MAD FAMILY INEXTENSIBLE TO F, IDEAL

HIROAKI MINAMI

ABSTRACT. Under CH, Laflamme constructs a mad family which
is not extendable to every F, ideal [4]. He also pointed out a
construction of -CH and there exists mad family which is not ex-
tendable to F, ideal with cardinality smaller than continuum by
using Cohen-indestructible mad family.

We will construct a model which has a mad family inextensible
to F,-ideal by using finite support iteration of Mathias-Prikry type
forcings.

1. INTRODUCTION

When we analyze ideals on countable set, Katétov order play very
important role. Suppose Z and J are ideals on countable set X and
Y, respectively. Then Z <y J if there exists ¢ : Y — X such that
for each I € Z, ¢~ '[I] € J. We call this ordering Katétov order. If
the function is finite-to-one, then we call this ordering Katétov-Blass
order, denoted by Z <gp J. For example, if Z C J, then Z <y J.

When we investigate Katétov order, the uniformity number and the
covering number are significant

Let Z be on w. Then the uniformity number of Z, denoted by non*(Z)
and the covering number of Z, denoted by cov*(Z) are defined by

non*(Z) = min{|H|: H C [w]* AVI € I3H € H(|AN H| < Ry)}.

cov’(Z) = min{|G|: G CIAVX € [w]“IG € G(|X NG| =Ny)}.
Observation 1.1. Let A be a MAD family on w and let Z(A) be an
ideal generated by A. cov*(Z(A)) = |A|.

These cardinal invariants has following relation with the Katétov
order.

Proposition 1.2. [1, 3|. Let Z and J be ideals on countable set.

(1) I <g J implies cov*(Z) > cov*(T).
(2) T <kp J implies non*(Z) < non*(J).

Date: 13.01.2011.



2 HIROAKI MINAMI

Concerning to the uniformity number of F,-ideal, we have some in-
teresting results. Let Z be an ideal on w and let X be an Z-positive
set. Then defineideal Z | X on X by Z [ X ={INX : [ €T}.

Proposition 1.3. [5] If Z is tall F,-ideal, then there exists Z-positive
set X such that T | X is countably tall, that is, for every countable
set {X,, :n € w} of infinite subsets of X, there exists I € T such that
| X, N J| =Ng for every n € w. Sonon*(Z | X) > w.

Observation 1.4. (1) For every X € IT, T<x T | X.
(2) If J is F,-ideal including Z(A), then there exists J -positive set
X such that Z(A) <x J | X and J | X is countably tall.
(3) If T is F,-ideal, then T | X is F,-ideal for every Z-positive set
X.

These observation says that if we construct a model which satisfies
that a < cov*(Z) for every countably tall F, ideal, then there exists a
mad family which is not extendable to every F, ideal in the model.

Question 1.5. Is it consistent a < cov*(Z) for every countable tall F,
ideal?

In [4], Laflamme introduce a forcing notion which is w“-bounding
and diagonalize an F, filter, in other word, enlarge the covering number
of the dual ideal of the filter. By countable support iteration of this
forcing and bookkeeping argument, we can construct a model which
enlarge cov*(Z) for every countably tall F,, ideal. However we can not
say whether almost disjoint number a become large or not. Instead of
using this forcing notion, we shall use the finite support iteration of
Mathias-Prikry type forcings.

2. FINITE SUPPORT ITERATION OF MATHIAS-PRIKRY FORCING
WITH F,-IDEALS

When we construct a model satisfying a = w;, we sometime use
combinatorial principle like {, [2] or “parametrized diamond principle”
[7]. Let define parametrized diamond principles.

Definition 3. We call triple (A, B, F) is Borel invariants if

(1) A, B and E are Borel subset in some Polish space.
(2) A and B have cardinality at most c.

(3) EC AxB.

(4) Va € A3b € B((a,b) € E).

(5) Vb € Bda € A((a,b) € E).
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Definition 4. Let (A, B, E) be a Borel invariants. We call F': 2<% —
A Borel function if for every o < wy, F' | 2% is Borel function.

Then (A, B, E) holds if for every Borel function F' : 2<“1 — A
there exists g : w; — B such that for every f:w; — 2

{a<w: (F(f ] a),g(a)) € E'} is stationary.

We denote {(w*,w, <*) by {(9) and denote {(w”, w®,* 2) by $(b).
Then it is known that >(d) implies {(b).
Some parametrized diamonds effect almost disjoint number.

Theorem 4.1. [7] $(b) implies a = wy.

So if the iteration of the forcing introduced by Laflamme forces <»(b),
we have desired result. When we use countable support iteration of
proper forcings, there is nice criterion whether (A, B, E) holds or
not.

Theorem 4.2. [7] Suppose that (Q, : o < wa) is a sequence of Borel
partial orders such that for each o < wy Q, 1s equivalent to P(2)* x Q,,
as a forcing notion and let P,,, be the countable support iteration of this
sequence. If P,, is proper and (A, B, E) is a Borel invariant then P(ws)
forces (A, B, E) <., iff P, forces (A, B, E).

In this note, by using finite support iteration of Mathias-Prikry type
forcings M(Z*) for F,-ideal, we shall show that it is consistent that
a < cov*(Z) for all F,-ideal Z.

Let Z be an ideal on w. Then Mathias-Prikry forcing M(Z*) is the
forcing notion such that (s, A) € M(Z*) if s € [w]*¥, A € Z* and
sNA =0 ordered by (s, A) < (t,G)if s Dt, AC Band s\t C B.

For each p € M(Z¥), s, € [w]<¥ and A, € ZT* denote p = (s,, Ap).

Theorem 4.3. Let  be an ordinal with cf(k) > wy. Let P, be the k-
stage finite support iteration of Mathias-Prikry type forcing associated
with F,-ideals. Then VE= = $(b).

This theorem shows desired statement.
Corollary 4.4. It is consistent that for every F,-ideal Z, a < cov*(Z).

Proof from Theorem 4.3. Let k > wy be a cardinal with cf(x) > w; and
k* = k. By bookkeeping argument, we can construct k-stage finite
support iteration of Mathias-Prikry type forcings so that cov*(Z) = ¢
for every F,-ideal. By Theorem 4.3, {>(b) holds in VF*. So a = w; <
cov*(Z) for every F,-ideal Z.

O

To prove Theorem 4.3, we use the following preservation statement.
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Theorem 4.5. Suppose v is an ordinal. Let Q. be a finite support it-
eration of (Qg, M(Z3) : B < ), where I3 is a Qz-name for an F,-ideal.
P is a forcing notion which has a P-name é such that lFp “I°n(z(n) <
¢(n))” forx € w NV. Let & be a Qy-name such that IFq & € w®.
Then Ikp,q  “F*n(i(n) < i(n)))”.

We will interpret a Mathias-Prikry forcing and a F),-ideal in forcing
extensions by using its code rather than by taking the ground model
forcing notion and the ground model ideal.

More precisely we should write IFp, o 3%n (¢(n) = i.(2)(n))” where
i, is the canonical map from Q.,-names to P x Qw—names induced by the
complete embedding i : Q, — P x @7.

In [6], there are similar argument to force parametrized diamond by
using the finite support iteration of Suslin c.c.c forcings. But we will
give a proof for the completion.

Proof. First Step Let Z; be an F, ideal and Z{ be closed subsets of
2¢ for n < w such that Zo = {J,_, Zg-

Let © be a M(Z*)-name such that IFyz+) @ € w®. Let ¢ be a P-
name such that IFp “dn € w(xz(n) < é(n))” for x € W N V. Let
(p,4) € P+ M(Zy) and m € w.

It suffices to show that there exists (p1,¢1) < (po, Go) and [ > m such
that (p1, 1) pugnr) “0(0) < (1)

Without loss of generality, we can assume that for some s € [w]<“
and n € w pg lFp “sy =sand w\ A; € ZJ 7.

Claim 4.6. Let Z be an F,-ideal and {Z" : n € w} be closed subsets
forn € w such that T = J,,., I". Put I" Let & be a M(Z)-name such
that IF;€ w®.

For each s € [w]<¥, n € w and i € w, put

Topn(i) = min{j € w;VI € I"(~(s,w \ I) lbagezey “2(3) > 57)}
Then 4, € w*.
Proof of Claim. Assume to the contrary that there exists i € w and
I} € ™ such that (s,w \ I;) IF &(i) > [. Since Z" is compact, there
exists I € Z" and subsequence [;, such that [;, converges to I.

Then there exists (t, B) < (s,w \ I) such that (¢, B) I (i) = [ for
some [ € w. Since [;, converges to I, there exists ky such that [ < I,
and (w\ J) Nmax(t\ s) = (w\ [, ) Nmax(t \ s). Thent\s Cw\ [, .
So (t, B) is compatible with (s,w \ I, ). It is contradiction. O

Let 25, € w* NV such that
T (1) = min{j € w;VI € I (—(s,w \ I) lknyz) “2(i) > j7)}.
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Let r <p po such that r IFp z,(l) < é(I) for some { > m. Then fix
decreasmg sequence <7"k k < w) of P and A* C w so that rp <pr and

Here A* € I{f. Since re ke “AgNk = A*Nk and [(w\Ay)NE]|NZY # 07
and absoluteness, for every k € w [(w\ A*)Nk]NZ{ # 0. Sow\ A* € ZJ.

By definition of z ,,, there exists (t, B) < (s, A*) such that (¢, B) IFaz+)
“t(l) = z5,(1)”. Then by definition of order, t\ s C A* N (|t| + 1).
Since 141 IF AN (Jt] + 1) = Ag N (|t + 1), 741 IF (¢, B) is compat-
ible with (s, A;). Let ¢; be a M(I*) -name such that rj 41 IF ¢ <mz)
(t,B), (s, Ag). Put pr = rgq1. Then (p1,q1) Ik ¢(l) > xopn(l) = 2(1).
Successor Step

Suppose the lemma holds for . Let @ be a Q,y;-name such that
o, “% € w”. Let (po,qdo) € P * Q7+1 and m € w. Without loss
of generality we can assume (po, Go [ 7) lFp.g, “do(7) = (s, A) and A €
77,,” for some n € w and s € W=

Apply Claim 4.6 in V@ for i and put i, a Q,-name such that

b, an(i) = min{j : VI € I7,, (ﬁ<s,w\ I IFa6) > j)}

By induction hypothesis there are (p/,¢’) € P+ Q, and [ > m such
that (p',¢') <p.g, (Po,do [ 7) and (p',¢') IFrp,g “ (1) > &5,(1)". Since
(@7 <P x QA,, there is a QQ,-name Q for a partial order such that P
(@7 ~Q, * Q. Let ¢* be a projection of (p',4') to Q,. Find Q,-names
(71, - k € w) and A* such that

(i) ko, ° ‘w\ A* e +1andrk€Q”fork€w
i

(i) (¢*,70) < (¥, 4"),
(iii) IFq, “ 7k <g 7" for k € w and,
)

(iv) (g% %) IFg .0 © ANk =A*Nk" for k € w.

Then there are ¢f <q, ¢, t € [w]< and a Q,-name B such that
q; kg, “(t, B) <q (s, A*) and (t, B) =g (l) < s (1)

Since (¢",7jy+1) Fg, .0 “An (Jt| + ) N (|t| +1)" and qf kg,
“t \ s C AN ([t +1)7, (a7, 71y+1) IFg .0 “(t, B) is compatible with
(s, A)”.

Choose (p1,¢1) € P % Qyyq s0 that (pl,q'l [ v) = (qf,7j¢+1) and
i 1) e, (1) <o (5 A) (LB Then (ordr 19) Fpug,
“asa(l) < é(l) and ¢i(y) kg “ @(1) < @5, (1)"". Therefore (p1, 1) “_JP’*QwH
“a(l) < e(l).

Limit Step



6 HIROAKI MINAMI

Suppose v is a limit ordinal and for § < v the lemma holds. Without
loss of generality we can assume the cofinality of v is w. Let (7; : i € w)
be a strictly increasing sequence converging to . Let (po, §o) € PxQ,,
m € w and & be a Q,-name such that I-q, “2 € w®” 7. Suppose
(p07 QO) € Px Q’y]“

In Vi let (ry - k € w) be a decreasing sequence in Qp, ) such that
o) “ | k=, | k" where z; € w* N V%,

V5
Back in V' let 7 and @; be Q,;-names such that I-q, “(fx : k € w)

and z; satisfies the above”.
By induction hypothesis there exist (p/, ¢’) <p.a,, (po, 4o) and [ > m
J

such that (p',q') IFp,q, “¢(l) > @;(1)". Put py = p' and IFp “ ¢ =
7j

Tk “‘Q

q'//\T',lJrl?’
Then (p1, 1) IFpag,  ¢(l) > @5(1) = (1)
0

We shall prove that the finite support iteration of Mathias-Prikry
type forcings with Fj-ideals forces $(b) by Theorem 4.5.

Proof of Theorem 4.3 from Theorem 4.5. We will show V@ |= {(b).

Let F' be a Q,-name such that kg, © F 2<% — ¥ Since Q,
has the c.c.c, a real r, coding the Borel function F | 2% appears at
an intermediate stage. By ¢f(k) > w; we can assume Fisa Qp-name
for some 8 < k. Since the cofinality of the order type of [3, k) is
cf(k) > w; for < Kk and Q, = Qg *@[515), we can assume F is a Borel
function in the ground model. Let F' be a Borel function in the ground
model. Let ¢, be a Q,,-name such that l-q, “ 3%n (¢a(n) > @(n))”
for & € w* NV, We can obtain such ¢,. For example let ¢, be a
Q.,,-name for a Cohen real over V@,

Let f be a Q,-name such that IFg, “ f:wi — 27. Then the following
claim holds.

Claim 4.7. Define Cy C wy by

Cy= {a <w: flaisa Qaufur x) -name}.
Then C contains a club.
Remark 4.8. More precisely we should write
Cp = {a < w : there exists a Qaujw, x)-name o such that Ikq, “Pla=i(ia)”}

where i, is the class function from Quupw, x)-names to Q.-names in-
duced by the complete embedding i : Qauw, x) < Qx. For convenience
we will think of a Q.-name = as Qr-name if there exists a Qr-name v
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such that IFp, “& = ip(y)” where iy is the complete embedding from

Q] to QH.
For a € C;, F(f | a)is a Qaufwrm-name such that lkq,
« F(f I ) € w*”. By Theorem 4.5, a € C; implies kg, “3%n €

w(F(f Fa)(n) < éu(n))”. Solkg, “(¢n:a < wy)isa dw?,w, 2
)-sequence for .
O

Question 4.9. In ZFC, is there a mad family which is inextensible to
every F,-ideal?
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