
LECTURE AXIOMATIC SET THEORY

SUMMERSEMESTER 2020

DR. SANDRA MÜLLER

This lecture will be an introduction to set theory, in particular to inde-
pendence proofs. The goal is to establish the independence of the continuum
hypothesis. We will start from the ZFC axioms and introduce ordinals and
cardinals. Then we will define Gödel’s constructible universe L and show
that it is a model of ZFC and GCH, the generalized continuum hypothesis.
Furthermore, we will introduce measurable cardinals and show that they
cannot exist in L. Finally, we will introduce Cohen’s forcing technique and
show that there is a model of ZFC in which the continuum hypothesis does
not hold.
Time and place: Thursdays 12:00pm - 1:30pm and 1:45pm - 3:15pm in the
KGRC lecture room. Please check u:find to see in which weeks there are no
lectures. Starting Mar 15th, this class will be held in “home learning”. You
can find further information, including lecture notes, on moodle.

The following is a brief summary of the content of every lecture. This is just
an overview and there is no guarentee for correctness or completeness.

Lecture 1 (Thu Mar 5th) Introduction, axioms of set theory (ZFC),
ordinals, ON is a proper class, transfinite induction on ordinals, order
types (every well-order is isomorphic to an ordinal), well-founded and
set-like relations, transitive closure, transfinite induction on well-
founded relations, statement of transfinite recursion on well-founded
relations (see I.9 in [Kun11])

Lecture 2 (Thu Mar 15th) Proof of transfinite recursion on well-
founded relations, Vα, Mostowski collapse (see I.9 in [Kun11]), car-
dinals, ℵ, definition of cardinal arithmetic, Hessenberg’s theorem,
statement of the continuum hypothesis CH and generalized contin-
uum hypothesis GCH (see 4.1 in [Sch14])

Lecture 3 (Thu Apr 2nd) Cofinality, regular and singular cardinals
(see 4.1 in [Sch14], Inaccessible cardinals (4.3 in [Sch14]), ∆0-formulas
and absoluteness ([Kun11], I.16 and II.4), statement of the reflection
theorem (Theorem II.5.3 in [Kun11])

Lecture 4 (Thu Apr 23rd) Proof of the reflection theorem ([Kun11],
II.5), definition of Gödel’s constructible universe L and basic prop-
erties including L � ZF ([Kun11], [Jec06, 13]), the Axiom of Con-
structibilty (“V = L”) holds in L ([Kun11] and 13 in [Jec06])
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Lecture 5 (Thu Apr 30th) The Axiom of Choice and GCH hold in
L ([Kun11] and 13 in [Jec06])

Lecture 6 (Thu May 7th) The general theory of forcing (6.1 in [Sch14]
up to the definitions of P-names and their interpretations)

Lecture 7 (Thu May 14th) Lemma 6.15 in [Sch14] (forcing does
not add ordinals), Axioms of Extensionality, Foundation, Infinity,
Pairing, and Union in M [G] (see Lemmas 6.16 and 6.17 in [Sch14]),
the forcing language P

M , the forcing * relation ∗P
M (Definition 6.19

in [Sch14]), Statement of the Forcing Theorem (part 1 and part 2,
Theorems 6.22 and 6.23 in [Sch14]), proof of part 1 of the Forcing
Theorem

Lecture 8 (Thu May 28th) Proof of the part 2 of the Forcing The-
orem, M [G] � ZFC (Theorem 6.24 in [Sch14]), κ-chain condition,
preservation of cardinals to the generic extension

Lecture 9 (Thu Jun 4th) Models of ¬CH (6.2 in [Sch14]), < κ-
closed forcings, < κ-distributive forcings, collapse forcings Col(µ, κ).

Times and dates for the oral exams as well as more details on how they are
organized are on the moodle page of the class.
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