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1. Introduction

The categorical equivalence between J*-triple systems and simply-connected symmetric
complex Banach manifolds with base point is done by W.Kaup and presented in his
article ” Algebraic Characterization of Symmetric Complex Banach Manifolds”.

In chapter 2, following [8] we introduce the notion of a J*-triple system and give a
geometric characterization in terms of polynomial vector fields. Due to the last, we
obtain and study the properties of certain Banach Lie algebras connected with the
J*-triple systems, which play an important role in the construction of the categorical
equivalence.

In chapter 3 we give the notion of a symmetric Banach manifold as it is presented in
[8]. An important step in giving the categorical equivalence is the fact that the group
of all biholomorphic isometries of a Banach manifolds carries the structure of a real
Banach Lie group [16]. Furthermore following [8] we prove that the existence of a point
in the manifold satisfying 3.10.i and 3.10.ii, implies the existence of a symmetry at each
point of the manifold. In connection with the same article [8], Vigué proved that for
a connected normed Banach manifold, the converse implication also holds ( compare
[18]) and so is obtained the modern definition of a symmetric Banach manifold. We give
also a construction of a J*-triple system from a symmetric Banach manifold, as it is
presented in [8] and show that it induces a functor § from the category of symmetric
complex Banach manifolds with a base point into the category of J*-triple systems.

In chapter 4, we give a construction of a simply-connected symmetric complex Banach
manifold with base point from a J*-triple system. We use also the notion of algebraic
groups in infinite dimensions and the fact that every algebraic group in infinite dimen-
sions is a Banach Lie group in the norm topology, compare [6]. The construction of the
canonical chart about the base point follows [17].

In chapter 5, we give the proof of the following statement, which is the main result of
our work.

Every morphism of J*-triple systems determines a morphism of the corresponding
simply-connected symmetric complex Banach manifolds.

Hence the construction given in chapter 4, determines a functor J from the category
of J*-triple system, into the category of simply-connected symmetric complex Banach
manifolds with base point and so is obtained the categorical equivalence between the
both considered categories.

In chapter 6, we give some further notions connected with the theory of hermitian
Jordan triple systems and consider Cartan factors of type I - VI.

In this place I would like to express my gratitude to Prof. Dr. W. Kaup for his constant
help. Thanks to him this work was possible. Thanks are due and to PD Dr. D. Zaitsev.

Notation: For every complex Banach space U, L(U) denotes the Banach algebra of
all endomorphisms of U and LF(U) the Banach space of all continuous homogeneous
polynomials U — U of degree k. With P we denote the Banach Lie algebra of all
polynomial vector fields on U. For every v € {-1,0,1,-- -}, P, is the Banach subspace of
all polynomial vector fields of the form p, 8/5: ,» Where p, is a homogeneous polynomial
of degree v + 1. Note that P = &2 _Pv. In the following IK is the field of real or
complex numbers. For complex Banach spaces U and V, and a holomorphic mapping
h:U — V, we denote by dh(a) the differential of h at the point a € U.
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2. Hermitian Jordan Triple Systems

Suppose A is a normed algebra over IK with a unit element e, such that |le]] = 1. Denote
by A’ the dual space of A, i.e. the space of all continuous linear functionals on A. Let

S(A)={z e A: |z|| = 1} .

For every fixed z € S(A) define

D(A,0) = {f e A" flz) =1=II/lI}-
By the Hahn-Banach theorem, D (A, z) is non-empty for every = € S(A).
2.1 Definition. Suppose a € A and z € S(A). Define

V(A a,z) = {f(az): f € D(A,z)}

and

V(A a) = U {V(Aja,2): z € S(A)} .
The set V (A, a) is called the numerical range of a. The real number v(a), defined by

v(a) =sup{ |A\l: A€ V(4,a)}

is called the numerical radius of a.

2.2 Definition. Suppose A is a complex unital Banach algebra and h € A. We say
that h is hermitian if

V(A,R) CTR .
The set of all hermitian elements of A is denoted by H(A).

In the case A € L(U) for some complex Banach space U, X is hermitian if and only if
exp(itA) € GL(U) is an isometry for every ¢ € IR. The subset H(U) of all hermitian
operators in L(U) is a real Banach space.

Suppose U is a complex Banach space. Consider the Banach space L2(U) of all contin-
uous homogeneous quadratic polynomials ¢ : U — U. For every ¢ € L*(U) define

(2.3 fwgz} = 7 (alw +2) — aw) = 9(2)) -

Obviously the mapping {wgz} is symmetric, bilinear in (w, z) € U?. Furthermore, for
every o € U and ¢ € L?(U) define

Mz) = {agz} .
Then A(z) € L(U). We use the following notation A = ang.

2.4 Definition. The pair (U, %) is called a hermitian Jordan triple system ( or simply
a J*-triple) if and only if

(i) * : U — L*(U) is a conjugate linear (continuous) mapping (we write o instead
of *(a) for every a € U).

(i) é{va*w}ﬁ*z}—k{{va*z}ﬁ*w}~{va*{wﬂ*z}} = {w{av*B}*z} for allv,a,w, B,z €

(iii) The operator croc* € L(U) is hermitian for every a € U.
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2.5 Definition. A morphism of hermitian Jordan triple systems (U, *) — (V, ) is a
continuous linear mapping A : U — V such that

(iv) Mza*w} = {(Az)(Aa)*(Aw)} for all z,a,w € U.
Every morphism of J*-triple systems is called a J *_triple morphism.

2.6 Definition. Suppose X is a J*-triple morphism. The mapping A is called a metric
J*-morphism, if ||Al| < 1.

The class of all hermitian Jordan triple systems is a category. If we consider only metric
J*-morphisms, we get a subcategory.

2.7 Proposition. Let (U, *) be a J*-triple system. The group of all J*-automorphisms,
denoted by GL(U, %), is a real Banach Lie group in the norm topology. The Lie algebra
of GL(U, *) is the set Der(U, ) of all X € L(U) satisfying

(2.8) A{zorw)) = {(D2)arw} + {z(he) w} + {za" (Aw)}

for all z,a,w € U.
Proof. For every z,a,w € U consider the mapping

Paaw(M AT = Ma(ATH @) wh = {A(z)aAw)}

where A € GL(U). Then p, q,w is a homogeneous polynomial of degree 2 ( over IR) in
the sense of [6]. Furthermore consider the set

P = {pz’a)w D Z,0,W E U} .
Then we have
GL(U, x) = {)\ e GLU) :p(A\, A7) =0forallp € P} )

and in particular GL(U, *) is an algebraic subgroup of GL(U) in the sense of [6]. Therefore
([6], Th.1 ) implies that GL(U, ) is a real Banach Lie group in the norm topology and
has a Banach Lie algebra

g= {A € L(U) : exp(t)) € GL(U, %) for all t € IR} .

Consider an arbitrary element A € g. We shall prove that A € Der(U, x). Suppose that
z,a,w are arbitrary elements in U. We have

exp(tA) ({za*w}) = {exp(tA)(2) (exp(tA) (@) (exp(tA) (w)) }

for all £ € IR. Then differentiating at ¢ = 0 we obtain

& exp(n) (e w) g = {5 () (2)| )} + (o (N (), _y) )

+ {rat (5 o) ),

which implies

A{zorw)) = {(A2)arw} + {z(Ae) w} + {za" (Aw)} -
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Hence A € Der(U, *).

Now suppose A € Der(U, ). We shall prove that A € g, i.e. exp(tA) € GL(U, ). Fix
arbitrary elements z, @, w € U and consider the differential equation

d

g(t)h:o = A\{za*w}), ¢(0) = {za"w} .
The mapping y(£) := exp(tA) for all ¢ € IR is a solution of 2.9. Furthermore consider

the mapping
h(t) == {(exp(tA)(2))(exp(tA)(a))" (exp(tA)(2))}
for all £ € IR. We have

SR, = (M)} + (@) ) + (a0 )

and using the assumption that A € Der(U, x) we obtain

d ]
Zl—ih(t)‘bo = Mza*w} .
Also we have h(0) = {za*w}. Therefore h(t) is a solution of 2.9. Since 2.9 has a unique

solution, we have obtained

exp(tA) ({zarw}) = {(exp(tX)(2)) (exp(tA) (@) (exp(¢A) (w)) }

for all ¢ € IR. Since z,o,w € U were arbitrary, the last equation implies exp(tA) €
GL(U, %) for all t € IR.

O

We shall give a characterization of hermitian J ordan triple systems in terms of polyno-
mial vector fields.

Suppose U is a complex Banach space and * : U = L?(U) is a conjugate linear, con-
tinuous mapping. For every a € U denote by go: U X U — U the uniquely determined
bounded, symmetric, bilinear mapping such that gq (2,2) = a*(z) for all 2 € U.

The following basic equalities associated with the triple product will be of constant use.

2.10 Lemma. Suppose U is a complex Banach space and *:U — L2?(U) is a conjugate-
linear continuous mapping. Then the following equalities hold.

(i) {aB*y} = qp(a, ) for all elements a,B,vinU.

(i) do*(2)(y) = 2¢a(z,y) for all o, z,y in U, where da*(2) is the differential of o™ in
the point z € U.
Proof. Equality (i) is a direct conclusion of the definition of the triple product, (com-
pare 2.3). To prove (ii) suppose ¢ is a homogeneous polynomial in L?(U) and denote by
g the corresponding bilinear symmetric mapping ¢: U xU — U, such that §(z, z) = q(z)
for all z € U. Then

dq(2)(y) = 24(2,y)

for all z,y in U. ]

The following sets of polynomial vector fields on U will be of main importance for the
construction of the functorial correspondences § and J, ( compare chapter 1). Define

(2.11) pi={(@-a")0p, acUlcB 0P,






