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1 Ordinals and cardinal arithmetic

1. Let γ be an ordinal. Show that the following are equivalent:

(a) ∀α, β < γ, α+ β < γ.

(b) ∀α < γ, α+ γ = γ.

(c) ∀X ⊆ γ, type(X) = γ ∨ type(γ\X) = γ.

(d) ∃δ such that γ = ωδ.

Recall that for a well-ordered set X, type(X) is the unique ordinal α such that X ≃ α. Such γ

is called indecomposable. The δ in (d) might equal γ. The least γ such that γ = ωγ is called ϵ0.

2. Show that if α > 0 is an ordinal, then there are unique positive natural numbers k and
c1, c2, . . . , ck and ordinals 0 ≤ β1 < β2 < . . . < βk ≤ α such that:

α = ωβk · ck + . . .+ ωβ1 · c1

This representation is called the Cantor normal form.

3. Prove that (ℶω)
ℵ0 = Πn∈ωℶn = ℶω+1. Here ℶ is the Beth function.

4. Let W be a vector space over some field F , and let W ∗ = Hom(W,F ) be the dual vector space.
Consider W be a subspace of W ∗∗ in the usual way (identify x ∈ W with φ → φ(x) in W ∗∗).
Let W0 = W and Wn+1 = (Wn)

∗∗, so that W0 ⊆ W1 ⊆ . . .. Let Wω =
⋃

n Wn. Now assume that
|F |< ℶω and ℵ0 ≤ dim(W ) < ℶω. Prove that |Wω|= dim(Wω) = ℶω.

5. Assume CH but no GCH, prove that (ℵn)
ℵ0 = ℵn whenever 1 ≤ n < ω.

6. Assume that α is infinite, show that α+ 1 is not a cardinal.

7. Assume that κ is an infinite cardinal and ≺ is the lexicographic order on {0, 1}κ. Prove that
there is no strictly increasing or strictly decreasing sequence of length κ+.

8. Prove that if 2ℵ0 > ℵω, then ℵℵ0
ω = 2ℵ0 .

1



9. Assume that λ is a singular cardinal, κ = cf(λ) and f ∈ κκ. Further, let (µξ : ξ < κ) be a
sequence with supremum λ such that the set {ξ < κ : 2µξ ≤ µ

+f(ξ)
ξ } 1 is unbounded in κ. Prove

that λ is a strong limit cardinal, meaning that for all α < λ, then 2α < λ.

10. Assume that κ and λ are cardinals with κ ≥ 2 and λ ≥ ω, such that cf(κ<λ) > λ. Prove that the
continuum function for κ is eventually constant below λ, i.e. there exists β < κ such that for all
α ≥ β, 2α = µ for some µ < λ.

1Here µ
+f(ξ)
ξ means the f(ξ)-th successor of µξ
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