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The category algebra.

Work in some perfect Polish space, e.g. “2.
B is the collection of all sets with the property of Baire,
MGR is the ideal of meager sets,

B/MGR = BOR/MGR = CAT

CAT is unigue up-to isomorphism, i.e. it does not depend on the Polish
space. The map
p: CAT — RO

is a selector, and CAT can be identified with the collection of all regular
open sets.
CAT is a Polish space.
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The measure algebra.

w1 a continuous probability Borel measure on some perfect Polish
space, e.g. the usual Lebesgue measure on “2.

MEAS is the collection of all sets measurable sets,

NuULL is the ideal of measure-zero sets,

MEAS/NULL = BOR/NULL = MALG

MALG is unique up-to isomorphism, i.e. it does not depend on L.
MALG is a Polish space:

([AL, [B]) = n (AL B)
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Definition
x has density r € [0; 1] in A if

da(x) & lim XN
A( ) e :U'(NX[H)

Theorem (Lebesgue)
Let A C “2 be Lebesgue measurable. Then

®(A) = {x € “2 | x has density 1 in A}

is Lebesgue measurable, and (A A ®(A)) = 0.
In other words: d agrees with x4 almost everywhere.
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If W(AA B) =0 then ®(A) = &(B), so
®: MALG — MEAS
is a selector. This is the analogue of p: CAT — RO.

Question
What is the complexity of ®(A)?
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Definition
The localization of A at s is

Ais| = {xew2 | s”xeA}

Thus s7Aj5) = AN Ns.

Trivial observation
M(AA B) =0 & Vsc <2 (M(ALSJ) = M(BLSJ )) J

Thus a measure class [A] is completely determined by the map
s u(As))
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Since

x € ®(A) < Vk3anym > n (M (Axim)) =1 - 2"“1)

then

Proposition (Folklore)
For all measurable A

®(A) e N

Question
Is N9 optimal?
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@ ACB = ¢(A) Cd(B),
@ ®(ANB) =d(A)NP(B),
® Uic/ ®(A) € (Ui, A,
o if Ais open, then AC ®(A).
Definition
T ={AcMEAS | AC ®(A)}

is the density topology. It is finer than the usual topology.
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Theorem (Scheinberg 1971, Oxtoby 19717?)
A= ®(A) if and only if Ais open and regularin 7.

®: MALG — RO

@ NUuLL = MGR7 (Oxtoby, 1971)

@ 7 is neither first countable, nor second countable, nor Lindel6f,
nor separable.

@ 7 is Baire.
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Recall that ®(A) is always 3.

Theorem
There is a closed C such that ®(C) is complete N3

Clearly
Int(A) C ®(A) C CI(A).

and A = ®(A) if Ais clopen.

Question
Can ®(A) be something other than clopen or complete M3?

Yes!
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Definition
A is Wadge reducible to B
A<wB

just in case A = f~'(B) for some continuous f: “2 — “2.

A=w Biff A<w B A B <w A
The equivalence classes [A]y, are called Wadge degrees.

Theorem
VA € NJ3C € MY (&(C) =w A)
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Recall that da(x) = 0,1 for almost all x.

Definition
A set A is dualistic (or Manichaean) if da(x) = 0, 1 for all x.
M is the Boolean algebra of all dualistic sets.

Clearly being dualistic depends on the equivalence class of A, so

Ae M & d(A) e M.

Fact
A = ®(A) is dualistic iff Ais 7-clopen, i.e.,

Mnran(o) = AT
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Proposition
VA € MEAS (A€ M = ®(A) € AD).

Theorem
VA€ AS3C e MY ((C) =w A A ®(C) € M).

Proposition
® is Borel (as a map from MALG to the set of codes for M§ sets).
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Sketch of the proof for M3 completeness

T a pruned tree such that [ T] has positive measure and empty
interior. Thus = [T] = U, N,,.

n < m = lh(ty) < Ih(tn) and 3*°n(Ih(t,) + 1 < Ih(tp1)).

Forall t € T there is a shortest s D t such that s ¢ T.
s is the target of t.

Let 7(t) = In(target of t) — Ih(¢), 7: T — w \ {0}.
For x € [T],

x € d([T]) < nli_)moof(x [ n) = oo.
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Sketch of the proof for 3 completeness, ctd.

The set

P={ze“*“2|YmVv>*nz(n,m)=0}.
is complete M3.
Given a: n x n— 2 construct a node ¢(a) € T so that

ac b= y¢(a)c o(b),

and
wxwp [T, z'—>U<p I 'nx n)

witnesses P <w ®([T]).
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Sketch of the proof for 3 completeness, ctd.

Leta: (n+1)x(n+1) — 2. (Say n=4)

Case 1:

Qo 4

a4

as 4

az 4

ap3

a3

a s

as s

ap,2

a2

an o

as2

ap,1

ai 1

ap 1

as 1

a0,0

apo

ao

as o

Then pick t D ¢(a | n x n) such that

7(t) > max{n+1,7(p(a | nx n))}.
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Sketch of the proof for 3 completeness, ctd.

Leta: (n+1)x(n+1) — 2. (Say n=4)
Case 2:

o4 | 1,4 | 924 | 834 | Qa4

a3 | 13| 23 | 833 | da3

oo | @12 | 22 | 832 | Aap2

dpi | a1 |d1|a1| 0

oo | ad10 |80 |830| O

Then pick t D ¢(a | n x n) such that

T(t) = 3.
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The Wadge hierarchy on “2.

@ A set A (or degree) is self dual if A =w —A. Otherwise it is
non-self-dual.

@ Self-dual and non-self-dual pairs alternate.
@ At all limit levels there is a non-self-dual pair.

limit level
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How to construct larger degrees.
Given f: w — w \ {0} and sets A, Ay, ... consider the set

Rake™ (f; (An)n)

01((1) 1(1(0))

0(2)1((2)

(c0)
0 NON)
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How to construct larger degrees.

If 3°°n(f(n) > 2) and the A,s are 7-regular, i.e. ®(A,) = Apthensois
Rake™ (f; (An)n). Moreover
e if A=Ay = Ay = ... are self-dual, then Rake™ (f; (An)n) is
non-self-dual and immediately above A,
@ if Ay <w Ay <w Az <w ... then Rake™ (f; (An)n) is non-self-dual
and immediately above the Aps.
Note that the rake Rake ™ (f; (An)n) has no pole, i.e., 0 does not
belong to this set. In order to construct the dual degrees we need
another kind of rake, a pole and densely packed tines.
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How to construct larger degrees.

Rake™ (f; (An)n)
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How to construct larger degrees.

If lim, f(n) = co then and the A,s are 7-regular, i.e. ®(A,) = A, then
so is Rake™ (f; (An)n). Moreover

If Aand B are 7-regular then so is
A®B=0"AuU1"B.

Arguing this way, we can climb up to Ag.
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Jumping w1 levels.
Wadge defined two operations A? and A’ on subsets of the Baire space

Af = {s{{“O’“sj’“O“ T80 xT | ncw, s € Yw,x € A}
A =AU{xe“w| I®n (x(n) =0)}

where st and x* are the sequences obtained from s and x by adding
a 1 to all entries.
The idea is that A? is the union of w many layers of the form

G
<A AT ={x'|xecA}
G
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Jumping w1 levels.

Theorem (Wadge)
If Ais self-dual, then A% and A’ form a non-self-dual pair and

2] = 2] = 1t -

The operations A? and A’ together with the (analogs of) the Rake
operations, are sufficient to construct sets of rank < wy™, i.e. the A
sets.
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Jumping w1 levels.

An analogue of A™.
@ s~i=3"ii, for s e <2,
@ x=J,x|n,forxev2.
@ Replace Awith {x | x € A}, but...
@ Does not work, since {x | x € “2} is of measure 0!

@ The cure: enlarge {X | x € A} like Rake™ was enlarged to Rake™.
The resulting set is called Plus(A).

@ In fact we construct Plus(A; r) (with r € (0; 1)) so that
1 (PIus(A; r)@) > rfor all s.
o If Ais T-regular (i.e., A= ®(A)), then so is Plus(A; r).
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Jumping wq levels.

Construct Nat(A) and Flat(A): they are the analogs of A% and A’, and
have rank ||Al|y - w1.

Using the operations Nat(A), Flat(A), Rake™ A, Rake™ A, and @ it is
possible to construct a closed setsC such that ®(C) is of any given
Wadge degree in Aj.
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Nat(A)

Fix 0 < r < 1. Nat(A) is composed of w-many layers

<P
<. Plus(A R
< Plus(Ar )

@ If x settles inside a layer, then x = sy and the density of x in
Nat(A) will be ‘similar’ to the density of y in A.

@ Every time we climb to a higher level, the density drops
momentarily to < 1/2. So if x climbs infinitely many layers, then x
will not have density 1 in Nat(A).
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Flat(A)

FixO<n<n<mn<--—1.
Flat(A) is the set is composed of w-many layers

@
<.Plus(AiR)m
“.Plus(Aip)m

@ If x settles inside a layer, then x = s~y and the density of x in
Flat(A) will be ‘similar’ to the density of y in A.

@ In the layer n, the density will always be > r,. So if x climbs
infinitely many layers, then x will have density 1 in Flat(A).
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