ] < l} Since UT N G/QZ']. = UT N CLQZ'].+1 = @
and k, € an, {a2;,a2i;41 : j <1} C(AN0), {ag,,a,41 :j <l}is
pairwise distinct and for i <[ there exists b € B such that b N ag;; # ()
and b M ag;,+1 # 0. So (0, H) € Dapy.

We shall prove (o, H) < (7,H) Let Y € H. Since J7 Nay;, = J7N
agir1 =0, {ye YANo):ynUo # 0} ={yec Y AT):ynUo #
0}u{y € (YAT): 35 < l(kai; € yVkai,41 € y)}. Hence (0, H) < (7, H).

(2) Let (r,H) € P(Z). Without loss of generality we can assume (J7N
a #  for a € Ayg. Choose distinct a* for i < [ so that a* N Y7 = 0



and a' € Fa,. Let k; = mina’ and 0 = 7 U {{k;} : ¢ < [}. Since
Urna' =0,a" € Fa, and k; € a*, {a' : j <1} C(AN0), {a' i<}
is pairwise distinct, | J A9 Na’ = 0 and for each i < [ there exists b € B
such that bNa’ # @ and bNJ Ay # 0. So (0, H) € Dup,.

We shall prove (o, H) < (1,H). Let Y € H. Then {y € (Y Ao):yN
Uc#0t={ye YAT):ynUr#0}U{ye (YAT):Ti<l(k; €y)}.
Hence (o, H) < (1, 'H).

Let (1, H) € P(Z) and ¢ € C. Let H = A'H. Let ¢ < gand n; € w such
that ¢’ |- n; € @; for i < 1. Without loss of generality we can assume
n; € |J7. Since p I {X} UZ is dual-independent, p IF =(H <* X). So

plF by new) C H(VnEme eX(hgnmx¢@Ah2n+1mx7é®)>
or 3H, C H finite (‘{h €H\Hy:3re X(znh#0AzNUH, ;é@)}‘ —w)".
Without loss of generality we can assume

¢ I in€w) C H (Vn €wds € X(han N £ 0 Ahyps Nz #0))”
(3)

or

¢ |- “Ifinite Hy C H(‘{hEH\HO : EIIGX(xﬂh#@/\IﬂUHO#Q))}‘ :w>”.
(4)

case(3) Let r < ¢, (h; : i < 2l) € H and (k; : i < 2[) such that

Uo N h; =0, h; are pairwise disjoint and

rlFVi <13z € X (ko € & M hoi Akgig1 € 20 hair) -

Put k1 = ko. Then put 0 = {s' : & = s U {kg;, ko1 : n; € s} for s €
T}

We shall prove (o, H) € Dy, . Let & be a C-name such that r |- “z €
(X/\J) A x; C &” for some i < [. Since r - n; € @;, v Ik n; € .
Since there exists s’ € o such that {n;, ko, koj 1} C &, r I kg € .
Since r IF “Jz € X({in,inH} C x)” and there exists s’ € o such
that {koii1, k2ire,ni1} C 8, rlFngy € . Sor Ik, , @ C @. Hence
<O‘, H> S DX,l,q'

Finally we shall prove (o, H) < (1,’H). Let Y € H and y; € Y such
that k; € y; for i < 2l. Then {y € (Y Ao) :yNnJo # 0} = {yU

i<l



WH{y2isv2im1 + Fi < l(n; € y)} ry e YAT)AyNUT # 0}. Since
H <Y, {h;:i < 2l} is pairwise disjoint and |J7 N h; = 0 for i < 2I,
{y; : i < 2l} is pairwise disjoint and Y7 Ny; = 0 for i < [. So if
y#y € YAT)withynUt #0Ay' NU7 # 0, then (y UU{yai, y2i_1 :
ni € y}) N (Y UU{y2i, y2i-1 : i € y'}) = 0. Hence (0, H) < (7, H).
case(4) Let G be C-generic over V with ¢’ € G. We will work in V[G].
Let Hy be a finite subset of H such that the set

{he H\Hy: 3w € X[G]:hnz # O Az | JH # 0}

is infinite where X[G] is the interpretation of X in V[G]. Since Hj is
finite, there exists h’ € Hy such that the set

{he H\{W}: 3z e X[G](hnz#DBAzNR #0)}

is infinite.

Let (h; : j € w) be an enumeration of the set
{he H\{'}: 3 e X[G) (hnw £ 0nasnk £0Ahn|Jr=0))
and (k; : j € w) be natural numbers such that
Jz € X[G)(ky; € x Ny Akgjy € xNR).

Let {Y; : ¢ < m} be an enumeration of H. By induction we shall
construct decreasing sequence {A; : j < m} of infinite sets of natural
numbers. Put Ay = {kojq :i € w}\ U7

Suppose we already have A;. Let A; [ Y;11 = {A;Ny:y €Y1} \{0}.
If A; Y41 is infinite, put

AJ+1:U{A]ﬂyyﬂUT:@/\yE}/J+1}

If A; |'Y;4, is finite, then choose y € Y so that A; Ny is infinite and
put

Ajpn=yNA,.
In both cases A;; is infinite. Choose j; for ¢ < I so that kej,+1 € Ap—1
for ¢ < . Then define 0 = {s' : & = sU{ky;, : n; € s} fors €
THU {{k2ji41 00 <I1}}



From now on we will work in V' and prove (o, H) € Dy g1 Letr < q
such that

rlk Vi <132 € X (kyj, € 2 N hy, Akgjr €2 NR).

Suppose r I “t € (X ANo) Ad; C &” for some ¢ < [ and a C-name
. Since r I+ &; C @, r I n; € &. Since there exists s € o such
that {koj,,ni} C s, 7 IF {kyj,,n;} C @ Since r I Iz € X(kyj, €
x N hj’i VAN k2ji+1 cxn h/), r k- {k2ji7k2ji+1} C &. Since {k2j¢+1 <
I} € o, rIF kyj,, 41 € ©. By similar argument, we have r |- &, C 4.
Therefore 7 I- (U, #; C @. Hence (0, H) € Dy, ;-

Finally we shall prove (o, H) < (7,H). Let Y € H. By construction of
{4; : j <m}, there is y € Y such that {ky;, 41 : 7 <} Cyorfori <l
and y € Y if kyj,11 € y, then yNn{J7 = 0.

case 1. There is y € Y such that {kq;, 41 14 <1} C .

For each y € Y let y, € (Y A7) such that y C y,. Let ¢ € Y such that
{kojs1:i<l}Cy. Then{ye Y Ao):ynJo #0} ={y.} U{y, U
Wy eY Fi<i(ky, €y Ani€y):ynUr#0AyeY}.
Suppose y.. # y, for some y € Y with yN|{J7 # (. Since H <Y, {h;, :
i <1} U{h'} is pairwise disjoint, y' C I/, kej, € hj, and |Jo N h; =0,
Yo VYo =Yr N (Y- U{y* €Y 1 i <l(koy, €Y* Ay €yr)}) = 0.

Let y? # y; such that y? # yi, yi # v, y*NUT # 0 and y' NUT # 0.
Since H <Y, {hj, : i <} is pairwise disjoint, y' C I, kq;, € hj, and
Uonhi=0,y5Ny, = ((7UU{y* € Y : 3i <l(ky;, € y" Ami € y)})N
(WL UUH{y €Y :Fi<l(key, €Ey* An; €yl)} = 0. Hence Vi°, y' €Y

(yfﬂin@AUTﬂyo%@AUTﬂyl#@%ygﬂyfyz@-

case 2. fori <landy €Y if koj 11 € 4.

fVi<lVyeY(ky,cy—ynUr=0),{ye YAo):yn{Jo #
0} ={Ufy € Y : 3i <llkyjpn € )P} U{p, UU{y" €Y : i <
U(kej, €y* Any€ys)} rynUT #0Ay € Y} Since kyj41 € y implies

yNUr=0,H{yeY :3i<l(ky1ey)nlUr=0.
Let ¢ # y! with ¢* N U7 # 0 and y* N7 # 0. Since H < Y
and {h;, : i < [} is pairwise disjoint, (2 U U{y* € Y : Fi < l(ky, €

10



y A € YD N (yr Uy € Y 0 3i < kg, € y" Ay € yp)}) = 0.
Hence Vi°,y! € Y

(y?ﬂyi:@/\UTﬂyosé@/\UTﬂyl %@Hygﬁycl,:@).
Therefore (o, H) < (1, H).
Claim B

Let D = {D, :n € w} U{DY : Ais a finite subset of Z Al € w} U {Dy4; :
A is a finite subset of ZAl € w} U{D4p, : A is a finite subset of Z A B €
I\NANl€wtU{Dyg,, :q<pAl€w}and G is D-generic for P(Z).

Let X be a partition generated by = where =¢ is defined by

n=¢m if o, H)Jx € 0 ({n,m} C z).

Then by (i) and (i) Xg € (w)¥. By (ii) Xg A A A € (w)* for finite A C Z.
By (iii) (A A <* X¢) for finite A C Z. By (iv) ~«(Xg AAA <FY) for
finite A C Z and Y € Z \ A. Therefore {Xs} UZ is dual-independent by
Corollary 2.8. By (v) p Ik X 1 X¢. Hence Xg is a required partition.
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