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Aufgabe 1. Sei L eine beliebige Sprache und sei T eine widerspruchsfreie Theorie. Zeigen
Sie, dass T eine vollstandige Erweiterung hat.

Proof. Let ¢ be an L-sentence. In class we proved that T'U {¢} and T'U {—¢} cannot both
be simultaneously inconsistent.

Assume L is an enumerable language. Consider, for each n € N, the set W, of finite
words of length n using the alphabet of £ and the symbols in {—, A, =,3,(,), vo, v1, v, - .. }.
Using Ubungsblatt 8 Aufgabe 8 (2) we can prove that W, is enumerable and using
Ubungsblatt 8 Aufgabe 8 (1) we can prove that | J{W, : n € N} is enumerable. Then
any L-sentence ¢ is an element of | J{W, : n € N}, and therefore the set of L-sentences is
enumerable. We can now construct a complete theory T as done in class, by attaching to
T either ; or —p; from our listing of L-sentences {o, ©1,¥2, - - }-

Now assume £ is not enumerable. Let A be a set and let < be an ordering on A (an anti-
reflexive and transitive relation). A set C C A is called a chain if and only if <[ C is a
linear ordering on C' (an anti-reflexive and transitive relation with trichotomy law). Recall
the statement of

Zorn’s lemma. Let A be a nonempty set and let < be an ordering on A, such
that for any chain C' C A there exists an z € A such that there is no y € C with
z < y. Then there exists an Z,,.; € A such that no y € A satisfies z,,0, < y. In
words, if every chain in A has an upper bound in A, then A contains at least one
maximal element.

We will prove in class that Zorn’s lemma is equivalent to (AC). Consider the set S of all
L-sentences. Then the set of all consistent extensions of T, call it A, satisfies A C P(S).
The set A has a natural ordering given by C. For C C A a chain, define T := | JC. Then
for any y € C it is true that y C Tg, i.e., Tc is an upper bound for C, provided that
Tc € A. Indeed, suppose that T is inconsistent, then we can find 4,...,%, € T such
that -z —(¥1 A -+ A1,). But then, since we have finitely many sentences 14, ..., %, and C
is a chain, we could find y € C such that y,...,%, € y, so y € A would be inconsistent,
and that contradicts the definition of A. Using Zorn’s lemma, there exists T* € A maximal.
That is, we found an extension 7™ of T which is consistent and such that any other consistent



extension of T is a subset of T*. To show that T™* is complete, it remains to argue why 7T
contains any sentence or its negation. Indeed, for any £-sentence ¢, if T*U{¢} is consistent,
then ¢ € T* by the maximality of T*, and if T* U {y} is inconsistent, then we proved in
class that T* U {—y} is consistent, and we get ~¢ € T* again by the maximality of 7*. O

Aufgabe 2. Zeigen Sie mit Hilfe des Auswahlsaxioms: Eine lineare Ordnung < auf einer
Menge M ist genau dann eine Wohlordnung, wenn es keine Folge (z,, : n € N) von Elementen
von M mit z,4; < z, fir alle n € N gibt.

Proof. Let < be a linear ordering (anti-reflexive, transitive relation with trichotomy law) on
aset M. Assume that M is not well-ordered by <. By definition, this means that there exists
a nonempty set A C M with no <-minimal element, which implies that, for each a € A, the
set B, = {r € A|z < a} C A is nonempty. Applying the axiom of choice to the nonempty
set of nonempty sets C = {B, C A|a € A} we can find a choice function f : C — {JC such
that, for each a € A, f(B,) € B, and therefore f(B,) < a. Now we can inductively define a
sequence (T, : n € N) of elements of A by setting zo = ap and =41 = f(B;,), where qg € A
is some arbitrary element of A. By definition of f we have that z,+; < z,. This proves the
direction of the statement which we did not prove in class. O
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Aufgabe 1. Sei L eine beliebige Sprache und sei T' eine widerspruchsfreie Theorie. Zeigen
Sie, dass T eine vollstandige Erweiterung hat.

Proof. Let ¢ be an L-sentence. In class we proved that T'U {¢} and T'U {—¢} cannot both
be simultaneously inconsistent.

Assume £ is an enumerable language. Consider, for each n € N, the set W, of finite
words of length n using the alphabet of £ and the symbols in {—=, A, =3, (,), vo, v1, V2, ... }.
Using ﬂbungsblatt 8 Aufgabe 8 (2) we can prove that W, is enumerable, and using
Ubungsblatt 8 Aufgabe 8 (1) we can prove that |J{W, : n € N} is enumerable. Then
any L-sentence @ is an element of | J{W,, : n € N}, and therefore the set of L-sentences is
enumerable. We can now construct a complete theory 7™ as done in class, by attaching to
T either ; or —p; from our listing of L-sentences {¢o, ¥1, P2, - - -}

Now assume L is not enumerable. Recall the statement of the

Hausdorff maximal principle. Let F' be a set and let F be a collection of
subsets of I with the property that for any chain F C F (ie. X CY or Y C X
for any X,Y € F) it is true that ([ JF = {a € F|a € X for some X € F} is an
element of F. Then there exists an x,,,, € JF, such that no proper superset of
Tmaz 1S also an element of F.

Let F be the set of all L-sentences. Then the set of all consistent extensions of T, call it F,
satisfies F C P(F). For F C F a chain, we want to show that | J F € F, that is, we want to
show that the theory | J F is consistent (the fact that it contains T is clear). Indeed, suppose
that | J F is inconsistent, then we can find 1, ...,%, € |JF such that Fz = A -+ Ady).
But then, since we have finitely many sentences 1)1, . ..,%, and F is a chain, we could find
y € F such that ¢1,...,1, €y, so y € F would be inconsistent, and that contradicts the
definition of F. By the Hausdorff maximal principle, there exists T* € F maximal. That
is, we found an extension 7™ of T" which is consistent and such that any other consistent
extension of T is a subset of T*. To show that 7™ is complete, it remains to argue why 7™
contains any sentence or its negation. Indeed, for any L-sentence ¢, if T*U{p} is consistent,
then ¢ € T* by the maximality of 7%, and if T* U {¢} is inconsistent, then we proved in
class that 7% U {—¢} is consistent, and we get = € T™* again by the maximality of 7*. [J



Uiclool Konn
R

\.u'

Ronvs Blexft:
<~ 2% giue oneud (icue Wxvfe LNy 1sF vie ﬁ‘“bb"" adw,
dcd( eud(. Tellkayte V{ey(ffo?rbborr isf.

Hwmuels - '(C ND , C. NCmS( de, (&nd<,-

N“(Lbamckaﬂs. .. Menxe der Porcrv e {e,d3 Dotucren Zendc Lande.
bezichvinay ) '
vieyforrbbey wewn @ JFCD 42563, 5d. FC)+Fdd) wenn fdfeV

\_.qund( , 11
Relyereul e Meyex © EA 'JX bie N wt e s [arud} J sl Ferbe .

Mexose @ alle, ,4u55.(ascu(c<51‘srker Formely:
4) A. . "'S.TA}'I:‘ Und j';J \37/4;,,; weobes 654 43 ukd{u J}EW

1,3
2) AiqV A, v4;,3v4-'¢' f.:v ielN
N ;
: ) A A Pov j'€F 4. 13\
I der g""P‘“ﬂ“&me heJeLV« 5! quagm 41-3 .(Sitg., ‘
/{) Natﬁbarn kab%, VW"‘-rS(‘LII Pd(|cke Fa,be

2) ... yedes loud wness gepo./b} werdam b eiue s & - Farb es,
a) ... kc.w Lxud hanw 2 Fayben Geltowrmen. (.

Bew: = trivial  weun vuendliche Uxrle viergeforrbl b, dann aveh jede Terllenyfe
RCh /{u5 ide endliche Telkarle ven {c <\ sk Vit farbberp.

Diiede endliche TiT Vou & st erfolllear , da & Lea(,-;s(‘d, oie
Avssagan aos Qrapheutheoie  tn  Logile chers@tal. (Siehe 4-3)

4
o) Rebyerclife eine Belexou o
e eleqous (% wean , £, (3 h& .

3 Dies 3 €luer 20[‘;1'55“56 F'ciybak% ve u [C’AJ} ; A («(17_,3)
korpelch 4.

. shiey
= é wst e\,ea((b«* d\v @u

( eine V“r'gdrban veou <C!M
JMS qgc(. (a!'/‘ Aumthe pur $Cd€ end!(. 10“-(::,4( x(to coogh P“Y LFJ( 5“‘{(
H

o) L(mpaklkc‘ksacﬁz- Weun {cde eudliche TM Uon ; erfoabq-r [‘sl-)
d'nh xoch §

= die Ma’apkks , da @ wideow (1w die %r«p‘?%“\eav;ﬁ

WKarl e Viey Rour boory 4t



