THE CONSISTENCY OF b=k AND s =x"
VERA FISCHER AND JURIS STEPRANS

ABSTRACT. Using finite support iteration of c.c.c. partial orders
we provide a model of b = kK < 5 = kT for k an arbitrary regular,
uncountable cardinal.

1. INTRODUCTION

S. Shelah obtains the consistency of b = w; < § = ws using countable
support iteration of a proper forcing notion which adds a real not split
by the ground model reals and which satisfies the almost “w-bounding
property (see [10]). This paper will show that it is possible to find
ccc suborders of Shelah’s original order which behave very similarly to
the larger order. Being ccc, it is possible to iterate them with finite
support. Assuming that the covering number of the meager ideal is
k it will be shown that for any unbounded family H C “w of size k,
such that every subfamily of size smaller than x is dominated by an
element of H, there is a ccc forcing notion which preserves ‘H unbounded
and adds a real not split by the ground model reals. Thus under a
suitable finite support iteration of length x™ of ccc forcing notions,
the consistency of b = k < 5 = k1 for arbitrary regular £ will be
established (section 6). Using a different model Joerg Brendle obtains
the consistency of b = w; < s = k for arbitrary regular x (see [5]
Theorem 12.16 and [4]).

2. PRELIMINARIES

Let f and g be functions in “w. The function f is dominated by
the function g if and only if there is n € w such that f <, g, i.e.
(Vi > n)(f(i) < g(i)). Then <*= |J,c, <n is called the bounding
relation on “w. A family of functions F in “w is dominated by the
function g, denoted F <* g if and only if for every f € F, f <* g.
Also F is unbounded (equiv. not dominated) if and only if there is no
function g which dominates it. Then the bounding number is defined
as the minimal size of an unbounded family. That is b = min{|B| :
B C “w and B is unbounded}. A family S of infinite subsets of w is
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splitting if and only if for every A € [w]¥ there is B € S such that
AN B and AN B¢ are infinite. Then the splitting number is defined
as the minimal size of a splitting family. That is s = min{|S| : S C
(w]“ and S is splitting}. A family H C “w is <*- directed if every
subfamily of size less than |H| is dominated by an element of H.

3. CENTRED FAMILIES OF PURE CONDITIONS

The notion of logarithmic measure is due to S. Shelah. In the pre-
sentation of logarithmic measures and their basic properties (Defini-
tions 3.1, 3.4, 3.8, Lemmas 3.3, 3.5, 3.7) we follow [1].

Definition 3.1. Let s C w and let h : [s]<¥ — w, where [s]<“ is the
family of finite subsets of s. Then h is a logarithmic measure if VA €
[s]<%, VA, Ay such that A = AgU Ay, h(A;) > h(A)—1fori=0o0ri=
1 unless h(A) = 0. Whenever s is a finite set and h a logarithmic
measure on s, the pair x = (s, h) is called a finite logarithmic measure.
The value h(s) = ||z|| is called the level of x, the underlying set of
integers s is denoted int(z).

Definition 3.2. Whenever A is a finite logarithmic measure on z and
e C x is such that h(e) > 0, we will say that e is h-positive.

Lemma 3.3. If h is a logarithmic measure and h(AgU- - -UA,_1) > (+1
then h(A;) > € — j for some j, 0 <j <n—1.

Definition 3.4. Let P C [w]<* be an upwards closed family. Then P
induces a logarithmic measure h on [w]<“ defined inductively on |s| for
s € [w]<¥ as follows:
(1) h(e) > 0 for every e € [w]<¥
(2) h(e) >0iff ec P
(3) for £ > 1, h(e) > £+ 1 iff |e|] > 1 and whenever eg,e; C e are
such that e = ey U ey, then h(eg) > £ or h(ey) > 4.
Then h(e) = ¢ if ¢ is maximal for which h(e) > ¢. The elements of P
are called positive sets and h is said to be induced by P.

Corollary 3.5. If h is a logarithmic measure induced by positive sets
and h(e) > ¢, then for every a such that e C a, h(a) > £.

FEzample 1 (Shelah, [11]). Let P C [w]<“ be the family of sets con-
taining at least two points and h the logarithmic measure induced by
P. Then Vz € P, h(x) = min{i : |z| < 2'}. This measure is called
standard logarithmic measure.

Remark 3.6. From now on we assume that all logarithmic measures
have the additional property that singletons are not positive sets.
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Lemma 3.7. Let P C [w]<¥ be an upwards closed family and let h be
the logarithmic measure induced by P. Then if for every n € w and
every partition of w inton sets w = AgU---UA,_1 there is j € n such
that A; contains a positive set, then for every k € w, for everyn € w
and partition of w into n sets w = AgU---U A,,_1 there is j € n such
that A; contains a set of h measure greater or equal k.

Definition 3.8. Let @) be the set of all pairs (u,T) where u € [w]<¥
and T = ((s;, h;) : i € w) is a sequence of finite logarithmic measures
such that maxu < min s, max s; < mins;,; for all i € w and (h;(s;) :
i € w) is unbounded. If u = () we say that (0,7T") is a pure condition
and denote it by 7. The underlying set of integers U{s; : s € w} is
denoted int(7"). We say that (uy,T3) is extended by (us,T5), where
Ty = {(sf,hf) i € W) for £ = 1,2, and denote it by (ug, Tp) < (u1,T})
if the following conditions hold:
(1) usg is an end-extension of u; and us\u; C int(7})
(2) int(73) C int(7}) and furthermore there is an infinite sequence
(B; : i € w) of finite subsets of w such that max uy < min s} for
j = min By, max(B;) < min(B;;1) and s7 C [ J{s} : j € B;}.
(3) for every subset e of s? such that h?(e) > 0 there is j € B; such
that 2j(e N sj) > 0.

In case that u; = ug, (ug,T3) is called a pure extension of (uq,T7).

Whenever T' = (t; : i € w) is a pure condition and k € w, let
ir(k) = min{i : £ < minint(¢;)} and let T\k = T}, ) = (t; 1 1 > ip(k)).
For u € [w]<“let (u,T) = (u,T\u) = (u, Ti; (maxw))- Note that if R <T
and k € int(R), then R\k < T'\k.

Definition 3.9. If F is a family of pure conditions, then Q(F) is the
suborder of @) consisting of all (u,T") € @ such that 3R € F(R < T).

Observe that if C' is a centred family of pure conditions, then any
two conditions in Q(C') with equal stems have a common extension in
Q(C) and so Q(C) is o-centred. From now on by centred family we
mean a centred family of pure conditions. We assume also that all
centred families are closed with respect to final segments, that is if C'
is a centred family and T € C then T'\v € C for every v € [w]<*.

Lemma 3.10. Any two conditions of Q(C) are compatible as condi-
tions in Q(C') if and only if they are compatible in Q.

Lemma 3.11. Let T = (t; : i € w), where t; = (s;,h;), be a pure
condition and w = Ay U ---U A,_1 a finite partition. Then there is
J € n such that (h;(s; N A;) : 1 € w) is unbounded.
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Definition 3.12. Whenever T' = ((s;, h;) : ¢ € w) is a pure condition
and ACw,let T A={((s;NAh; | P(s;NA)):i€w).

If T'= ((s4,hi) : i € w) is a pure condition, A C w and (h;(s; N A) :
i € w) is bounded, then 7" has no pure extension R with int(R) C A.
A pure condition T', compatible with every element of a family of pure
conditions F, is said to be compatible with F, denoted T Y F. If C’
is a centred family such that C' C Q(C") then C” is said to extend C.

Lemma 3.13. Let C be a centred family, T' a pure condition compatible
with C' and w = AgU---U A,,_1 a finite partition. Then there is j € n
such that T' | A; is a pure condition compatible with C'.

Proof. By Lemma 3.11 [ = {j € n: T | A, is a pure condition} # 0.
Suppose for every j € I there is T; € C; such that T' | A; and T} are
incompatible. However [ is finite, C' is centred and so 3X € C such that
Vj € I(X < Tj). By hypothesis X and 7" have a common extension
R € Q. By Lemma 3.11 9i € n such that R | A; is a pure condition.
However R | A; <T | Ajandsoi € I. Also R| A, < RS X <T;
and so T; and T | A; are compatible which is a contradiction. 0]

Definition 3.14. Let Q;, be the partial order of all sequences 7 =
(ro,...,rn), n € w of finite logarithmic measures r; = (s;, h;) such that
for all i € n, max(s;) < min(s;;1) and h;(s;) < hip1(8i41) with exten-
sion relation end-extension. The level of the sequence 7 = (rg,...,7,)
is the level of r,, denoted ||7]|.

Definition 3.15. The sequence 7 € Q)y;, extends the pure condition
T, if there is R < T such that 7 C R. The finite logarithmic measure
r extends T, if ¥ = (r) extends T

Definition 3.16. Let 7 = (T}, : n € w) be a sequence of pure conditions
such that Vn(7},41 <T,,). Then P, is the suborder of Q;, of all 7 such
that Vi € |7|(r; < Tj,) where jo =0 and for i > 1, j; = maxint(r;_).

Lemma 3.17. Let X be a pure condition compatible with 7, n € w.
Then D.(X,n) ={r € P, : 3r; € 7(r; < X and||r;|| > n)} is dense.

Proof. Let 7 € P, and let j = maxint(r). Since T;\int(r) and X are
compatible, there is a finite logarithmic measure r, such that ||r| >
max{||7||, n}, which is their common extension. Then 77 (r) is an ex-
tension of 7 which belongs to D, (X, n). O

Corollary 3.18. Let C be a centered family, such thatVX € C(X L 1)
and let G be a P,-generic filter. Then R = UR = (r; : 1 € w) is a pure
condition of finite logarithmic measures of strictly increasing levels. In

V[G] there is a centered family C" such that |C'| = |C| and CUT C C".
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Proof. For every X € C, n € w the set D, (X,n) is dense in P, and
so GN D (X,n) # 0. Then Ix = (i : 7, < X) is infinite and so
RA X :=(r;:i€ Ix) is pure condition which is a common extension
of R and X. Furthermore if X < Y then Iy C Iy which implies
RAX < RAY and so the family {R A X} xec is centred. O

4. PREPROCESSED CONDITIONS

We use the fact that all reals have simple names of the form f =
U{((i,5}),p) : p € Aiyi € w, jj, € w} where for every i € w, A; = Ai(f)
is a maximal antichain of conditions deciding f(7).

Definition 4.1. Let C be a centred family and let f be a Q(C)-name
for a real. Then f is a good name if for every centred family C” ex-
tending C, f is a Q(C")-name for a real.

Remark 4.2. If f is a Q(C)-name for a real and there is a centred family
C" extending C' such that f is not a Q(C’)-name for a real, then there
is a centred family C” extending C', which has the same cardinality as
C such that f is not a Q(C”)-name for a real.

Definition 4.3. Let C' be a centred family, f a good Q(C)-name for
areal, i,k € w. A pure condition 7' € Q(C) such that £ < minint(7")
is preprocessed for f(i), k, C' (note that Abraham [1] uses the same
terminology) if for every v C k the following holds. If there is a centred
family C” extending C such that |C’| = |C], a pure condition R € Q(C")
extending 7 and a condition ¢ € A;(f) such that (v, R) < g, then there

is p € A;(f) such that (v,T) < p.

Remark 4.4. Let C be a centred family, f a good Q(C)-name for a real,
i,k € w, T € Q(C) a pure condition preprocessed for f(i), k, C. Let
(" be a centred family extending C, |C'| = |C| and T" € Q(C") a pure
extension of T. Then T is preprocessed for f(i), k, C".

Corollary 4.5. Let C' be a centered family, f a good Q(C)-name for a
real, T =(T,, : n € w) C Q(C) a sequence of pure conditions such that
vnVi < n T, is preprocessed for f(z), n, C and let G be a P.- generic
filter, R = UG = (r; : i € w). Then in V[G] there is a centred family
C’, CU{R} CQ(C"), |C'"| = |C| such that for alln € w, k € int(R,),
R, \k is preprocessed for f(n), k, C" where R,, = R\int(r,_,).

Proof. Repeat the proof of Corollary 3.18 to obtain the family C’. Let
n € w, k € int(R,) and ig, (k) = m. Then k < j,, = maxint(r,,_1).
By definition T} is preprocessed for f(n), jm, C (note n < m < jn.).
Since R,\k = R, < T, , R,\k is preprocessed for f(n), k, C". O

Jm)
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5. INDUCED LOGARITHMIC MEASURES

For completeness we state M Acountapic(k) (see [8]).

Definition 5.1. M A ountapie(r) is the statement: for every countable
partial order P and every family D, |D| < k of dense subsets of P there
is a filter G C P such that VD € D(G N D # 0).

Let M be the ideal of meager subsets of the real line. Recall that
the covering number of M, cov(M) is the minimal size of a family of
meager sets which covers the real line. For every regular uncountable
cardinal x, cov(M) > k if and only if M Acpuntanic(k) (see [3]).

Lemma 5.2. Let C be a centred family, |C| < cov(M), f a good
Q(C)-name for a real, n € w, T = ((s;,h;) : 1 € w) € Q(C) such that
Vk € int(T), T\k is preprocessed for f(n), k, C. Let v € [w]<“. Then
the logarithmic measure induced by the family P, (T, f (n)) consisting of
all x € [int(T)]<“ such that 3i € w(h;(xNs;) > 0) and Jw C z3p €

A, (f)((vUw, T\z) < p) takes arbitrarily high values.

Proof. To see that the induced measures takes arbitrarily high val-
ues consider an arbitrary finite partition w = Ag U --- U Ay 1. By
Lemma 3.13 there is j € M such that T' | A; is a pure condition
compatible with C. By |C] < cov(M) and Corollary 3.18 there is
a centred family C’ extending C, |C'| = |C| and a pure extension
Re€Q(C") of T'| A;. Then f is a Q(C")-name for a real and so A, (f)
is a maximal antichain in Q(C"). Therefore there is a common exten-
sion (vUw, R) € Q(C") of (v,R) and some ¢ € A,(f). Let 7 be a
finite subsequence of R such that w C z = int(7). We can assume that
|I7|| > 0. However R < T and so there is i € w such that h;(zNs;) > 0.
Since R < T and T\z is preprocessed for f(n), maxz, C, there is

p € A,(f) such that (v Uw,T\z) < p. O

Corollary 5.3. Let C' be a centred family, |C| < cov(M), f a good
Q(C)-name for a real, mn € w, T = ((s;,hi) + 1 € w) € Q(C)
such that Yk € nt(T), T\k is preprocessed for f(n), k, C. Then
the logarithmic measure induced by the family P, (T, f(n)) of all x €
[int(T)]<% such that Ji € w(h;(s; Nz) > 0) and Yv € m3Iw C xIp €

A, () (vUw, T\x) < p) takes arbitrarily high values.

Proof. Let vg,...,v;_1 enumerate the subsets of m and let w = Ag U
«-- U Apr_q be a finite partition. By Lemma 3.13 there is j € M such
that 7' | A; is a pure condition compatible with C. By |C| < cov(M)
and Corollary 3.18 there is a centred family C” extending C, |C'| = |C|
and a pure extension R € Q(C’) of T' | A;. For every k € int(R),
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R\k < T\k and so R\k is preprocessed for f(n), k, C'. Therefore by
Lemma 5.2 for every i € L there is z; € P, (R, f(n)). It will be shown
that © = Ujerx; € Pm(T,f(n)). Let v € m. Then v = v; for some
i € L. Since x; € P,,(R, f(n)) there is w; C x; and ¢; € A,(f) such
that (v; Uw;, R\z;) < ¢;, and so (v; Uw;, R\z) < ¢;. However R < T,
C" extends C, |C’| = |C| and T\z is preprocessed for f(n), maxz, C.
Then Vi € L there is p; € A,(f) such that (v; Uw;, T\z) < p;. O

Until the end of the section let C' be a centred family, |C| < cov(M),
f a good Q(C)-name for a real, T = (t; i € w) € Q(C) a pure
condition such that for all n € w, k € int(7},), T'\k is preprocessed for
f(n), k, C, where T, = T\int(t,_,).

Definition 5.4. Let P(C, T, f) be the suborder of () ;, of all sequences
7= ((2i,9:) : i € {) extending T, such that Vi € (Vv C maxz; Vs C x;

such that g;(s) >0, Jw C sdp € A;(f)(vUw,T\s) < p).

Lemma 5.5. Let X € Q(C), n € w. Then Dx,(C,T, f)=1{re
P(C,T, f): 3r; € 7(r; < X and ||rj|| > n)} is dense.

Proof. Let 7 € P(C,T, f), j = |F|, m = maxint(7). Let Y € C be a
common extension of X and T'\int(7). For every k € int(Y), Y\k <
T;\k and so Y'\k is preprocessed for f(j), k, C. By Corollary 5.3 the
logarithmic measure h induced by P, (Y, f(j)) takes arbitrarily high
values and so Jzx(h(z) > max{||7||,n}). Let r = (z,h [ P(x)), v C m,
s C x such that h(s) > 0. By definition of h there are w C s and

q € A;(f) such that (vUw,Y\s) < ¢. But T;\s is preprocessed for
f(j), max s, C and so there is p € A;(f) such that (vUw,T\s) < p. O

Corollary 5.6. Let G be a filter in P(C, T, f) meeting Dx ,,(C, T, f) for
dl X eC,new, R=UG = (r; :i € w). Then ViVv C Vs C int(r;)
which is ri-positive Jw C s3p € Ai(f)((v Uw, R) < p). In V[G] there
is a centred family C" such that C U{R} C Q(C") and |C"| = |C].

Proof. Let i € w, v C i and s C int(r;) which is r;-positive. Then by

definition there are w C s and p € A;(f) such that (v Uw,T\s) < p.
However R < T and so (vUw, R) = (vUw, R\s) <p. O

Remark 5.7. If X ¢ Q(C), then the analogous Dx.,(C, T, f) is not
necessarily dense. In fact the notion of a preprocessed condition is not
defined for X. Thus P(C, T, f) and P, are distinct forcing notions.
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6. MIMICKING THE ALMOST BOUNDING PROPERTY

Theorem 6.1. Let x be a regular uncountable cardinal, cov(M) = K,
H C “w, [H| = k an unbounded, <*-directed family, C' a centred family,
|IC| < k and let f be a good Q(C)-name for a real. Then there are a
centred family C' extending C, |C'| = |C| and h € H such that for

every centred family C" extending C', IFg(cm “hog* 7.

Proof. Let T € Q(C). There is a centered family Cj extending C,
|Co| = |C| and a sequence 7 = (T}, : n € w) C Q(Cy) such that for
all n, T,, < T,,_1 where T_1 = T and VnVi < n, T, is preprocessed for
f(@), n, Cy. By Corollary 4.5 and |C| < cov(M), there is a centred
family Cy extending C, |C}| = |C| and a pure condition 77 € Q(C)
such that if T} = (¢t} : ¢ € w) then Vn € wWVk € int(T7)\int(t._,), Ti\k
is preprocessed for f(n), k, Cy. By |Cy| < cov(M) there is a filter
G C [P(C’l,Tl,f) meeting Dx,n(C'l,Tl,f) for all n € w, X € C;. Then
by Corollary 5.6 the pure condition Ty = UG = (r; : i € w) extends T}
and Vi € w¥v C i¥s C int(r;) which is ri-positive Jw C s3p € A;(f)
such that (v Uw,T3) < p.

For all i € w let g(i) be the maximal k such that there are v C i,
w C int(r;) and p € A;(f) such that p - f(i) = k and (v Uw,Ty) < p.
We can assume that ¢ is nondecreasing. For all X € C; let Jx = {i :
r; < X} and let Fx be the following step function:

Fx(f) = g(Jx (i + 1)) iff £ € (Jx(2), Jx (i +1)]

where Jx(m) is the m-th element of Jx. Since H is unbounded VX €
C13hx € H such that hxy £* Fx. However |C| < |H| and so 3h € H
such that VX € Cj(hx <* h). We can assume that h is nondecreasing.
Note that VX € Ci(g <o Fx) and so J = {i € w: g(i) < h(7)} is infi-
nite. Furthermore 3¢ € Jx(Fx (i) < h(i)) and since Vi € Jx(Fx (i) =
g(i)), the set Ix = Jx N J is infinite. Let R = (r; : i € J) and for
all X € Cylet RAX = (r; :i € Ix). Then C" = {RA X}xec, is a
centred family such that C; U{T} C Q(C") and |C| = |C"|.

Let C" be centred, C" C Q(C"), a € [w]=¥, ky € w and let (b, R') €
Q(C") be an extension of (a, R). There isi € J, i > kg such that b C i
and s = int(R') N int(r;) is r-positive. Then Jw C s3p € A;(f) such
that (bUw,T5) < p. However R\w < Ty\w. Therefore (b Uw, R") <
(b,R’) and (bUw,R') < p. Let k € w be such that p I+ f(i) = k.
Then by definition of g, k¥ < ¢(i) and since ¢ € J, g(i) < h(i). Thus
(bU w,R’) ”‘Q(Cﬂ) “f(l) =k < g(l) < il(@)” O

Lemma 6.2 (Main Lemma). Let k be a regular uncountable cardinal,
cov(M) =k, H C “w an unbounded, <*-directed family, |H| = k and
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VA < k(2% < k). Then there is a centred family C, |C| = k, such that
(H is unbounded)VQ(o) and Q(C') adds a real not split by V N [w]“.

Proof. Let N' = { f'a}a<,i enumerate all names for functions in “w for
partial orders Q(C’) where C’ is a centred family, |C'| < k and let
A = {Asi1}a<k enumerate [w]* N'V. The centred family C' will be
obtained by transfinite induction of length . Begin with an arbitrary
pure condition T and Cy = {T\v : v € [wW]¥}. If @ = f+ 1 and
we have defined the centred family Cp, let g, be the name with least
index in N\{g,+1},<s which is a Q(Cjs)-name for a real. If g, is a good
(Q(Cps)-name by Theorem 6.1 there are a centered family C! extending
Cgs, |Cl] = |Cs| and h, € H such that for every centered family C”
extending C7,, IFgcn “he £* Ga”. I go is not a good Q(Cj3)-name, then
by Remark 4.2 there is a centred family C! extending Cj, |C)| = |Cj|
such that g, is not a Q(C’)-name for a real. In either case, let T" €
Q(C). Then by Lemma 3.13 there is T, < 7" such that int(7,) C A,
or int(7T,) € A¢ and T, L C!. By Corollary 3.18 applied to the
sequence of all final segments of T, and |C!| < cov(M) there is a
centred family C,, such that C!, U{T,} C Q(C,) and |C,| = |C.]. If «
is a limit let C,, = Ug<nCs. Then |C,| < k and V3 < a(Cs C Q(C,)).
With this the inductive construction is complete. Let C' = Uy Cy.
Then C' is centred, |C| = k and Va < k(Cy C Q(C)).

Let f be a Q(C)-name for a real and let o < & be minimal such that
f is Q(Cy)-name. Then f is a name in A" and there is § < x (o < 9)
such that f is the name with least index in AN'\{g,41},<s which is a
Q(Cys)-name and so f = g541. Note also that f is a good Q(Cj)-name.
Then by the choice of Cj,,, IFg() “hss1 ¢* f7. Let G be a Q(O)
generic filter and UG = U{w : 3T(u,T) € G}. For every a € k the set
Doi1 ={(u,T) € Q(C) : T < Tpy1} is dense and so UG C* int(Th41),
which implies that UG is almost contained in A, or in A% ;. O

The proof of Theorem 6.3 can be found in [9].

Theorem 6.3. Let H C “w be unbounded family such that VH' €
[H]=“3h € H(H' <* h) and let (P, : v < a) be a finite support iter-
ation of ccc forcing notions of length o, cfla) = w such that Vy < «
(H is unbounded)”"" . Then (H is unbounded)¥™ .

The proof of Lemma 6.4 can be found in [2].

Lemma 6.4. Let k be a regular uncountable cardinal, H C “w un-
bounded, <*-directed family, |H| = k. Then for every partial order P
of size less than k, (H is unbounded)vp.
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Recall that if A C “w is infinite the Hechler forcing H(.A) (see [8])
consists of all pairs (s, F)) where s € U,e,"w and F € [A]<¥, with
extension relation (s1, F1) < (sq, F) iff s C s1, Fy C F} and Vf €
FyoVE € dom(sy)\dom(sy) we have si(k) > f(k). Note that H(A) is
o-centred, adds a real dominating A4 and and |H(A)| = |A|.

Theorem 6.5 (GCH). Let k be a reqular uncountable cardinal. Then
there is a ccc generic extension in which b =k < s = k™.

Proof. Obtain a model V' of b = ¢ = k by adding x Hechler reals
(see [7]) and let H = V N “w. Inductively define a finite support
iteration (P, : o < k) of cee forcing notions as follows. Suppose
V3 < a, Ps has been defined so that in V¥4 H is unbounded, <*-
directed and VA < x(2* < k). If o is a limit, let P, be the finite
support iteration of (Pg: 8 < a). Then P, is ccc and by Theorem 6.3
the inductive hypothesis holds in V.

If « = 8+ 1 and Ps has been defined, then let V3 = V¥4 and let
H; be the forcing notion for adding x Cohen reals. Then in VﬁH1 the
family H is unbounded, <*-directed, VA < x(2* < k) and cov(M) = k.
Therefore in VﬁHl the hypothesis of Lemma 6.2 holds and so there is a

centered family C' such that Q(C') adds a real not split by VE,HI N [w]
and preserves H unbounded. Let Hy be a Hj-name for Q(C') and in
Vﬂ]Hh*]HI2 let A C V3N “w be an unbounded family of cardinality less

than k. Let Hjz be a Hy * Hy name for H(.A). Then in Vg(mh*mb)*]ng the
family A is dominated and since |H(A)| < k, H remains unbounded.
Let Qg be a Pg-name for (H; * Hy) * Hj, and let P, = Pg * Qg.

Let P = P.+. Let G be a P-generic filter and let A C [w]* N V|G,
|A| < k7. Then Ja < s such that A C V[G,] where G, = G NP,.
By the inductive construction of P, in V[G,1] there is a real not split
by A. Therefore V¥ I s = k™. By Theorem 6.3 and the construction
of P the family H is unbounded in V*. Since every family of reals in
V¥ of size less than & is obtained at some initial stage of the iteration,

a suitable bookkeeping device can guarantee that any such family is
bounded and so VF E b = k. O
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