TOWERS, MAD FAMILIES, AND UNBOUNDEDNESS

VERA FISCHER, MARLENE KOELBING, AND WOLFGANG WOHOFSKY

AsstrACT. We show that Hechler’s forcings for adding a tower and for adding a mad family can be repre-
sented as finite support iterations of Mathias forcings with respect to filters and that these filters are $-Canjar
for any countably directed unbounded family 8 of the ground model. In particular, they preserve the un-
boundedness of any unbounded scale of the ground model. Moreover, we show that b = w, in every extension
by the above forcing notions.

1. INTRODUCTION

In this paper, we analyze Hechler’s forcings from [Hec72] for adding a tower (see Section (3)) and for
adding a mad family (see Section [4)), after giving some preliminaries on 8-Canjar filters in Section 2]

The forcings consist of finite conditions approximating a generic tower or a generic mad family, re-
spectively. We first show that the poset for adding a tower can be represented as a finite support iteration,
where each iterand adds a single real to the tower (which diagonalizes the initial part of the tower). In
fact, each such iterand is equivalent to Mathias forcing with respect to the filter generated by the respective
initial part of the tower (see Lemma 3.3)). For the forcing adding a mad family, the situation is analogous
(see Lemma[4.5)); in this case, the filter is generated by the complements of the elements of the initial part
of the mad family. It follows from these representations that the above forcing notions are o-centered (see
Corollary [3.6/and Corollary in many cases of interest.

The main results of this paper show that the above posets preserve the unboundedness of any count-
ably directed unbounded family of the ground model (see Theorem and Theorem [4.7)); in particular,
any unbounded ground model scale is preserved. We actually prove that, for a given countably directed
unbounded family 8 of the ground model, all the filters which are involved in the representation of Hech-
ler’s posets are 8-Canjar, i.e., the corresponding Mathias forcings preserve the unboundedness of 8. To
verify B-Canjarness, we use a combinatorial characterization from [GK21]] (see Theorem [2.3), together
with a genericity argument. In Section [5] we conclude that b = w; holds true in every extension by
one of Hechler’s forcings, using that they can be decomposed into a forcing which adds an unbounded
family of size w; and a forcing which preserves the unboundedness of this family (see Corollary [5.1]and
Corollary[5.2). Finally, in Section[6] we list some open questions.

In [FKW]||, the authors of this paper define a forcing which adds a refining matrix of regular height 4,
i.e., a refining system of mad families of height A without common refinement. There is always a refining
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matrix of height h (which is the minimal possible height), where I is the well-known distributivity number.
In order to get a model with a refining matrix of regular height A > b, it is shown that the forcing to add the
refining matrix keeps the bounding number b (and hence b) small: to this end, the forcing is represented
as an iteration of Mathias forcings with respect to filters, which are shown to be B-Canjar, where B is the
family of ground model reals; this ensures that B is unbounded in the final model, witnessing that b is
small.

Since a refining matrix consists of mad families as well as (along the branches of its corresponding
tree) towers, the forcing used in [FKW] is an elaborate combination of Hechler’s poset for adding a mad
family and a tower, respectively. The proof that the forcing from [FKW]| preserves the unboundedness of
the ground model reals is a more complicated version of the proofs given in this paper.

2. B-CANIJAR FILTERS

In this section, we will give the necessary preliminaries about 8-Canjar filters and the preservation of
unboundedness.

Definition 2.1. Let ¥ C P(w) be a filter containing the Fréchet filter. Mathias forcing with respect to
(denoted by M(¥)) is the set of pairs (s, A) with s € 2<“ and A € ¥, where the order is defined as follows:
(t,B) < (s,A)if

(1) t> s, 1i.e., t extends s,

(2) BCA,

(3) foreachn > |s|,if t(n) = 1, then n € A.

Note that M(¥) is o-centered: for s € 2<¢, the set {(s,A) | A € ¥} is clearly centered (i.e., finitely
many conditions have a common lower bound). Also note that Mathias forcing with respect to a countably
generated filter has a countable dense subset, and therefore is forcing equivalent to Cohen forcing C. For
f.g € w¥, we write f <* gif f(n) < g(n) for all but finitely many n € w. We say that B C w® is an
unbounded family, if there exists no g € w® with f <* g for all f € B. The bounding number b is the
smallest size of an unbounded family in w®. A family 8 C w? is called countably directed if the following
closure property holds:

VACB (A =8g—>AfeBVgeAg< f).
A filter ¥ is Canjar if M((7) does not add a dominating real over the ground model (i.e., the ground model
reals remain unbounded). We are interested in the following generalization of Canjarness:

Definition 2.2. Let B C w® be an unbounded family. A filter ¥ on w is B-Canjar if M(F) preserves the
unboundedness of B (i.e., B is still unbounded in the extension by M(¥F)).

2.1. A combinatorial characterization of $-Canjarness. Later, we will prove that certain filters are
B-Canjar. A combinatorial characterization of Canjarness has been given by Hrusdk-Minami [HM14],
which has been generalized to B-Canjarness for well-ordered unbounded families 8 by Guzman-Hrusak-
Martinez [GHMCI14|]. This has been extended to countably directed unbounded families by Guzméan-
Kalajdzievski [GK21].

Let F be a filter on w; recall that a set X C [w]<“ is in (F<“)* if and only if for each A € F there is
an s € X with s C A. Note that if G C F are filters and X € (¥ <®)", then X € (G<“)*.
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Given X = (X, | n € w) (with X,, C [w]<® for each n € w), and f € w®, let

X = Jox, 0 Pron)).
new
Theorem 2.3. Let B C w® be a countably directed unbounded family. A filter ¥ on w is B-Canjar if and
only if the following holds: for each sequence X = (X,, | n € w) C (F <“)*, there exists an f € B such that
Xf € (77<w)+.

Proof. See [GK21,, Proposition 10]. O

It is well-known that Cohen forcing C preservesﬂ the unboundedness of every unbounded family. As
mentioned above, Mathias forcing with respect to a countably generated filter is forcing equivalent to C,
and hence any countably generated filter is 8-Canjar for every unbounded family B. To illustrate the
characterization of 8-Canjarness from Theorem[2.3] we want to provide the following easy combinatorial
proof:

Lemma 2.4. Let B be a countably directed unbounded family. Then every countably generated filter is
B-Canjar.

Proof. Let ¥ be a filter generated by {a, | n < w}, i.e., A € ¥ if and only if a, C A for some n € w.
Let X = (X, | n € w) C (F<“)*. Forevery n € w, let s, € X, with s, C (<, ax (such s, exists since
X, € (F<“)"). Let g € w® be such that g(n) = max(s,) for every n € w. Since B is unbounded, we can
pick f € B such that f(n) > g(n) for infinitely many n. It is easy to check that s, € Xy for infinitely
many n, and this implies that X, € (F<*)*, as desired. m]

Later, we will actually use the following lemma (which is again based on the characterization from the
above Theorem to show that a filter is B-Canjar.

Lemma 2.5. Let V C W be models of ZFC, and assume that B C w® NV is unbounded and countably
directed in W, and that F € W is a filter on w. Moreover, assume the following: for each sequence (X, |
n € wy C (F <) there exists a sequence (s, | n € w), as well as a model V' with V C V' C W such that

(1) {snlnewyeV,

(2) s, € X, for each n € w,

(3) for each D € [w]® NV’ and for each A € F, there exists n € D such that s, C A.

Then ¥ is B-Canjar (in W).

Proof. We want to show that F is B-Canjar by proving its characterization given by Theorem So
suppose a sequence (X, | n € w) C (F<“)* is given. By the hypothesis of the lemma, we can fix (s, | n €
w) and V' satisfying (1)—(3). Due to (1), there is g € V’ such that s, C g(n) for each n € w. Since B is
unbounded in W, there is an f € B such that g 2* f (i.e., g(n) < f(n) for infinitely many n € w); to finish
the proof, we want to show that

Xr =, nP(rom)

new

I fact, C is almost bounding.
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is in (F<*)*. So fix A € ¥. We will find s € X, with s C A. Note that both f (which is actually in V) and
g are in V’, so there is an infinite set D € V’ such that g(n) < f(n) for each n € D. Now use (3) to obtain
an n € D with s, C A; observe that s, € X, by (2), and s, C g(n) < f(n), hence s, € )_(f, as desired. |

2.2. Preservation of unboundedness at limits. We will also use the following theorem byﬂ Judah-
Shelah [JS90]] about preservation of unboundedness in finite support iterations:

Theorem 2.6. Suppose {P,, Q, | @ < 8} is a finite support iteration of c.c.c. partial orders of limit length 6,
and B C w® is unbounded and countably directed. Moreover, suppose that

Va <6 Ikp, “Bis an unbounded family”.
Then \vp, “B is an unbounded family”.

Proof. See [Fis08, Theorem 3.5.2]. O

3. HECHLER’S TOWER FORCING

In this section, we analyze Hechler’s forcing from [Hec72| to add a tower. First, we give some basic
definitions: For a,b € [w]®, we say that b C* a if b\ a is finite, i.e., C* denotes almost-inclusion. For a
sequence {(ag | £ < 0) C [w]®, we say that b € [w]? is a pseudo-intersection of {ags | & < 6) if b C* ag for
each £ < 6. We say that {a; | £ < 6) is a tower of length ¢ if a,, C* a, for any n > £, and it does not have
an infinite pseudo-intersection. The fower number t is the smallest length of a tower.

The definition of the forcing we are giving here is not exactly as in [Hec72], but it is easy to see that it
is equivalent. Let A be a regular uncountable cardinal.

Definition 3.1. TOW, is defined as follows: p € TOW, if p is a function with finite domain, dom(p) C A,
and for each @ € dom(p), we have

P(@) = (545 ) = (Sa» fo),
where
(1) 5o € 27%,
(2) for each g € dom(p) with 8 < a, [sg| > |s4l,
(3) dom(fn) € dom(p) N a,
(4) fo : dom(fo) — w,
(5) whenever g € dom(f,), and n € w with n € dom(sg) N dom(s,) and n > f,(B), we have
sp(n) = 0 — s54(n) = 0.
The order on TOW , is defined as follows: g < p (“g is stronger than p”) if

(1) dom(p) C dom(q),
(2) and for each @ € dom(p), we have
(a) sq < sq,
(b) dom(fy) € dom(fy) and f7(8) > fy(B) for each B € dom(fy).

2In fact, [JS90, Theorem 2.2] is a much more general version than the one presented here.
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Given a generic filter G for TOW,, we define, for each a < 4,

aq :=|_Jish 1 p € G A e edom(p)),
It is not difficult to verify that the generic object {a, | @ < 1) added by TOW, is a tower of length A.

3.1. Complete subforcings. We will now show that Hechler’s forcing for adding a tower of length A has
many complete subforcings. Let us start with a useful definition:

Definition 3.2. A condition p € TOW, is called full if there exists an N € w such that for all @ € dom(p)
(1) Is5l = N,
(2) N = max(mg(f)),
(3) VB € dom(p) with 8 < a it holds that 8 € dom(f?).

The set of full conditions is dense:

Lemma 3.3. For every condition p € TOW ), there exists a full condition q with g < p and dom(q) =
dom(p). In particular the set of full conditions is dense in TOW ;.

Proof. First extend p by defining f7(8) := |sb| for every a,8 € dom(p) with 8 < a for which f¥(8)
was not defined before. It is easy to see that this extension yields a condition which fulfills (3). Now let
N > max(rng( ), s8] for every a € dom(p). For every 8 € dom(p) extend sg with 0’s to length N. It is
easy to see that this is a condition and it is full. O

—

For any C C 4, let TOW¢ = {p € TOW, | dom(p) € C}. In particular, for any @ < A, we have
TOW, = {p € TOW, | dom(p) C a}. Moreover, for p € TOW,, let p [I C be the condition p’ with
dom(p’) = dom(p) N C, and s” = s”, and f7 = fP | C for each @ € dom(p’). Clearly, p |1 C is a
condition in TOW¢. Note that if C C A is downward closed (i.e., if C is an ordinal), then p [ C = p | C.

N

Lemma 3.4. Let C C @ < A. Then TOW¢ is a complete subforcing of TOW,. Moreover, if p € TOW,, is
a full condition, then p | C is a reduction of p to TOW¢.

In particular, TOWp is a complete subforcing of TOW, for each f < a < 4, and, if p € TOW, is a
full condition (in this case, it is easy to see that it is actually not necessary to assume that p is full), then
p [ Bis areduction of p to TOWjg. In fact, this is all we are going to need in this paper. Nevertheless, we
decided to prove the more general version (for sets C which are not an ordinal) because it might be useful
for future applications.

Proof of Lemma We first show that TOW ¢ C;. TOW,, i.e., incompatible conditions from TOW are
incompatible in TOW,,. Let pg, p1 € TOW¢ and ¢ € TOW,, with g < pg, p1. We have to show that there
exists a condition ¢’ € TOW¢ with ¢’ < po, p1. Let ¢’ := g [T C. It is very easy to check that ¢’ is as we
wanted.

Let p € TOW,. We want to define a reduction of p to TOW¢. Let p’ < p be a full condition (see
Lemma , and let N,y € w be such that |sg/| = Ny for all g € dom(p’). Let ren(p) := p’ [ C. Let
q < rep(p) with g € TOW¢; by appending 0’s if necessary we can assume that there is N, € w such that
Ny > Ny and |sg,| = N, for all 8 € dom(q) (we do not need to assume that g is full). We have to show
that ¢ is compatible with p. To show this, we define a witness r as follows. Let dom(r) := dom(p’) U
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dom(g) = (dom(p’) \ C)Udom(q). For € dom(g) N dom(p’), let dom( ) = dom( fﬂ" ) U dom( f',f ") and
let }%(6) = fg(é) for every 0 € dom(fg) and fbf(é) = f/f,(é) for every 0 € dom(fﬁp,) \ dom(]fg), and for

B € dom(q) \ dom(p"), let f := f[;’ For € dom(p") \ dom(g), let f := f,,f For € dom(g), let s := sz.
For 8 € dom(p’) \ C, define sz > sg’ with |s,,§| = N, as follows: for each n € [N,,N,), let sz(n) = 1if
and only if there exists 6 > B such that § € dom(p’) N C and sg(n) = 1. Note that |S‘Z| = N, for each
B € dom(r).

The only non-trivial part in showing that r is a condition in TOW,, is verifying Definition [3.1(5). So
assume that 8 <y, B € dom(fy), n > f(B) and s),(n) = 1. We have to show that sz(n) = 1. In case both y
and S belong to dom(g), this just follows from the fact that g is a condition; otherwise, both y and 8 belong
to dom(p”), and at least one of the two does not belong to C. If n < N/, we get that s;;(n) = 1 by definition
of r and the fact that p’ is a condition. So we can assume that n € [N,/, N,), and it remains to check the
following three cases. Case 1: y € dom(p’) N C and 8 € dom(p’) \ C. Here, s/g(n) = 1 by definition: since
v € dom(p’) N C C dom(g), we have sf, = sfy by definition, and hence sz(n) = 1 by assumption; therefore,
sz(n) = 1 by definition of sg. Case 2: y,8 € dom(p’) \ C. Since sfy(n) = 1, by definition there exists
6 > y such that § € dom(p’) N C C dom(g) and sg(n) = 1. Note that § > 3, so by definition sg(n) =1.
Case 3: y € dom(p’) \ C and 8 € dom(p’) N C. Since s;(n) = 1, by definition there exists § > y such that
6 € dom(p’) N C C dom(g) and sg(n) = 1. Recall that p’ is a full condition, so in particular 8 € dom( f;’ ')
and f;l(ﬁ) < N,. Moreover, g < p’, hence § € dom(qu) and féq(,B) < f(;p'(ﬂ) < N, . Therefore, due to
nxNy > f(g (B), it follows that sg(n) = 1, and hence s[:,(n) = 1 by definition of r. It is straightforward to
checkthatr < gandr < p’ < p. m|

3.2. Iteration via filtered Mathias forcings. For « < 4, TOW, is a complete subforcing of TOW,,| by
Lemma@ so we can form the quotient TOW, ., /TOW,. For a generic filter G for TOW,, the quotient
is defined by TOW,.1/TOW, = {p € TOW,4; | Vg € G p L g}. Note that using Lemma [3.4] a (full)
condition p € TOW,, belongs to TOW,.,/TOW, ifandonly if p [ @ € G.

Moreover, because conditions in TOW , have finite domain,

TOW, = |_| TOW,
o<a
for each limit ordinal @ < 4; in other words, TOW,, is the direct limit of the forcings TOW; for 6 < a. So
TOW, is forcing equivalent to the finite support iteration of the quotients TOW 1/ TOW, for a < A.
Recall that M(¥) denotes Mathias forcing with respect to the filter  (see Definition . We are now
going to show that TOW,,/TOW, is forcing equivalent to M(%,) for a filter F,. Work in an extension
by TOW,, and note that, for each 8 < a, a set ag has been added by TOW,,. Let

Fo = <{aﬁ |ﬁ < a}>Fréchet7

i.e., ¥, is the filter generated by (the Fréchet filter and) the C*-decreasing sequence {ag | B < a} added by
TOW,. Note that each element of ¥, is a superset of ag \ N for some f < @ and N € w.

The quotient TOW,.,;/TOW, adds the set a,. The following lemma will provide a dense embedding
from TOW, . /TOW, to M(¥%,) which preserves (the finite approximations of) the generic real a,. There-
fore, a, is also the generic real for M(¥,). Recall that the generic real for M(¥) is a pseudo-intersection
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of F, and the definition of ¥, ensures that a pseudo-intersection of it is almost contained in ag for each
B < «, as it is the case for the real a,.

Lemma 3.5. TOW,,,/TOW, is densely embeddable into M(F).

Proof. We work in a fixed extension by TOW, with generic filter G. The embedding ¢ is defined as
follows: «(p) := (s-, A) where

A= ] (@uZE)\Is.
pedom(fy)

To see that it is a dense embedding, we have to check the following conditions:

(1) (Density) For every condition (s, A) € M(¥,) there exists a condition p such that ((p) < (s, A).
(2) (Incompatibility preserving) If p and p’ are incompatible, then so are «(p) and «(p’).
(3) (Order preserving) If p’ < p then «(p’) < «(p).
To show (1): Let (s,A) € M(¥,). Since A € F,, there exist y < @ and N € w such thata, \ N C A.
Extend s with O’s to s, such that |s,|] = max(]s|, N) and let dom(f,) := {y} and f,(y) := |so|. Let

P = (@, (Sas fo)} U{(y, (ay T Isel,0))}). Note that pis full and p [ @ = {(y,(ay T Isel.0))} € G, so
p € TOW,41/G. Now, t(p) = (sq,A’) where

A= () (@U@ \lsal
Bedom(fy)

It follows that
A" =(ay U fu)) \Isal = ay \Isel Cay \ N C A.

Therefore, and by the above, s, > 5, A’ C A, and s,(n) = 0 for all n > [s]. So «(p) = (s4,A") < (5, A).
We prove (2) by showing the contrapositive: Assume ¢(p) = (sh,A)and «(p’) = (s5 ,A’) are compatible.
Define g as follows: dom(g) := dom(p) U dom(p’). For 8 € dom(g), let dom(]fg) = dom(f;) ] dom(ﬁf )

and for p € dom(fg) let fg(p) = min(f;(p),fﬁp/(p)) (set fﬁp(p) = oo, f‘f’,(p) = oo if not defined). Let
s1 = sPUs”. Let N € w be such that N > |SZ| for each B € dom(p) and N > |sg/| for each B €
dom(p’). Let sg :=ag | N for B € dom(q) with 8 < a. The only non-trivial part in showing that g is
a condition %n TOW,+1/G is verifying Definition @5) for @. We can assume without loss of generality
that 57 < s = s1. Let g € dom(f!), n > fl(B), and s%(n) = 1. We have to show that ag(n) = 1. In
case f1(8) = f¥(B), we get that ag(n) = 1 because p’ is a condition in the quotient. So let us assume
that £21(8) = f2(B) < fV / (B). If n < |s%], then we are finished because p is a condition in the quotient. If
n > |sh], the compatibility of (sh,A) and (sg,A’) implies n € A. Since (sh,A) = u(p), the definition of ¢ in
particular yields n € ag U f2(B), so we are finished. It is straightforward to check that g < p, p’.

To show (3): Let p’ < p. By definition that means: 5%, & s” and dom(f?) 2 dom(f?), and £ (8) <
f2(B) for B € dom(fy); so

A= () @UFEI\ISEIC [ (agU BN \Ish =: A.
pedom(f?) Bedom(f?)
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Let n > |s”] and s” (n) = 1. We have to show that n € A; fix 8 € dom(f”) and show that n € ag U fY(B). If
n < fy(B), this is clear. If n > f7/(8), it follows that n > f’ (), hence s (n) = ag(n) = 1, because p’ is a

condition in the quotient. This shows that «(p’) = (s” , A’) < (s£, A) = u(p). o
As a side result, let us mention that Hechler’s forcing for adding a tower is o-centered:

Corollary 3.6. If A < ¢, then TOW, is o-centered.

Proof. Since Mathias forcing with respect to a filter is always o-centered (see the remark after Defi-
nition and TOW,,,/TOW, is densely embeddable into such a forcing by the above lemma, also
TOW441/TOW,, is o-centered.

So TOW, is a finite support iteration of o-centered forcings of length at most ¢. As a matter of
fact, the finite support iteration of o-centered forcings of length strictly less than ¢* is o-centered (the
result was mentioned without proof in [Tal94, proof of Lemma 2]; for a proof, see [Blal1] or [Guil9,
Lemma 5.3.8]). O

3.3. The filters are 8-Canjar. Finally, we show that Hechler’s forcing TOW , preserves the unbounded-
ness of countably directed unbounded families 8. More precisely, let V be the ground model over which
we force with TOW ,, and let 8 € V be a countably directed unbounded family of reals; we want to show
that 8 is still unbounded in the extension by TOW . Since there always exists an unbounded family 8 of
size b which is countably directed, TOW, does not increase the bounding number b (for more details, see
Section [5} in fact, we argue there that we even get b = w; whenever we force with TOW)).

In Section we have defined filters 7, for @ < A and have shown that TOW, is equivalent to the
finite support iteration of the Mathias forcings M(¥,). So we can finish the proof by showing that the
filters ¥, are B-Canjar (and M(7,) therefore preserves the unboundedness of $B), and using Theorem
at limits. In fact, we show the following:

Theorem 3.7. Let B be a countably directed unbounded family. Then TOW , preserves the unboundedness
of B. More precisely,

(1) TOW, preserves the unboundedness of B for each a < A,
(2) Fo is B-Canjar for each a < A.

Proof. First note that 8 is countably directed in the extension by TOW,, for each @ < A, since TOW,
has the c.c.c. (and thus all countable sets of ground model objects are covered by a countable set of the
ground model).

We prove (1) and (2) by (simultaneous) induction on @ < A. Suppose (1) and (2) hold for all ¢’ < a.

Proof of (1):

In case @« = & + 1 is a successor ordinal, use the fact that (1) holds for @’ by induction, so B is
unbounded in the extension by TOW,; recall that, by Lemma TOW, = TOW, * M(%,); since (2)
holds for @’ by induction, M(¥,/) preserves the unboundedness of B, hence the same is true for TOW,,
as desired.

In case « is a limit ordinal, we use the fact that TOW,, is the finite support iteration of c.c.c. forcings,
as well as that (1) holds for each &’ < a@; so we can apply Theorem to conclude (1) for a.
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Proof of (2):

In case cf(@) < w, just note that F, is countably generated; so, by Lemma Fo 1s B-Canjar, as
desired.

In case cf(a) > w, we proceed as follows (this is going to be the main technical part of the proof): in
order to show that ¥, is 8-Canjar, it is sufficient to establish the hypothesis of Lemma [2.5]

Let W be the extension of V by TOW,; note that F,, which is generated by the Fréchet filter and
{lag | B < a}, lies in W. Now observe that we have already proven (1) for a (without having used (2)
for @), i.e., we know that B is unbounded in W.

Now suppose that (X, | n € w) C (F,~“)* is given. We will find (s,, | n € wyand V' withV C V' C W
such that Lemma [2.5(1)—(3) hold. Since the X,’s are essentially reals, the forcing TOW, has the c.c.c.,
and cf(a) > w, we can fix y < @ such that (X, | n € w) belongs to the extension of V by TOW,; let V' be
the extension by TOW,,; clearly, V. C V' C W.

For each n € w, we have a, \ n € ¥, and X, € (Fo~“)*; therefore, for each n, there exists an s € X,,
such that s C a, \ n. The same holds in V’ since X, € V' for each n and a,, € V’. Since (X, | n € w) € V',
we can pick a sequence (s, | n € w) € V' such that s, € X, and s, C a, \ n for every n.

It remains to show that Lemma 3) holds true. So fix D € [w]® N V’; we have to prove that each
element of F, contains (as a subset) an s, for some n € D, i.e., that the following holds for each 8 < a:

(1) VkewdneD s,Cag\k

In case 3 < vy, this is easy: fix k € w; recall that a,, C* ag, so we can pick n > k with n € D such that
ay \ n C ag; but then s, C a, \ n C ag \ k, as desired.

In case B > vy, we show (I]) by induction on 3: assume we have shown it for every 8’ < 8; we will show
it for S.

Fix k € w, and work in the extension by TOWpg (note that D belongs to the extension by TOW,,,
hence also to the extension by TOWg due to § > y + 1); observe that ag is added in the step from g to
B + 1, i.e., by the quotient forcing TOWg, | /TOWp (which is equivalent to M(¥3)). We finish the proof
by showing that the set

{q € TOWg,1/TOWs |dn € D gk s, Cag\ k)

is dense. Let p € TOWpg, | /TOWg, so p(B) =: (s, f) where f is a function with dom(f) C g finite. Let
B’ := max(dom(f)), and note that 8’ < 8. Moreover, let £ be large enough such that ag \ £ C ag- for each
B € dom(f), and let L := max(¢, k, |s]). Use () for 8 and L to pick n € D such that s, C ag \ L; because
L > ¢, it follows that s, C ag~ \ L for each 8" € dom(f). Now strengthen p as follows. Extend s to s* in
such a way that s*(m) = 1 if m € s, and s*(m) = 0if m ¢ s, and m > |s| (this is legitimate, because s, is
a subset of each ag- with 8 € dom(f)); then it is easy to find a condition g € TOWg,;/TOWp such that
g < p and g(B) = (s, f). Note that g - 5, C ag \ k, as desired. O

4. HECHLER’S MAD FAMILY FORCING

In this section, we analyze Hechler’s forcing from [Hec72|] to add a mad family. Again, we start with
some basic definitions: For a, b € [w]®, we say that a and b are almost disjoint if aN b is finite. Moreover,
we say that A C [w]“ is an almost disjoint family if a and a’ are almost disjoint whenever a,a’ € A with
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a # a’. An almost disjoint family A is maximal (called mad family) if for each b € [w] there exists a € A
such that |b N a| = Ng. The almost disjointness number a is the smallest size of an infinite mad family.

The definition of the forcing we are giving here is not exactly as in [Hec72], but it is easy to see that it
is equivalent. Let A be a regular uncountable cardinal.

Definition 4.1. MAD, is defined as follows: p € MAD), if p is a function with finite domain, dom(p) C A,
and for each a € dom(p), we have p(a) = (s5, hh) = (54, ho) Where

(1) sq € 2°%,

(2) dom(h,) C dom(p) N a,

3) hy : dom(h,) — w,

(4) whenever g € dom(h,), and n € w with n € dom(sg) N dom(s,) and n > h,(B), we have

sg(n) =0V s4(n) = 0.
The order on MAD), is defined as follows: g < p (“q is stronger than p”) if

(1) dom(p) C dom(g),
(2) and for each a € dom(p), we have
(a) 4 < s,
(b) dom(h) € dom(hl) and hL(B) > hl(B) for each § € dom(h)).

Given a generic filter G for MAD,, we define, for each a < 4,

Ay = U{sﬁ | p € G A a e dom(p)).
It is not difficult to verify that the generic object {a, | @ < A} added by MAD), is a mad family of size A.

4.1. Complete subforcings. We will now show that Hechler’s forcing for adding a mad family of size A
has many complete subforcings. Let us start with a useful definition:

Definition 4.2. A condition p € MAD, is called full if there exists an N € w such that for all @ € dom(p)
(1) Ishl =N,
(2) N = max(mg(h),
(3) VB € dom(p) with B < a it holds that § € dom(h5).

The set of full conditions is dense:

Lemma 4.3. For every condition p € MAD), there exists a full condition g with ¢ < p and dom(g) =
dom(p). In particular the set of full conditions is dense in MAD),.

Proof. First extend p by defining h5(B) := |s%| for every a, 8 € dom(p) with 8 < a for which A2(B8) was
not defined before. It is easy to see that this extension yields a condition which fulfills (3). Now let
N > max(rng(hb)), |s?| for every @ € dom(p). For every € dom(p) extend SZ with 0’s to length N. It is
easy to see that this is a condition and it is full. O

For any C C A, let MAD¢ = {p € MAD, | dom(p) € C}. In particular, for any @ < A, we have
MAD, = {p € MAD, | dom(p) C a}. Moreover, for p € MAD),, let p T C be the condition p’ with
dom(p’) = dom(p) N C, and s, = s%, and K = K} | C for each @ € dom(p’). Clearly, p || Cis a

condition in MAD¢. Note that if C C A is downward closed (i.e., if C is an ordinal), thenp [ C =p | C.
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Lemmad4.4. Let C C a < A. Then MAD ¢ is a complete subforcing of MAD,,. Moreover, if p € MAD),, is
a full condition, then p || C is a reduction of p to MAD¢.

Before proving the lemma, let us recall that in the context of Hechler’s forcing to add a tower, we only
used a special instance of Lemma namely that TOWpg is a complete subforcing of TOW,, whereas
here, we are going to use the more general version for sets C C @ which are not ordinals. For Section[4.2]
we need again only the special case of 8 < «; the more general version is needed in Section 4.3 In
Section when dealing with TOW,, we do not need such a more general version, for the following
reason: the filter . is always countably generated (just because {a, \ n | n € w} is a basis, due to the
fact that a,, C* ag for each 8 < ), and so the analogue of the set C C a needed in Theorem can be
replaced by any upper bound which is a successor ordinal. This is not possible when dealing with MAD,
since then ¥ is never countably generated unless 8 < w;.

Proof of Lemma We first show that MAD¢ C;,c MAD,, i.e., incompatible conditions from MAD are
incompatible in MAD,. Let py, p1 € MAD¢ and ¢ € MAD, with g < pg, p1. We have to show that there
exists a condition ¢' € MAD¢ with ¢’ < po, p1. Let ¢’ := g [T C. Itis very easy to check that ¢’ is as we
wanted.

Let p € MAD,. We want to define a reduction of p to MAD¢. Let p’ < p be a full condition (see
Lemma . and let N,y € w be such that |SZ,| = N, for all B8 € dom(p’). Let rRen(p) := p” [T C. Let
g < Reb(p) with ¢ € MAD¢. We have to show that ¢ is compatible with p. To show this, we define a
witness r as follows. Let dom(r) := dom(p’) U dom(g) = (dom(p’) \ C)Udom(q). For 8 € dom(g), let

sp 1= sg, and for B € dom(g) N dom(p"), let dom(fy) := dom(hg) U dom(hg/) and let 7(6) := hg,(é) for

every 0 € dom(hg) and h,g(é) = hg (0) for every 0 € dom(hg,) \ dom(hg), and for 8 € dom(g) \ dom(p’),

let h; = hg. For 8 € dom(p") \ dom(q), let s}, := sgl and hy 1= hg,.

The only non-trivial part in showing that r is a condition in MAD,, is verifying Definition .1(4). So
assume that 8 <y, B € dom(hfy), n> h;(ﬁ) and s;,(n) = 1. We have to show that sg(n) = 0if it is defined.
In case both y and 8 belong to dom(g), this just follows from the fact that ¢ is a condition; otherwise,
both y and 3 belong to dom(p’), and at least one of the two does not belong to C. If n < N, we get that
sfg(n) = 0 by definition of r and the fact that p’ is a condition. But if n > N/, then either s,g,(n) or s3,(n) is

not defined, and there is nothing to show. It is straightforward to check that r < g and r < p’ < p. ]

4.2. Iteration via filtered Mathias forcings. For a < 1, MAD, is a complete subforcing of MAD, | by
Lemma so we can form the quotient MAD, ., /MAD,. For a generic filter G for MAD,,, the quotient
is defined by MAD,.,1/MAD, = {p € MADqy | Vg € G p L q}. Note that using Lemma [4.4] a full
condition p € MAD, .| belongs to MAD,,;/MAD, if and only if p [ @ € G.

Moreover, because conditions in MAD, have finite domain,

MAD, = U MAD;
o<a

for each limit ordinal @ < 4; in other words, MAD),, is the direct limit of the forcings MAD; for 6 < a. So
MAD), is forcing equivalent to the finite support iteration of the quotients MAD, | /MAD, for @ < A.

Recall that M(¥) denotes Mathias forcing with respect to the filter 7 (see Definition [2.1)). We are now
going to show that MAD, . /MAD), is forcing equivalent to M(7,) for a filter ¥,. Work in an extension
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by MAD,, and note that, for each S < «, a set ag has been added by MAD,,. Let
Fa = {w )\ ag | B < a})Fréchet,

i.e., o is the filter generated by (the Fréchet filter and) the complements of the members of the almost
disjoint family {ag | 8 < a} added by MAD,,.

The quotient MAD, .1 /MAD, adds the set a,. The following lemma will provide a dense embedding
from MAD,;;/MAD, to M(¥,) which preserves (the finite approximations of) the generic real a,. There-
fore, a, is also the generic real for M(F,). Recall that the generic real for M(¥) is a pseudo-intersection
of ¥, and the definition of ¥, ensures that a pseudo-intersection of it is almost disjoint from ag for each
B < a, as it is the case for the real a,.

Lemma 4.5. MAD,, | /MAD, is densely embeddable into M(F).

Proof. We work in a fixed extension by MAD,. The embedding ¢ is defined as follows: «(p) := (sh,A)
where
A= [ (@\ap URLE)\Ishl.
Bedom(hb)
To see that it is a dense embedding, we have to check the following conditions:

(1) (Density) For every condition (s,A) € M(%,) there exists a condition p such that «(p) < (s, A).
(2) (Incompatibility preserving) If p and p’ are incompatible, then so are «(p) and ¢(p’).
(3) (Order preserving) If p” < p then «(p’) < «(p).

To show (1): Let (s,A) € M(¥,). Since A € F,, there exist finitely many {8; | i < m} Caand N € w
such that N,.,,(w \ ag,) \ N € A. Extend s with 0’s to s, such that |s,| = max(|s|, N) and define h, by
dom(h,) = {B; | i < m} and ho(B;) = |sql| for each i < m. Let p := {(«, (5S¢, 1))} U {(B:, ((),0)) | i < m}.
Clearly, p | a belongs to any generic filter for MAD,, and therefore p € MAD,;;/MAD,. Now,
t(p) = (sq,A") where

A= () (@\ag)Uha(B)\lIsal-
Bedom(hy,)
It follows that
A= [ @\ag\lsal S |w\ag)\ N CA.
Bedom(hy) i<m
Therefore, and by the above, s, > 5, A’ C A, and s,(n) = 0 for all n > [s]. So «(p) = (s4,A") < (5, A).
We prove (2) by showing the contrapositive: Assume ¢(p) = (sh,A)and «(p’) = (sgl, A’) are compatible.

Define g as follows: dom(g) := dom(p) U dom(p’). For 8 € dom(g), let sg = sg U sg/ (set sz =), sz' =)

if not defined), dom(hZ) = dom(hg) U dom(hg’) and for p € dom(hg) let hg(p) = min(hg (0), hg, (0)) (set
hZ(p) = oo, hzl (p) = oo if not defined). Similar to the proof of (2) in Lemma it follows that g is a
condition in the quotient and ¢ < p, p’.

To show (3): Let p’ < p. By definition that means: s, >s” and dom(h’, ) 2 dom(h5), and K}, (B) < hh(B)
for 8 € dom(hb); so

A= [ W\apUREBINIshIC (] (@W\ap URLB)\ sl =: A,

Bedom(i’) Bedom(if)
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Letn > |s” and s” (n) = 1. We have to show that n € A; fix 5 € dom(h”) and show thatn € (w\ag)UhL(B).
If n < h5(B), this is clear. If n > h%(B), it follows that n > K, (B), hence ag(n) = 0, because p’ is a condition
in the quotient. This shows that «(p’) = (57, A’) < (s%, A) = «(p). o

As a side result, let us mention that Hechler’s forcing for adding a mad family is o-centered:
Corollary 4.6. If 1 < ¢, then MAD), is o-centered.
Proof. The proof is completely analogous to the proof of Corollary [3.6] O

4.3. The filters are B-Canjar. Finally, as we did in Section [3.3] for Hechler’s tower forcing TOW,,
we show that Hechler’s forcing MAD, preserves the unboundedness of countably directed unbounded
families 8. More precisely, let V be the ground model over which we force with MAD,, and let 8 € V be
a countably directed unbounded family of reals; we want to show that 8 is still unbounded in the extension
by MAD),. Since there always exists an unbounded family 8 of size b which is countably directed, MAD,
does not increase the bounding number b (for more details, see Section [5} in fact, we argue there that we
even get b = w; whenever we force with MAD),).

In Section we have defined filters 7, for @ < A and have shown that MAD), is equivalent to the
finite support iteration of the Mathias forcings M(¥,). So we can finish the proof by showing that the
filters 7, are B-Canjar (and M(%,) therefore preserves the unboundedness of $), and using Theorem
at limits. In fact, we show the following:

Theorem 4.7. Let B be a countably directed unbounded family. Then MAD), preserves the unbounded-
ness of B. More precisely,

(1) MAD, preserves the unboundedness of B for each a < 4,
(2) Fo is B-Canjar for each a < A.

Proof. First note that 8 is countably directed in the extension by MAD, for each @ < A, since MAD,
has the c.c.c. (and thus all countable sets of ground model objects are covered by a countable set of the
ground model).

We prove (1) and (2) by (simultaneous) induction on @ < A. Suppose (1) and (2) hold for all ¢’ < a.

Proof of (1):

In case @« = & + 1 is a successor ordinal, use the fact that (1) holds for @’ by induction, so 8 is
unbounded in the extension by MAD,, ; recall that, by Lemma MAD, = MAD, * M(F,); since (2)
holds for @’ by induction, M(¥,/) preserves the unboundedness of B, hence the same is true for MAD,,,
as desired.

In case a is a limit ordinal, we use the fact that MAD, is the finite support iteration of c.c.c. forcings,
as well as that (1) holds for each &’ < @; so we can apply Theorem to conclude (1) for a.

Proof of (2):

In case @ < wy, just note that %, is countably generated; so, by Lemma[2.4] ¥, is B-Canjar, as desired.
In case @ > wy, we proceed as follows (this is going to be the main technical part of the proof): in
order to show that 7, is 8-Canjar, it is sufficient to establish the hypothesis of Lemma



14 VERA FISCHER, MARLENE KOELBING, AND WOLFGANG WOHOFSKY

Let W be the extension of V by MAD,; note that #,, which is generated by the Fréchet filter and
{w\ ag | B < a}, lies in W. Now observe that we have already proven (1) for @ (without having used (2)
for @), i.e., we know that B is unbounded in W.

Now suppose that (X, | n € w) C (F,~“)* is given. We will find (s, | n € w) and V' withV C V' C W
such that Lemma[2.5(1)—(3) hold. Since the X,,’s are essentially reals and the forcing MAD),, has the c.c.c.,
we can pick a countable “support” C C «, i.e., a set C such that (X,, | n € w) belongs to the extension
by MAD¢ (which is a complete subforcing of MAD,, by Lemma[4.4); let V’ be the extension by MAD;
clearly, VC V' C W.

Enumerate C by {y, | { < w} and let ct=w\ ay, for each ¢ € w. For each n € w, we have (<, c\ne
Fo and X, € (F,~“)*; therefore, for each n, there exists an s € X, such that s C (<, ¢f \ n. The same
holds in V’ since X,, € V’ for each n and ¢! € V’ for each €. Since (X, |n € wy € V' and (¢! | L € w) € V',
we can pick a sequence (s, | n € w) € V' such that s, € X,, and 5, € (<, ¢t \ n for every n.

It remains to show that Lemma 3) holds true. So fix D € [w]® N V’; we have to prove that each
element of ¥, contains (as a subset) an s, for some n € D, i.e., that the following holds for each finite
sequence (B; | i < N) C a:

) VkewaneD s, C( )@\ag)\k
i<N

We first observe that (2)) holds in case that {3; | i < N} € C: fix k € w, and note that there is m € w such

that for each n > m, we have
Sy C ﬂc[\ng ﬂ(a)\aﬁi)\k,
{<n i<N

hence there is such an # in the infinite set D, as desired.

We now show (2)) for arbitrary {8; | i < N} C «, using a genericity argument. Let N¢c :={i € N | §; € C},
and Ny\c :={i € N | Bi ¢ C}, 50 N = Nc U Ny c.

Fix k € w, and work in V’, the extension by MADc (note that D € V’); observe that the ag,’s for
i € No\c are added by the quotient forcing MAD, /MAD¢. We finish the proof by showing that the set

{g € MAD,/MADc | 3ne D qr s, €[ |w\ag) \ k)
i<N
is dense. Let p € MAD,/MAD(c; we can assume that 8; € dom(p) for each i € N. Fori € Ny, let
pB) =: (sg,, hg.). Let L := max({k} U {|s§,| | i € Nozc}). Since (2) holds for B;’s in C (as shown above),
we can pick n € D such that
Sy C m(w\aﬁi)\L.
ieN¢c
Now extend p to g by extending all the s? withi e Ng\c with 0’s up to the maximum of s, (recall that we

B
can alwaysﬂ extend with 0’s, because this does not harm the requirement related to almost disjointness).

3This technical part of the genericity argument is easier than in case of the tower forcing, because it is enough to extend the
s’s by 0’s. In the case of tower forcing, on the other hand, we have to add 1’s, which needs some preparation.
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So we get that g forces m € w \ ag, for all i € Ny\¢ and all m € s,, and hence

g s, C m (w\ag)n ﬂ(w\aﬂi)\Lgﬂ(w\aﬂi)\k,

iGNa\C ieN¢ ieN

as desired. |

5. CoONCLUSION

In this section, we present some facts about cardinal characteristics which easily follow from our ana-
lysis of TOW, and MAD),.

First note that any unbounded scale, i.e., any unbounded set B = {f; | i < «} such that f; <* f; fori < j,
is countably directed, because its length « has uncountable cofinality. Therefore, by Theorem and
Theorem any unbounded scale of the ground model remains unbounded in the extension by TOW,
and MAD,, respectively. It is easy to see that there exists always an unbounded scale of length b. Assume
V E “b = «”. Then VTOW1 |= “there exists an unbounded scale of length « and there exists a tower
of length A”. In particular, this implies that V0" = “p < «”. The same argument works for MAD),
therefore V4P |= “p < k and there exists an unbounded scale of length « and a mad family of size 1”.

Note that the above shows that b = w; holds in the extension by TOW, (or MAD),) provided that
b = w; holds in the ground model. But in fact the following argument shows that no assumption about
b in the ground model is necessary for this conclusion. The forcing TOW, can be decomposed into
TOW,, * (TOW,/TOW,,). By Section@ TOW,, is equivalent to an iteration of length w; of Mathias
forcings with respect to countably generated filters, therefore it is equivalent to the Cohen forcing which
adds w; many Cohen reals. Since these w; many Cohen reals form an unbounded family, it follows that
yTOWo, E“D=w”. In yTOWa, et B be an unbounded family of size w; which is countably directed.
The quotient TOW ,;/TOW,, is equivalent to a finite support iteration of Mathias forcings with respect to
filters which are B-Canjar (which follows as in the proof of Theorem [3.7)), therefore 8 is unbounded in
VTOWa thus, using that t < b, we get the following:

Corollary 5.1. Let A be a regular uncountable cardinal. Then the following holds in V'°Va:
(1) t=b=wi.
(2) There exist towersﬂ of length wi and of length A.
(3) There exist unbounded scales of length wy and of length b (and of any length k for which there
exists an unbounded scale in the ground model V).

The analogous argument works for MAD),, so we get the following:

Corollary 5.2. Let A be a regular uncountable cardinal. Then the following holds in V4P ;
(1) t=0=uw.
(2) There existsﬂ a mad family of size A.
(3) There exist unbounded scales of length wy and of length b (and of any length k for which there
exists an unbounded scale in the ground model V).

VTOW w

“The generic object added by TOW,, is a tower of length w; in 1, but it is clearly not a tower in V"% any more.

50f course, there also exists a tower of length w;, as in VT°%1,
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6. QUESTIONS

Finally, let us list a few questions, which the anonymous referee suggested to add to the paper. Note
that TOW, and MAD, are forcing equivalent in case 4 < w1, because in this case both can be written
(see Section [3.2]and Section[d.2)) as finite support iterations of Mathias forcings with respect to countably
generated filters (which are just Cohen forcing). We strongly conjecture, however, that this is not the case
for larger A:

Question 6.1. Are TOW, and MAD), forcing equivalent for A4 > w?

The above question could be settled by showing that MAD, adds an object which is not added by
TOW,, or vice versa:

Question 6.2. Let A > w;. Does TOW , add a mad family of size 1? Does MAD, add a tower of length 1?

For regular uncountable A, both TOW, and MAD, force t = b = w; (see Corollary [3;1'] and Corol-
lary [5.2)).

Question 6.3. Does TOW, force a = w1? Does MAD), force a = w;?
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