
LECTURE INTRODUCTION TO MATHEMATICAL LOGIC

SUMMERSEMESTER 2019

DR. SANDRA MÜLLER

This lecture will be an introduction to different areas of mathematical
logic and their connections. We start with a review of formulas and struc-
tures and introduce the method of ultrapower construction. This will lead
us to a closer look into the area of model theory which we will augment with
the study of types and the structure of countable models. Moreover we will
study classical games which are used in model theory and are related to set
theory. Afterwards we will prove Gödel’s first incompleteness theorem in
full generality.

This lecture will be self-contained. Nevertheless some familiarity with
the contents of the lecture “Grundzüge der mathematischen Logik” might
be helpful.

Time and place: Thursdays 12:15 - 13:45 and Fridays 9:30 - 11:00 in the
KGRC lecture room.

The following is a brief summary of the content of every lecture. This is just
an overview and there is no guarentee for correctness or completeness.

Lecture 1 (Fri Mar 1st) Overview, languages, structures, substruc-
tures, embeddings, isomorphisms, finitely generated structures, unions
of directed families of structures (1.1 in [TZ12])

Lecture 2 (Thu Mar 7th) Terms, assignments, formulas (1.2 to 1.2.8
in [TZ12])

Lecture 3 (Fri Mar 8th) Satisfaction relation, free variables, sub-
stitution lemma, negation normal form, universal and existential
formulas (1.2.9 to 1.2.17 in [TZ12])

Lecture 4 (Thu Mar 14th) Theories, elementary equivalence (Sec-
tion 1.3 in [TZ12]), motivation (see Example 3.1.8 in [GJ98]), ele-
mentary embeddings and elementary substructures (Section 2.1 in
[TZ12] up to, but not including, 2.1.2)

Lecture 5 (Fri Mar 15th) Tarski’s Test (Tarski-Vaught criterion) (2.1.2
in [TZ12]), Tarski’s Chain Lemma (2.1.4 in [TZ12]), statement of
the compactness theorem, filter, maximal filter, ultrafilter, examples
(more details in the Proseminar)
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Lecture 6 (Thu Mar 21st) Definition of the ultraproduct,  Loś’s the-
orem, compactness theorem as a corollary (3.2.9 to 3.2.12 in [GJ98],
see also handwritten notes on my webpage), Theorem of Löwenheim-
Skolem Downward (2.1.3 in [TZ12])

Lecture 7 (Fri Mar 22nd) Theorem of Löwenheim-Skolem Upward
(2.3.1 in [TZ12]), Vaught’s Test, κ-categorical theories (Section 2.3
in [TZ12]), DLO is ℵ0-categorical (Section 2.3 in [TZ12]), partial
isomorphisms, back-and-forth sets (Section 5.4 in [Vä11])

Lecture 8 (Thu Mar 28th) For countable structure, partially iso-
morphic implies isomorphic (Section 5.4 in [Vä11]), the Ehrenfeucht-
Fräıssé game (Section 5.5 in [Vä11]), DLO is not κ-categorical for any
κ > ℵ0 (see handwritten notes on my webpage)

Lecture 9 (Fri Mar 29th) Separation lemma (Lemma 3.1.1 in [TZ12]),
Lemma 3.1.2, Theorem 3.1.3, Definition 3.1.4 in [TZ12], statement
of Corollary 3.1.5 (1) in [TZ12]

Lecture 10 (Thu Apr 4th) Corollary 3.1.5 in [TZ12], Quantifier elim-
ination (3.2.1, 3.2.3, 3.2.4, statement and easy implications of 3.2.5
in [TZ12])

Lecture 11 (Fri Apr 5th) Quantifier elimination (3.2.5), prime struc-
tures (3.2.2), Example: DLO has quantifier elimination (3.3.2 in
[TZ12])

Lecture 12 (Thu Apr 11th) model completeness (3.2.6) in [TZ12],
Robinson’s test and model companions (3.2.7 to 3.2.9 in [TZ12]),
types (2.2.8 and 2.2.9 in [TZ12])

Easter break

Lecture 13 (Thu May 2nd) Omitting types theorem (Section 4.1
in [TZ12]), every two countable, ω-saturated models which are el-
ementarily equivalent are isomorphic (see Lemma in Section 4.3 in
[TZ12]), ω-homogeneity (4.3.6)

Lecture 14 (Fri May 3rd) Definition 4.3.6, Theorem 4.3.1 (Ryll-Nardzewski),
the space of types (Lemma 4.2.1 and Lemma 4.2.2), Example DLO
is ℵ0-categorical as a consequence of 4.3.1 + QE

Lecture 15 (Thu May 9th) Definition 4.3.8 (small theories), Lemma
4.3.9, Theorem 4.3.10 (Vaught’s never two theorem), skeletons, K-
saturation (4.4.1), any two countable K-saturated structures are iso-
morphic (4.4.2) in [TZ12]

Lecture 16 (Fri May 10th) Ultrahomogeneity (4.4.3), the amalga-
mation method and Fräıssé limits (4.4.4 in [TZ12]), beginning of the
discussion of finite relational languages

Lecture 17 (Thu May 16th) Finite relational languages (4.4.5 to
4.4.7 in [TZ12]), Example: The Fräıssé limit of the class of finite
linear orders is a model of DLO
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Lecture 18 (Fri May 17th) Peano Arithmetic PA, discussion of the
incompleteness theorem and plan of proof, coding finite sequences
of numbers (4.0, 4.1, 4.2, 4.3 and 4.4 in [GJ98]), a formal notion of
proof (1.4 in [GJ98])

Lecture 19 (Thu May 23rd) A formal notion of derivation and the-
orem (1.4 in [GJ98]), first step in the proof of the completeness the-
orem (2.2 in [GJ98])

Lecture 20 (Fri May 24th) Rest of the proof of the completeness
theorem (2.2 in [GJ98])

Christi Himmelfahrt (Thu May 30th)

Lecture 21 (Fri May 31st) Gödel numbers (4.5 in [GJ98])

Lecture 22 (Thu Jun 6th) Proof of Gödel’s incompleteness theo-
rem for PA (4.6 and 4.7 in [GJ98])

Lecture 23 (Fri Jun 7th) Gödel’s incompleteness theorem for other
axiom systems, Gödel’s self-referential lemma, the undefinability of
truth (4.8 in [GJ98])

Lecture 24 (Thu Jun 13th) Basic set theory: Ordinals, cardinals,
the club filter, Fodor’s lemma

Lecture 25 (Fri Jun 14th) ZFC, inaccessible cardinals, König’s lemma,
the tree property

Fronleichnam (Thu Jun 20th)

Lecture 26 (Fri Jun 21th) Summary and questions

Advanced Class and Oral Exams (Thu Jun 27th and Fri Jun 28th)
Please write an e-mail with your full name and Matrikelnummer to
make an appointment for an oral exam.
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