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From now on� � �
Work in ZF+AC!(R).AC!(R) : for any 
ountable family (An j n 2 !) of non-empty sets of reals,there is a fun
tion f : ! ! R su
h that f (n) 2 An for every n.
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Perfe
t & imperfe
t information for games
Perfe
t information: Players know about the history of plays by bothplayers.E.g. Gale-Stewart games.Imperfe
t information: Players do not know about what the other playerdoes.E.g. Bla
kwell games.
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Gale-Stewart games I's turn.;h0i h1ih00i h01i h10i h11i
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Gale-Stewart games I has played.;h0i h1ih00i h01i h10i h11i
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Gale-Stewart games II's turn.;h0i h1ih00i h01i h10i h11i
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Gale-Stewart games II has played.;h0i h1ih00i h01i h10i h11i
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Gale-Stewart games I's turn again.;h0i h1ih00i h01i h10i h11i
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Gale-Stewart gamesAfter in�nitely many times� � �;h0i h1ih00i h01i h10i h11ix 2 !2Player I wins if x is in the payo� set and otherwise Player II wins.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Bla
kwell games I's turn.;h0i h1ih00i h01i h10i h11i
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Bla
kwell games I has played.;h0i 1=2 h1i1=2
h00i h01i h10i h11i
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Bla
kwell games II's turn.;h0i ? h1i?
h00i h01i h10i h11i
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Bla
kwell games II has played.;h0i ? h1i?
h00i 2=3 h01i1=3 h10i 1=4 h11i3=4
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Bla
kwell games I's turn again.;h0i 1=2 h1i1=2
h00i ? h01i? h10i ? h11i?
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Bla
kwell gamesAfter in�nitely many times� � �;h0i 1=2 h1i1=2
h00i 2=3 h01i1=3 h10i 1=4 h11i3=4
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Bla
kwell gamesCal
ulate the probability as below.;h0i 1=2 h1i1=2
h00i 2=3 h01i1=3 h10i 1=4 h11i3=4

|{z} |{z} |{z} |{z}1=2� 2=3 = 1=3 1=2� 1=3 = 1=6 1=2� 1=4 = 1=8 1=2� 3=4 = 3=8Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Bla
kwell games
Player I wins if the probability of the payo� set is 1.Player II wins if the probability of the payo� set is 0.
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Formal de�nitions; Gale-Stewart gamesGiven A � !2.� is a strategy for I if � : 2Even ! 2.� is a strategy for II if � : 2Odd ! 2.For a strategy � for I and a strategy � for II, de�ne � � � : ! ! 2 asfollows: � � �(n) = (�(� � � � n) if n is even,�(� � � � n) if n is odd.A strategy � for I is winning in A if for any strategy � for II, � � � 2 A.A strategy � for II is winning in A if for any strategy � for I, � � � =2 A.A is determined if either I or II has a winning strategy in A.AD: every A � !2 is determined.We 
an de�ne ADX for any set X in the same way.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Formal de�nitions; Bla
kwell games� is a mixed strategy for I if � : 2Even ! Prob(2).� is a mixed strategy for II if � : 2Odd ! Prob(2).For a mixed strategy � for I and a mixed strategy � for II, de�ne� � � : <!2! Prob(2) as follows:� � �(s) = (�(s) if lh(s) is even,�(s) if lh(s) is odd.Then de�ne ��;� : <!2! [0; 1℄ as follows:��;� (s) = Yi<lh(s) � � �(s � i)(s(i)):We 
an uniquely extend ��;� to a Borel probability measure.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Formal de�nitions; Bla
kwell games 
td.Given A � !2.A mixed strategy � for I is optimal in A if for any mixed strategy � forII, ��;� (A) = 1.A mixed strategy � for II is optimal in A if for any mixed strategy �for I, ��;� (A) = 0.A is Bla
kwell determined if either I or II has an optimal strategy in A.Bl-AD: every A � !2 is Bla
kwell determined.We 
an de�ne Bl-ADX for a set X if we have AC!(R � !X ), espe
ially we
an de�ne Bl-ADR using AC!(R).Note: there is another formulation of Bla
kwell games 
oming from gametheory.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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y June 16th, 2009 20 / 30



AD vs Bl-AD1 AD implies Bl-AD.2 L(R) � \AD () Bl-AD", espe
ially they are equi
onsistent.(Martin-Neeman-Vervoort)3 Under AC, there is a set whi
h is Bla
kwell-determined but notdetermined. (Hjorth)4 Bl-AD implies that every set of reals is Lebesgue measurable.(Vervoort)5 Bl-AD implies that !1 is measurable. (L�owe)Conje
ture (Martin)Bl-AD implies AD.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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ADR vs Bl-ADR
1 ADR implies Bl-ADR.2 Bl-ADR implies that every relation on the reals 
an be uniformized,(equivalently, �nite games on the reals are determined). (L�owe)Theorem (de Kloet, L�owe and I.)Bl-ADR implies that R# exists.Espe
ially, Bl-ADR implies the 
onsisten
y of AD.
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What's R#?R# is the 
omplete theory of L(R) in the language of set theory with
onstants for reals, R and !-many indi
ernibles over L(R) withappropriate properties.Compared to 0#,We use weak Skolem terms instead of Skolem terms.Every existential senten
e in R# 
an be witnessed by a weak Skolemterm with 
onstants for indi
ernibles only appearing in that senten
e.The latter 
ondition is 
alled \witness 
ondition".Theorem (Solovay)ADR implies that R# exists.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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From Bl-ADR to Con(AD)
1 By the result of Martin-Neeman-Vervoort, ADL(R) is true regardingthat Bl-ADL(R) follows from Bl-ADR.2 By our theorem, we get R# .3 From R# , we get a set-sized elementary submodel of L(R), whi
hwitnesses Con(AD).
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Proof of Solovay's theoremTheorem (Solovay)ADR implies that R# exists.Step 1: There is a �-
omplete normal �ne ultra�lter U on P!1(R), where1 (Fineness) (8x 2 R) fS j x 2 Sg 2 U;2 (Normality)(8hAx 2 U j x 2 Ri) 4x2RAx = fS j (8x 2 S) S 2 Axg 2 U:
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Proof of Solovay's theoremTheorem (Solovay)ADR implies that R# exists.Step 1: There is a �-
omplete normal �ne ultra�lter U on P!1(R).Proof.Given a subset A of P!1(R). Play the gameI a0 a2 a4 � � �II a1 a3 � � � where ea
h ai is a �nite subset of R.ThenPlayer I wins if Si2! ai 2 A.Player II wins if Si2! ai =2 A.Set A 2 U if Player I has a winning strategy in the game above.Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Proof of Solovay's theorem, 
td.
Theorem (Solovay)ADR implies that R# exists.Step 1: There is a �-
omplete normal �ne ultra�lter U on P!1(R).Step 2: Let A be as follows: for a senten
e � in the language for L(R),� 2 A () fS 2 P!1(R) j L(S) \ R = S ; � 2 S#g 2 U:Then A = R# .
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Proof of Theorem
Theorem (de Kloet, L�owe and I.)Bl-ADR implies that R# exists.Espe
ially, Bl-ADR implies the 
onsisten
y of AD.Idea: Mimi
 the proof of Solovay's theorem.Step 1: There is a �-
omplete normal �ne ultra�lter U on P!1(R).Do the same argument in a Bla
kwell way.Step 2: Exa
tly the same as before.
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What 
an we do more with Bl-ADR?Assume Bl-ADR.1 Every set of reals has the perfe
t set property. (I.)2 If every set of reals has the Baire property, then every set of reals is1-Borel. (I.)3 If every set of reals has the Baire property, then every set of reals isRamsey. (I.)QuestionAssume Bl-ADR.1 Does every set of reals have the Baire property?2 Is Bla
kwell-Wadge order well-founded?3 Does ADR hold?Daisuke Ikegami, David de Kloet and Benedikt L�owe ()The Axiom of Real Bla
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Vielen Dank f�ur Ihre Aufmerksamkeit!!
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