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Aufgabe 1. Sei L eine beliebige Sprache und sei T eine widerspruchsfreie Theorie. Zeigen
Sie, dass T eine vollständige Erweiterung hat.

Proof. Let ϕ be an L-sentence. In class we proved that T ∪ {ϕ} and T ∪ {¬ϕ} cannot both
be simultaneously inconsistent.

Assume L is an enumerable language. Consider, for each n ∈ N, the set Wn of finite
words of length n using the alphabet of L and the symbols in {¬,∧, .=,∃, (, ), v0, v1, v2, . . . }.
Using Übungsblatt 8 Aufgabe 8 (2) we can prove that Wn is enumerable, and using
Übungsblatt 8 Aufgabe 8 (1) we can prove that

⋃
{Wn : n ∈ N} is enumerable. Then

any L-sentence ϕ is an element of
⋃
{Wn : n ∈ N}, and therefore the set of L-sentences is

enumerable. We can now construct a complete theory T ∗ as done in class, by attaching to
T either ϕi or ¬ϕi from our listing of L-sentences {ϕ0, ϕ1, ϕ2, . . . }.
Now assume L is not enumerable. Recall the statement of the

Hausdorff maximal principle. Let F be a set and let F be a collection of
subsets of F with the property that for any chain F ⊆ F (i.e. X ⊆ Y or Y ⊆ X
for any X, Y ∈ F) it is true that

⋃
F = {a ∈ F | a ∈ X for some X ∈ F} is an

element of F . Then there exists an xmax ∈ F , such that no proper superset of
xmax is also an element of F .

Let F be the set of all L-sentences. Then the set of all consistent extensions of T , call it F ,
satisfies F ⊆ P(F ). For F ⊆ F a chain, we want to show that

⋃
F ∈ F , that is, we want to

show that the theory
⋃
F is consistent (the fact that it contains T is clear). Indeed, suppose

that
⋃
F is inconsistent, then we can find ψ1, . . . , ψn ∈

⋃
F such that `L ¬(ψ1 ∧ · · · ∧ ψn).

But then, since we have finitely many sentences ψ1, . . . , ψn and F is a chain, we could find
y ∈ F such that ψ1, . . . , ψn ∈ y, so y ∈ F would be inconsistent, and that contradicts the
definition of F . By the Hausdorff maximal principle, there exists T ∗ ∈ F maximal. That
is, we found an extension T ∗ of T which is consistent and such that any other consistent
extension of T is a subset of T ∗. To show that T ∗ is complete, it remains to argue why T ∗

contains any sentence or its negation. Indeed, for any L-sentence ϕ, if T ∗∪{ϕ} is consistent,
then ϕ ∈ T ∗ by the maximality of T ∗, and if T ∗ ∪ {ϕ} is inconsistent, then we proved in
class that T ∗ ∪ {¬ϕ} is consistent, and we get ¬ϕ ∈ T ∗ again by the maximality of T ∗.
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