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Remember Jensen's diamond principle <}:

Definition (<)
There is a sequence (d, : @ < w;) of subsets of wy such that for
every X C wy, the set

{a €wr: XNa=d,}

is stationary.
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Diamond principle

Definition
Let kK > w be a regular cardinal and S C k. (S) is the following
principle:
There is a sequence (d, : o € S) such that for every X C &, the set

{aeS: XNa=d,}

is stationary. We write just >, when S = k.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Victor Torres-Pérez

Construction with oppositi

iants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2 = Kkt > Nj.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)
Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more,

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get {.+(S)

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get ..+ (S) for any stationary set

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get ..+ (S) for any stationary set
S C{a <kt :cof(a) # K}

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Diamond principle

Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get ..+ (S) for any stationary set
S C{a <kt :cof(a) # K}

For example,

Victor Torres-Pérez Construction with opposition: cardinal invariants and games
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Diamond principle

Ot implies 28 = k.

Theorem (Shelah)

Suppose k is a cardinal satisfying 2% = k > N;. Then {>,.+ holds.
Even more, we can get ..+ (S) for any stationary set
S C{a <kt :cof(a) # K}

For example, 2“1 = w, implies ., (EX?).
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We recall Shelah’s weak diamond:
Definition (®)

For every F : 2<%t — 2 there is g : w1 — 2 such that for every
f:w; — 2, the set

{a <wi: F(fla) =gla)}

is stationary.

Theorem (Devlin-Shelah)
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We recall Shelah’'s weak diamond:

Definition (®)
For every F : 2<%t — 2 there is g : w1 — 2 such that for every
f:w; — 2, the set

{a <wi: F(fla) =gla)}

is stationary.

Theorem (Devlin-Shelah)

® is equivalent to 280 < 2%,
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An invariant is a triple (A, B, R) such that

@ A and B are sets of cardinality at most ¢,

Q@ RCAXB,

© for every a € A, there is b € B such that (a,b) € R,
O for every b € B, there is a € A such that (a,b) ¢ R.
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Definition
An invariant is a triple (A, B, R) such that

@ A and B are sets of cardinality at most ¢,

Q@ RCAXB,

© for every a € A, there is b € B such that (a,b) € R,
O for every b € B, there is a € A such that (a,b) ¢ R.

Definition
If (A, B, R) is an invariant, then its evaluation (A, B, R) is given by

(A, B,R) = min{|X| : X C B and Va € A3b € X(aRb)}.
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An invariant (A, B, R) is Borel if A, B and R are Borel subsets of
some Polish space.

Definition

Suppose that A is a Borel subset of some Polish space A. A map

F :2<“t — A'is Borel if for every § < wj, the restriction of F to 20
is a Borel map.
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Let (A, B, R) a Borel invariant. { (A, B, R) is the following
statement:

For every Borel map F : 2<% — A there is g : w1 — B such that
for every f : wy — 2, the set

{a € w1 : F(f],) Rg(a)}

is stationary.

If A= B, we write just $(A, R).
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Let (A, B, R) a Borel invariant. { (A, B, R) is the following
statement:

For every Borel map F : 2<% — A there is g : w1 — B such that
for every f : wy — 2, the set

{a € w1 : F(f],) Rg(a)}

is stationary.

If A= B, we write just $(A, R). Also, if an invariant (A, B, R) has
already a common representation,
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Definition

Let (A, B, R) a Borel invariant. { (A, B, R) is the following
statement:

For every Borel map F : 2<% — A there is g : w1 — B such that
for every f : wy — 2, the set

{a € w1 : F(f],) Rg(a)}

is stationary.

If A= B, we write just $(A, R). Also, if an invariant (A, B, R) has
already a common representation, we use such representation
instead.
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and {(b).
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and {(b).

Theorem (Moore-Hrusak-Dzamonja)
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In this talk we deal with the following instances: {(2,#), ¢(t)
and {(b).

Theorem (Moore-Hrusak-Dzamonja)

("] <>(2,7é)—>t:w1,
o Ot) > u=uwi,
] <>(b)—>a:w1.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

variants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Definition (Almost contained)

Construction wi ition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Definition (Almost contained)

X is almost contained in Y,

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Definition (Almost contained)
X is almost contained in Y, and denoted by X C* Y,

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Definition (Almost contained)

X is almost contained in Y, and denoted by X C* Y, if X\Y is
finite.
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Definition (Tower)
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Definition (Tower)
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The tower number game

Definition (Almost contained)

X is almost contained in Y, and denoted by X C* Y, if X\Y is
finite.

N

Definition (Tower)

A sequence (X, : a < §) is a tower if, for every o < 4:
Q X, € [w]¥,
Q if B < a then X, C* X3,

and for every X € [w]¥,
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The tower number game

Definition (Almost contained)

X is almost contained in Y, and denoted by X C* Y, if X\Y is
finite.

N

Definition (Tower)

A sequence (X, : a < §) is a tower if, for every o < 4:
Q X, € [w]¥,
Q if B < a then X, C* X3,
and for every X € [w]“, there is o < 0 such that X €* X,,.
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The tower number game

Consider the following game of length ws:

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Consider the following game of length ws:
Builder | Yo | |- | Ya| |
Spoiler | [ Y1 |- | | Yaq1|
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The tower number game

Consider the following game of length ws:
Builder | Yo | |- | Ya| |
Spoiler | [ Y1 |-+ | | Yaq1|

The game G; is played as follows.
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |- | | Yaq1|
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
The Builder plays during pair(w1), i.e.
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
The Builder plays during pair(wy), i.e. ordinals of the form /5 + 2k,
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
The Builder plays during pair(wy), i.e. ordinals of the form /5 + 2k,
with 8 limit and k € w.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |-

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
The Builder plays during pair(wy), i.e. ordinals of the form /5 + 2k,
with 3 limit and k € w. The Spoiler plays during
odd(w1) = w1 \pair(wi).
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The tower number game

Consider the following game of length ws:

Builder | Yo | |- | Ya| |

Spoiler | [ Y1 |-+ | | Yay1 |-
The game G; is played as follows. Each player plays infinite sets of
w such that the partial sequence (Y, : a < ) is always
C*-decreasing.
The Builder plays during pair(wy), i.e. ordinals of the form /5 + 2k,
with 3 limit and k € w. The Spoiler plays during
odd(w1) = w1 \pair(wi).
The Builder wins the match if (Y, : @ < w1) is a tower.
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The tower number game

We have the following:
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)

© {(2,#) — the Builder has a winning strategy in the tower
game Gy
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)

© {(2,#) — the Builder has a winning strategy in the tower
game Gy — t = wy.
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)

© {(2,#) — the Builder has a winning strategy in the tower
game Gy — t = wy.

@ (2,#) ¢ the Builder has a winning strategy in the tower
game Gy
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The tower number game

We have the following:

Theorem (Brendle-Hrusak-T., 2019)

© {(2,#) — the Builder has a winning strategy in the tower
game Gy — t = wy.

@ (2,#) ¢ the Builder has a winning strategy in the tower
game Gy 4 t = wy.
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.

Proof.
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.

Proof.
Let {As : @ € odd(w1)} be an enumeration of [w]“.
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.

Proof.
Let {Ay : @ € odd(w1)} be an enumeration of [w]“. Suppose
(Yo 1 a < ) is a partial match,
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.

Proof.
Let {Ay : @ € odd(w1)} be an enumeration of [w]“. Suppose
(Yo : a < B) is a partial match, where the Spoiler played Yj.
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¢ = w; implies the Builder has a winning strategy in G;

¢ = wy implies the Builder has a winning strategy in G;.

Proof.
Let {Ay : @ € odd(w1)} be an enumeration of [w]“. Suppose
(Yo :a < B) is a partial match, where the Spoiler played Yj3. Let

y . Yg\Aﬁ if Yg\Ag is infinite,
A+l = Y3 N Az  otherwise.
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;

Every infinite countable C*-decreasing sequence can always be
extended.
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¢ = w; implies the Builder has a winning strategy in G;

Every infinite countable C*-decreasing sequence can always be
extended.

Since any infinite countable C*-decreasing sequence can be always
extended,
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¢ = w; implies the Builder has a winning strategy in G;

Every infinite countable C*-decreasing sequence can always be
extended.

Since any infinite countable C*-decreasing sequence can be always
extended, if (Y, : a < f3) is a partial match with S limit,
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¢ = w; implies the Builder has a winning strategy in G;

Every infinite countable C*-decreasing sequence can always be
extended.

Since any infinite countable C*-decreasing sequence can be always
extended, if (Y, : a < ) is a partial match with 3 limit, let the
Builder play any Yj extending it.
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

_
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

Every infinite C*-decreasing sequence generates a filter.
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

Every infinite C*-decreasing sequence generates a filter.
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The almost disjoint number game

¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

Every infinite C*-decreasing sequence generates a filter.

The set
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

Every infinite C*-decreasing sequence generates a filter.

The set

Uy ={X € [w]”: Fa <wi(Ya C* X)}
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¢ = w; implies the Builder has a winning strategy in G;

Let Y = (Y, : & < w1) be a complete match played by the Builder
with the described strategy.

Every infinite C*-decreasing sequence generates a filter.

The set

Uy ={X € [w]”: Fa <wi(Ya C* X)}

is an ultrafilter.
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¢ = w; implies the Builder has a winning strategy in G;
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The almost disjoint number game

¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]v.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let a € odd(w1) be such that X = A,,.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have
two cases:
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:
Case 1: Yoi1 = Yo \Aa.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:
Case 1: Yar1 = Ya\Aa. Then w\Ay 2 Ya\Aa = Yai1,
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have
two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have
two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi1 = Yoo NA,.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have
two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 = YaNA, Then Ay D Yo NAL = Yat1,
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € %y. L]
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The almost disjoint number game

¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € w1) is a tower.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have
two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]
Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise,
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = XoU Xi.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = Xo U X1. As we have mentioned,
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = Xo U X1. As we have mentioned, the filter generated %3 by
(Yo 1 @ < wi) is an ultrafilter.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = Xo U X1. As we have mentioned, the filter generated %3 by
(Yo : o < wi) is an ultrafilter. Take i € {0,1} such that X; € %y,
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = Xo U X1. As we have mentioned, the filter generated %3 by
(Yo : o < wi) is an ultrafilter. Take i € {0,1} such that X; € %y,
and let £ € wy such that Yz C* X;.
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¢ = w; implies the Builder has a winning strategy in G;

Proof of Claim. Let X € [w]¥. We will show that either X € %y
or w\X € %y. Let o € odd(w1) be such that X = A,. We have

two cases:

Case 1. Yoq1 = Ya\Aa. Then w\A, 2O Yo\Aq = Yat1, and so
w\Aa S %y.

Case 2: Yoi11 =YaNAy Then Ay O Yo N Ay = Yor1, and so
A, € dZ/y. L]

Now we show that the sequence (Y, : o € wy) is a tower. Suppose
otherwise, and pick X € [w]“ such that X C* Y, for every a < wy.
Let Xp, X1 be two infinite disjoint subsets of X such that

X = Xo U X1. As we have mentioned, the filter generated %3 by
(Yo : o < wi) is an ultrafilter. Take i € {0,1} such that X; € %y,
and let £ € wy such that Yy C* X;. Then, Y N X;_; is finite, and

so X Z* Y. O
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&(2,#) implies the Builder has a winning strategy in Gi.
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&(2,#) implies the Builder has a winning strategy in Gi.

Proof.
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Proposition

&(2,#) implies the Builder has a winning strategy in Gi.

Proof.
Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit,
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Proposition
&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.
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Proposition
&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.

Fix an increasing sequence {J; : i € w} C §(s) converging to J(s).
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Proposition

&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.

Fix an increasing sequence {J; : i € w} C §(s) converging to J(s).
Let

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game
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Proposition

&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.

Fix an increasing sequence {J; : i € w} C §(s) converging to J(s).
Let

Ig = min (Y5),
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Proposition

&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.

Fix an increasing sequence {J; : i € w} C §(s) converging to J(s).
Let

Ig = min (Y5),

and
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(2, #) implies the Builder has a winning strategy

Proposition

&(2,#) implies the Builder has a winning strategy in Gi.

Proof.

Given an infinite C*-decreasing sequence s = { Y : { < 0(s)} with
d(s) limit, we will define a strictly increasing sequence {/f : i € w}
of natural numbers.

Fix an increasing sequence {J; : i € w} C §(s) converging to J(s).
Let

Ig = min (Y5),
and

Fa=min| () YE\(F+1)
Jj<i+1
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite,
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For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

0 if CC*{h :iecw},
1 otherwise.

F(s,C) = {

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

0 if CC*{h :iecw},
1 otherwise.

F(s,C) = {

Let g : w1 — 2 be a {(2,#)-sequence for F.
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

0 if CC*{h :iecw},
1 otherwise.

F(s,C) = {

Let g : w1 — 2 be a {(2,#)-sequence for F. We are going to use
g to define a winning strategy for the Builder.
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

)0 ifCCH{Biew),
F(s, €)= { 1 otherwise.
Let g : w1 — 2 be a {(2,#)-sequence for F. We are going to use
g to define a winning strategy for the Builder.
Suppose s = {Y¢ : £ < (s)} is a partial match with §(s) an
infinite limit ordinal.
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

)0 ifCCH{Biew),
F(s, €)= { 1 otherwise.
Let g : w1 — 2 be a {(2,#)-sequence for F. We are going to use
g to define a winning strategy for the Builder.
Suppose s = {Y¢ : £ < (s)} is a partial match with §(s) an
infinite limit ordinal. The Builder is going to choose Y ) as
follows:
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(2, #) implies the Builder has a winning strategy in G;

For a decreasing C*-sequence s = { Y : { < §(s)} of length an
infinite limit ordinal and C C w infinite, define F(s, C) as follows:

)0 ifCCH{Biew),
F(s, €)= { 1 otherwise.
Let g : w1 — 2 be a {(2,#)-sequence for F. We are going to use
g to define a winning strategy for the Builder.
Suppose s = {Y¢ : £ < (s)} is a partial match with §(s) an
infinite limit ordinal. The Builder is going to choose Y ) as
follows:

v ABicwt ifg(d(s) =0,
3(s) — {51 i €w} otherwise.
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(2, #) implies the Builder has a winning strategy in G;.

Let s = {Y¢:{ <wi} be a complete match played by the Builder
according to the strategy described above.
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Let s = {Y¢:{ <wi} be a complete match played by the Builder
according to the strategy described above.
Let C C w.
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(2, #) implies the Builder has a winning strategy in G;.

Let s = {Y¢:{ <wi} be a complete match played by the Builder
according to the strategy described above.
Let C C w. Then if § is an infinite limit ordinal such that

F(sls, C) # &(9),
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(2, #) implies the Builder has a winning strategy in G;.

Let s = {Y¢:{ <wi} be a complete match played by the Builder
according to the strategy described above.

Let C C w. Then if § is an infinite limit ordinal such that

F(sls, C) # g(0), it is straightforward to see that C * Yj.
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imply ¢ = w;
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The Builder having a winning strategy in G; does not
imply ¢ = w;

We have the following:
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The Builder having a winning strategy in G; does not
imply ¢ = w;

We have the following:

Theorem (Moore-Hrusak-Dzamonja)

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The Builder having a winning strategy in G; does not
imply ¢ = w;

We have the following:

Theorem (Moore-Hrusak-Dzamonja)

¢ = wy does not imply (2, #).
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We have the following:

Theorem (Moore-Hrusak-Dzamonja)

¢ = wy does not imply (2, #).
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The Builder having a winning strategy in G; does not
imply ¢ = w;

We have the following:

Theorem (Moore-Hrusak-Dzamonja)

¢ = wy does not imply (2, #).

O(2,=) 4 the Builder has a winning strategy in the tower game
G;.
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in Gt
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t = w; does not imply the Builder has a winning strategy
in Gt

Theorem (Brendle, Hrusak, T. 2019)
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in Gt

Theorem (Brendle, Hrusak, T. 2019)

t = wy does not imply the Builder has a winning strategy in G;.
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Theorem (Brendle, Hrusak, T. 2019)

t = wy does not imply the Builder has a winning strategy in G;.
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t = w; does not imply the Builder has a winning strategy
in Gt

Proof of the Theorem (sketch).
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t = w; does not imply the Builder has a winning strategy
in Gt

Proof of the Theorem (sketch).
First some preparation.
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in Gt

Proof of the Theorem (sketch).
First some preparation.
Assume CH.
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in Gt

Proof of the Theorem (sketch).
First some preparation.
Assume CH. Let Y = (Y, : a < w1) be a tower.
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t = w; does not imply the Builder has a winning strategy
in Gt

Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range.
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in Gt

Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range. Construct
(Aq : @ <wi) and (B, : o < wi) such that for all «,
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t = w; does not imply the Builder has a winning strategy
in Gt

Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range. Construct
(Aq : @ <wi) and (B, : o < wi) such that for all «,

@ Ay € By, By CF Ag for B < a,
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Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range. Construct
(Aq : @ <wi) and (B, : o < wi) such that for all «,

@ Ay € By, By CF Ag for B < a,

@ B, is chosen according to a given rule, and
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in Gt

Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range. Construct
(Aq : @ <wi) and (B, : o < wi) such that for all «,

Aa € By, By CF Ag for B < a,

B, is chosen according to a given rule, and

(]

if ran(f,[g, ) is infinite,
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in Gt

Proof of the Theorem (sketch).

First some preparation.

Assume CH. Let Y = (Y, : a < wi) be a tower. Let (f, : o < w1)
list all partial functions from w — w with infinite range. Construct
(Aq : @ <wi) and (B, : o < wi) such that for all «,

° A, C" By, By CF Ag for B < «,
@ B, is chosen according to a given rule, and
e if ran(f,[g,) is infinite, then ran(fy[a,) is almost disjoint from

some Ypg,,.
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower.
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let

A, = £ (ran(f,]B,)\ Ys..)-
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let
Ao = £ (ran(f s, )\ Vs, ). This is as required.
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let

Ao = £ (ran(f s, )\ Vs, ). This is as required.

Let F be the filter generated by the A,.
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The almost disjoint number game

t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let

Ao = £ (ran(f s, )\ Vs, ). This is as required.

Let F be the filter generated by the A,. Consider Laver forcing
Lr with F.
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let

Ao = £ (ran(f s, )\ Vs, ). This is as required.

Let F be the filter generated by the A,. Consider Laver forcing
Lr with F.

Assume the following:
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t = w; does not imply the Builder has a winning strategy
in Gt

To choose A, note that there is 5 < wy such that ran(fy[g,)\ Y3,
is infinite because ) is a tower. Now let

Ao = £ (ran(f s, )\ Vs, ). This is as required.

Let F be the filter generated by the A,. Consider Laver forcing
Lr with F.

Assume the following:

L preserves ) .

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

t = w; does not imply the Builder has a winning strategy
in Gt
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E%?) and CH.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above.
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder.
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in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration

(IP’W,@7 Ty < wg) .
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration

(IPW, Q,:v< wg) . At stage 7 force with Q, =L
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration
(IPW, Q,:v< wg) . At stage 7 force with Q, = L where F is

constructed from
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration
(IPW, Q,:v< wg) . At stage 7 force with Q, = L where F is

constructed from Aa and Ba as above
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration
(IPW, Q,:v< wg) . At stage 7 force with Q, = L where F is
constructed from Aa and Ba as above and the Ba are obtained

from the Ag, Bs, B < a, using Builder's (name of a) strategy
handed down by {(ES?).
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t = w; does not imply the Builder has a winning strategy
in Gt

Assume < (E?) and CH. Fix a tower J = (Y, :a < wj) as
above. Use the diamond to guess (initial segments of) names of
strategies for the Builder. Construct a finite support iteration
(IPW, Q,:v< wg) . At stage 7 force with Q, = L where F is
constructed from Aa and Ba as above and the Ba are obtained

from the Ag, Bs, B < a, using Builder's (name of a) strategy
handed down by {(ES?). Force with P,,,.
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t = w; does not imply the Builder has a winning strategy
in Gt
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t = w; does not imply the Builder has a winning strategy
in Gt
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the Y is still a tower in VF«2.
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular
t= w1i.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular

t= w1i.

On the other hand,
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular

t= w1i.

On the other hand, for each strategy ¥ of the Builder in VP2,
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t = w; does not imply the Builder has a winning strategy

in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular

t= w1i.

On the other hand, for each strategy ¥ of the Builder in VP2,
there is v < wy such that X[, e, is a strategy in V¥ and was used
to construct the B, and F.
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular

t= w1i.

On the other hand, for each strategy ¥ of the Builder in VP2,
there is v < wy such that X[, e, is a strategy in V¥ and was used
to construct the B, and F. Hence there is a game according to *
which the Builder looses,
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t = w; does not imply the Builder has a winning strategy
in Gt

Since towers are preserved in limit steps of finite support iterations,
the lemma implies the ) is still a tower in VF«2. In particular
t= w1i.
On the other hand, for each strategy ¥ of the Builder in VP2,
there is v < wy such that X[, e, is a strategy in V¥ and was used
to construct the B, and F. Hence there is a game according to *
which the Builder looses, as witnessed by the ILr-generic added in
VB,

L]
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The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The ultrafilter number game

The ultrafilter game G, is played as before, the Builder and the
Spoiler taking turns constructing a C*-decreasing sequence
(Up o < wy)
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The ultrafilter number game

The ultrafilter game G, is played as before, the Builder and the
Spoiler taking turns constructing a C*-decreasing sequence

(Uy : @ < w1) (the Builder playing at pair(wi)-stages, while the
Spoiler plays at odd(wj)-stages).
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The ultrafilter number game

The ultrafilter game G, is played as before, the Builder and the
Spoiler taking turns constructing a C*-decreasing sequence
(Uy : @ < w1) (the Builder playing at pair(wi)-stages, while the
Spoiler plays at odd(wj)-stages).

Builder | Up | |-+ | Ua | |-

Spoiler | [ U1 |-+ | | Uagr |-+

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The ultrafilter number game

The ultrafilter game G, is played as before, the Builder and the
Spoiler taking turns constructing a C*-decreasing sequence
(Uy : @ < w1) (the Builder playing at pair(wi)-stages, while the
Spoiler plays at odd(wj)-stages).

Builder | Up | |-+ | Ua | |-

Spoiler | [ U1 |-+ | | Uagr | -
The Builder wins the match if the filter generated by
{Uy : @ < w1} is an ultrafilter; otherwise, the Spoiler wins.
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The ultrafilter number game

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)

@ <{(v) — the Builder has a winning strategy in the ultrafilter
game Gy

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)

@ <{(v) — the Builder has a winning strategy in the ultrafilter
game Gy — u = ws.

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)
@ <{(v) — the Builder has a winning strategy in the ultrafilter
game Gy — u = ws.
@ (v) & the Builder has a winning strategy in the ultrafilter
game Gy

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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The ultrafilter number game

Remember the reaping number v = ([w]“, [w], R), where ARB if
BC*Aor ANB="{
We have also the following:

Theorem (Brendle-Hru$ak-T., 2019)
@ <{(v) — the Builder has a winning strategy in the ultrafilter
game Gy — u = ws.
@ (v) & the Builder has a winning strategy in the ultrafilter
game Gy 4 u = wi.

'Here B C* A means that B\ A is finite, and AN B =* () says that AN B is
finite.
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¢ () implies the Builder has a winning strategy in the
game G,
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition

¢ (v) implies the Builder has a winning strategy in the game G,.
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition

¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we

define the strictly increasing sequence {k7 : i € w} C | Ug as
£<4(s)
follows:
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we

define the strictly increasing sequence {k7 : i € w} C | Ug as
£<4(s)

follows: Fix a bijective function e5 : w — § for every infinite ordinal
0 <w.
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The tower number game

Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we

define the strictly increasing sequence {k7 : i € w} C | Ug as
£<4(s)

follows: Fix a bijective function e5 : w — § for every infinite ordinal
0 < w. Let

K = min (U, 0))
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we
define the strictly increasing sequence {k7 : i € w} C | Ug as

follows: Fix a bijective function e5 : w — ¢ for every |r£1f<|fl(|23 ordinal
0 < w. Let

k3 = min (U:(;(S)(o)) ,
and
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The tower number game
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The almost disjoint number game

¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we
define the strictly increasing sequence {k7 : i € w} C | Ug as

follows: Fix a bijective function e5 : w — ¢ for every |r£1f<|fl(|23 ordinal
0 < w. Let

k3 = min (U:(;(S)(o)) ,
and

kiy=min| (] U o) \(KF +1)
J<i+1
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¢ () implies the Builder has a winning strategy in the

game G,

Proposition
¢ (v) implies the Builder has a winning strategy in the game G,.

Proof.
For a C*-decreasing infinite sequence s = { U : { < 0(s)}, we
define the strictly increasing sequence {k7 : i € w} C | Ug as

follows: Fix a bijective function e5 : w — ¢ for every |r£1f<|fl(|23 ordinal
0 < w. Let

k3 = min (U:(;(S)(o)) ,
and

kiy=min| (] U o) \(KF +1)
J<i+1
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The almost disjoint number game

¢ () implies the Builder has a winning strategy in the
game G,.
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows:
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The almost disjoint number game

¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C) ={icw:k’ e C}if
{i € w: k7 € C} is infinite, and
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.

Let g be the respective {(t)-guessing function for F. We will show
that
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.

Let g be the respective {(t)-guessing function for F. We will show
that g defines a winning strategy for the Builder as follows: If

s ={Ug : £ <4(s)} is a partial match with J(s) even, let

Usis) = (K : 7 € g(6(s))}-
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.

Let g be the respective {(t)-guessing function for F. We will show
that g defines a winning strategy for the Builder as follows: If

s ={Ug : £ <4(s)} is a partial match with J(s) even, let

Ussy = 1k - i € g(0(s))}. It is not difficult to see that any
complete match s = {Uf : { < w1} according to the strategy
defined by g is a C*-decreasing sequence.
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.

Let g be the respective {(t)-guessing function for F. We will show
that g defines a winning strategy for the Builder as follows: If

s ={Ug : £ <4(s)} is a partial match with J(s) even, let

Ussy = 1k - i € g(0(s))}. It is not difficult to see that any
complete match s = {Uf : { < w1} according to the strategy
defined by g is a C*-decreasing sequence. It is also straightforward
to show that the set .#; = {X € [w]* : 30 < w1 (U5 C* X)} is a
filter.
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¢ () implies the Builder has a winning strategy in the
game G,.

Given C C w and an infinite C*-decreasing sequence s, we define a
Borel map F as follows: F(s,C)={icw: ke C}if

{i €w: k? € C}isinfinite, and F(s,C) ={i€w: k? ¢ C}
otherwise.

Let g be the respective {(t)-guessing function for F. We will show
that g defines a winning strategy for the Builder as follows: If

s ={Ug : £ <4(s)} is a partial match with J(s) even, let

Ussy = 1k - i € g(0(s))}. It is not difficult to see that any
complete match s = {Uf : { < w1} according to the strategy
defined by g is a C*-decreasing sequence. It is also straightforward
to show that the set .#; = {X € [w]* : 30 < w1 (U5 C* X)} is a
filter. We are done if .%; is an ultrafilter.
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¢ () implies the Builder has a winning strategy in the
game G,.
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¢ () implies the Builder has a winning strategy in the
game G,.

Let C C w. Since g is a {(t)-sequence, we can find § < wj such
that either |g(d) N F(sl5, C)| < No or |g(6)\F(sls, C)| < No.
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The ultrafilter number game

Parametrized diamonds and games
The almost disjoint number game

¢ () implies the Builder has a winning strategy in the
game G,.

Let C C w. Since g is a {(t)-sequence, we can find § < wj such
that either |g(d) N F(sl5, C)| < No or |g(6)\F(sls, C)| < No.
We will show that either Us C* C or Us C* w\C where Us = Us

(note that d(sfs) = 9).

Construction with opposition: cardinal invariants and games
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¢ () implies the Builder has a winning strategy in the
game G,.

Let C C w. Since g is a {(t)-sequence, we can find § < wj such
that either |g(d) N F(sl5, C)| < No or |g(6)\F(sls, C)| < No.

We will show that either Us C* C or Us C* w\C where Us = Us
(note that d(sfs) = 9).

Case 1: |g(d) N F(sls, C)| < Wg. Let j € w such that

g(8) N F(sls,C) € j. Then Us\Kk® C Cif {i ew: kP € C}is
finite, and U(s\kjs[‘s C w\ C otherwise.
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¢ () implies the Builder has a winning strategy in the
game G,.

Let C C w. Since g is a {(t)-sequence, we can find § < wj such
that either |g(d) N F(sl5, C)| < No or |g(6)\F(sls, C)| < No.

We will show that either Us C* C or Us C* w\C where Us = Us
(note that d(sfs) = 9).

Case 1: |g(d) N F(sls, C)| < Wg. Let j € w such that

g(8) N F(sls,C) € j. Then Us\Kk® C Cif {i ew: kP € C}is
finite, and U(s\kjs[‘s C w\ C otherwise.

Case 2: |g(0)\F(sls, C)| < Wg. Let j € w such that

g(8)\j C F(sls, C). Then Us\k® C Cif {icw: k¥ € C}is
infinite, and U(;\kjsﬂS C w\C otherwise.

O
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The Builder having a winning strategy in G, does

imply (t).
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The Builder having a winning strategy in G, does not

imply (t).

CH implies that the Builder has a winning strategy in G,,.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The Builder having a winning strategy in G, does not

imply (t).

CH implies that the Builder has a winning strategy in G,,.

Theorem (Moore-Hrusak-Dzamonja)
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The Builder having a winning strategy in G, does not

imply (t).

CH implies that the Builder has a winning strategy in G,,.

Theorem (Moore-Hrusak-Dzamonja)

CH does not imply ().
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Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The Builder having a winning strategy in G, does not

imply (t).

CH implies that the Builder has a winning strategy in G,,.

Theorem (Moore-Hrusak-Dzamonja)
CH does not imply ().

The Builder having a winning strategy in G, does not imply {(t).
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u = w; does not imply that the Builder has a winning
strategy in the game G,.
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The almost disjoint number game

u = w; does not imply that the Builder has a winning
strategy in the game G,.
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The almost disjoint number game

u = w; does not imply that the Builder has a winning
strategy in the game G,.

u = wj does not imply that the Builder has a winning strategy in
the game G,.
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u = w; does not imply that the Builder has a winning
strategy in the game G,.

u = wj does not imply that the Builder has a winning strategy in
the game G,.

Start with V |= CH 4 2“1 = w5, and force with P“2, the countable
support iteration used by Shelah to construct a model with a
unique P-point.
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The almost disjoint number game
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The almost disjoint number game

The last example we consider here is the maximal almost disjoint
game G,, which is played as follows.
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The almost disjoint number game

The last example we consider here is the maximal almost disjoint
game G,, which is played as follows. To avoid trivialities, it starts
by fixing a partition {A, : n € w} of w into infinite pieces, and
then the Builder and the Spoiler take turns extending it to an AD
family {A, : @ < B} (the Builder playing at stages in pair(wi),
while the Spoiler plays at ordinals in odd(w1)).
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The almost disjoint number game

The last example we consider here is the maximal almost disjoint
game G,, which is played as follows. To avoid trivialities, it starts
by fixing a partition {A, : n € w} of w into infinite pieces, and
then the Builder and the Spoiler take turns extending it to an AD
family {A, : @ < B} (the Builder playing at stages in pair(wi),
while the Spoiler plays at ordinals in odd(w1)).

Builder | Ao | | | Au| |-

Spoiler ‘ ‘ Aq ‘

Al
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The almost disjoint number game

The last example we consider here is the maximal almost disjoint
game G,, which is played as follows. To avoid trivialities, it starts
by fixing a partition {A, : n € w} of w into infinite pieces, and
then the Builder and the Spoiler take turns extending it to an AD
family {A, : @ < B} (the Builder playing at stages in pair(wi),
while the Spoiler plays at ordinals in odd(w1)).

Builder | Ao | | | Au| |-

Spotler | | AL |- | | Aagr |
The Builder wins the match if the family {A, : @ < w1} is a
maximal almost disjoint family; otherwise, the Spoiler wins.
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The almost disjoint number game

Also, we have

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

The almost disjoint number game

Also, we have

Theorem (Brendle-Hrusak-T., 2019)
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The almost disjoint number game

Also, we have

Theorem (Brendle-Hrusak-T., 2019)

Q@ {(b) — the Builder has a winning strategy in the almost
disjoint game G,
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The almost disjoint number game

Also, we have

Theorem (Brendle-Hrusak-T., 2019)

Q@ {(b) — the Builder has a winning strategy in the almost
disjoint game Gy — a = wj.
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The almost disjoint number game

Also, we have

Theorem (Brendle-Hrusak-T., 2019)

Q@ {(b) — the Builder has a winning strategy in the almost
disjoint game Gy — a = wj.

@ {(b) & the Builder has a winning strategy in the almost
disjoint game Gy.
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

Proposition

& (b) implies the Builder has a winning strategy in G.
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.
For every infinite countable ordinal, consider the bijective function
€5 :w — 0.
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.

For every infinite countable ordinal, consider the bijective function
es : w — d. The domain of F is the set of all pairs (s, B) such
that:
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.

For every infinite countable ordinal, consider the bijective function
es : w — d. The domain of F is the set of all pairs (s, B) such
that:
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.
For every infinite countable ordinal, consider the bijective function
es : w — d. The domain of F is the set of all pairs (s, B) such
that:
O s={Az:{<(s)} with § = d(s) an infinite countable
ordinal,
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.
For every infinite countable ordinal, consider the bijective function
es : w — d. The domain of F is the set of all pairs (s, B) such
that:
O s={Az:{<(s)} with § = d(s) an infinite countable
ordinal,
@ the collection s U {B} is an almost disjoint family of infinite
subsets of w,
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¢ (b) implies the Builder has a winning strategy in G,.

Proof.
For every infinite countable ordinal, consider the bijective function
es : w — d. The domain of F is the set of all pairs (s, B) such
that:
O s={Az:{<(s)} with § = d(s) an infinite countable
ordinal,

@ the collection s U {B} is an almost disjoint family of infinite
subsets of w,

© the set I(s,B) = {i cw: BﬂAzé(i)\jLJiAzé(j) # @} is

infinite.
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¢ (b) implies the Builder has a winning strategy in G,.
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implies the Builder has a winning strategy in G,.

Choose an increasing enumeration /(s, B) = {i,f’B ik €w} and
define F as follows:
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¢ (b) implies the Builder has a winning strategy in G,.

Choose an increasing enumeration /(s, B) = {i,f’B ik €w} and
define F as follows:

F(s, B)(k) = min BmA;@B)\ U A0

. _.s,B
J<iy
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¢ (b) implies the Builder has a winning strategy in G,.

Choose an increasing enumeration /(s, B) = {i,f’B ik €w} and
define F as follows:

F(s, B)(k) = min BmA;@B)\ U A0
j<itB

Let g : w1 — w® be a {(b)-sequence for F. Without loss of
generality, g(9) is a strictly increasing function for every § < wj.
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¢ (b) implies the Builder has a winning strategy in G,.
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implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows:
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with 6 = §(s) € pair(w1).
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with § = (s) € pair(wy). The Builder plays A3 as
follows: if
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with § = (s) € pair(wy). The Builder plays A3 as
follows: if

A=\ U | 450\ | U AL ved))

i€w J<i
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with § = (s) € pair(wy). The Builder plays A3 as
follows: if

A=\ U | 450\ | U AL ved))

i€w J<i

is infinite,
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with § = (s) € pair(wy). The Builder plays A3 as
follows: if

A=\ U | 450\ | U AL ved))

i€w J<i

is infinite, we let A} = A.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that g allows us to construct a winning strategy for the
Builder as follows: Let s = {AZ : { < d(s)} be a partial match of
the game G, with § = (s) € pair(wy). The Builder plays A3 as
follows: if

A=w\ U A%\ U.Ase(;(j) U g(6)(i)
IS% J<i

is infinite, we let A3 = A. Otherwise A3 is an arbitrary infinite set
almost disjoint from the members of s.
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

We will see that {Ag : & < 4} is an almost disjoint family.
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¢ (b) implies the Builder has a winning strategy in G,.

We will see that {AZ : £ < 6} is an almost disjoint family. Observe
first that the set
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¢ (b) implies the Builder has a winning strategy in G,.

We will see that {AZ : £ < 6} is an almost disjoint family. Observe
first that the set

AS N g@) U ALy | = (A% N 0)()u| AL N U AL

J<i J<i
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¢ (b) implies the Builder has a winning strategy in G,.

We will see that {AZ : £ < 6} is an almost disjoint family. Observe
first that the set

AS N g@) U ALy | = (A% N 0)()u| AL N U AL

J<i J<i

is finite for every i € w.
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¢ (b) implies the Builder has a winning strategy in G,.

We will see that {AZ : £ < 6} is an almost disjoint family. Observe
first that the set

AS N g@) U ALy | = (A% N 0)()u| AL N U AL
Jj<i Jj<i
is finite for every i € w. Therefore for i € w, the intersection

ALy NAC AL N <g( )(i) U _L<J_A26(j)> is finite.
Jj<i
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy. Let s = {AZ : { <wi} be
a complete match where the Builder played according to the
strategy defined by g.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy. Let s = {AZ : { <wi} be
a complete match where the Builder played according to the
strategy defined by g. We show that s is maximal. Let B € [w]“.
Consider f € 2“1 coding (B, s), i.e. f(n) =1iff n€ B, and
flw-(1+&)+n)=1iff n€ Az
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The almost disjoint number game

¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy. Let s = {AZ : { <wi} be
a complete match where the Builder played according to the
strategy defined by g. We show that s is maximal. Let B € [w]“.
Consider f € 2“1 coding (B, s), i.e. f(n) =1iff n€ B, and
flw-(1+&)+n)=1iff n€ Az

We should find § < wy such that BN A3 is infinite.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy. Let s = {AZ : { <wi} be
a complete match where the Builder played according to the
strategy defined by g. We show that s is maximal. Let B € [w]“.
Consider f € 2“1 coding (B, s), i.e. f(n) =1iff n€ B, and
flw-(1+&)+n)=1iff n€ Az

We should find § < wy such that BN A3 is infinite.

Aiming towards a contradiction assume that it is not the case, that
is {B} U{AZ:{ <wi} is an AD family, and for every
indecomposable ordinal ¢ (1)-(3) are satisfied.
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¢ (b) implies the Builder has a winning strategy in G,.

We show that this is a winning strategy. Let s = {AZ : { <wi} be
a complete match where the Builder played according to the
strategy defined by g. We show that s is maximal. Let B € [w]“.
Consider f € 2“1 coding (B, s), i.e. f(n) =1iff n€ B, and
flw-(1+&)+n)=1iff n€ Az

We should find § < wy such that BN A3 is infinite.

Aiming towards a contradiction assume that it is not the case, that
is {B} U{AZ:{ <wi} is an AD family, and for every
indecomposable ordinal ¢ (1)-(3) are satisfied. Let § be an
indecomposable ordinal where g(d) guesses f, so in particular,

F(s,B) 2* g(9).
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

Let {ix = iZT‘S’B : k € w} be the increasing enumeration of /(s, B).

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



The tower number game
Parametrized diamonds and games The ultrafilter number game
The almost disjoint number game

¢ (b) implies the Builder has a winning strategy in G,.

Let {ix = iZT‘S’B : k € w} be the increasing enumeration of /(s, B).
For k € w, let Iy = F(s, B)(k), i.e.

Ik =min [ BNAZ )\ U Aes)

J<ik
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¢ (b) implies the Builder has a winning strategy in G,.

Let {ix =i, *6:B . k € w} be the increasing enumeration of I(s, B).
For k € w, Iet Ik = F(s, B)(k), i.e

Ik =min [ BNAZ )\ U Aes)

J<ik

Observe that the family {Ag, (i )\ U As i € w} is disjoint, so

es(J)

the application k +— [y is |nJect|ve.
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¢ (b) implies the Builder has a winning strategy in G,.
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set
X = {l:g(d)(k) > F(s, B)(k)}
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set
X = {l:g(d)(k) > F(s, B)(k)}

is infinite. It is enough to show X C Aj3.
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set

X = {l - g(0)(k) > F(s, B)(k)}
is infinite. It is enough to show X C A3. Indeed let /[, € X. Then
Ik < g(0)(k) < g(0)(ix) and so

I & Ay (i) (U Aes U 8(0 )) ’
J

<Ik
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set

X = {l - g(0)(k) > F(s, B)(k)}
is infinite. It is enough to show X C A3. Indeed let /[, € X. Then
Ik < g(0)(k) < g(0)(ix) and so

I & Ay (i) (U Aes U 8(0 )) ’
J

<Ik

Since g(9) is increasing we see that for all i > i,
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set

X = {l - g(0)(k) > F(s, B)(k)}
is infinite. It is enough to show X C A3. Indeed let /[, € X. Then
Ik < g(0)(k) < g(0)(ix) and so

I & Ay (i) (U Aes U 8(0 )) ’
J

<Ik

Since g(9) is increasing we see that for all i > i,

J<i
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¢ (b) implies the Builder has a winning strategy in G,.

Since we have F(s, B) 2* g(9), the set

X = {l - g(0)(k) > F(s, B)(k)}
is infinite. It is enough to show X C A3. Indeed let /[, € X. Then
Ik < g(0)(k) < g(0)(ix) and so

I & Ay (i) (U Aes U 8(0 )) ’
J

<Ik

Since g(9) is increasing we see that for all i > i,

he & A%y \ (U A% ) Ug(5)(f)) :

j<i
This implies that /, € A. In particular, A is infinite and A} = A.
Hence X C A3 follows. O
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The almost disjoint number game

Open question

The Builder has a winning strategy in the almost disjoint game G
§L a=w?
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Games and cardinal invariants

Consider the longer version of the tower game G{ of length &
played as follows:
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Games and cardinal invariants

Consider the longer version of the tower game G{ of length &
played as follows: Players Builder and Spoiler take turns playing a
C*-decreasing transfinite sequence (Y, : a < 0) of infinite subsets
of w, the Builder playing at even stages pair(d), and the Spoiler
playing at odd stages odd(9).
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Games and cardinal invariants

Games and cardinal invariants

Consider the longer version of the tower game G{ of length &
played as follows: Players Builder and Spoiler take turns playing a
C*-decreasing transfinite sequence (Y, : a < 0) of infinite subsets
of w, the Builder playing at even stages pair(d), and the Spoiler
playing at odd stages odd(9).

Builder | Yo | |-+ | Ya| =

Spoiler | | Y1 |-+ | | Yayr |-
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Games and cardinal invariants

Consider the longer version of the tower game G{ of length &
played as follows: Players Builder and Spoiler take turns playing a
C*-decreasing transfinite sequence (Y, : a < 0) of infinite subsets
of w, the Builder playing at even stages pair(d), and the Spoiler
playing at odd stages odd(9).

Builder | Yo | |-+ | Ya| =

Spoiler | | Y1 |-+ | | Yayr |-
The Spoiler wins the match if (Y, : a < ) is not a tower;
otherwise, the Builder wins.
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Games and cardinal invariants

Consider the longer version of the tower game G{ of length &
played as follows: Players Builder and Spoiler take turns playing a
C*-decreasing transfinite sequence (Y, : a < 0) of infinite subsets
of w, the Builder playing at even stages pair(d), and the Spoiler
playing at odd stages odd(9).

Builder | Yo | |-+ | Ya| =

Spoiler | | Y1 |-+ | | Yayr |-
The Spoiler wins the match if (Y, : a < ) is not a tower;
otherwise, the Builder wins.
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Games and cardinal invariants

Given the previous theorem, it is natural to define tg,jiger as the
least ordinal & such that the Builder has a winning strategy in the
game GJ.
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Games and cardinal invariants

Given the previous theorem, it is natural to define tg,jiger as the
least ordinal & such that the Builder has a winning strategy in the
game Gt‘s. The previous result then says t < tgyjger is consistent.
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Games and cardinal invariants

Games and cardinal invariants

Given the previous theorem, it is natural to define tg,jiger as the
least ordinal & such that the Builder has a winning strategy in the
game Gt‘s. The previous result then says t < tgyjger is consistent.
We have the following:
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Games and cardinal invariants

Given the previous theorem, it is natural to define tg,jiger as the
least ordinal & such that the Builder has a winning strategy in the
game Gt‘s. The previous result then says t < tgyjger is consistent.
We have the following:

tBuilder IS @ regular cardinal.
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Games and cardinal inariants

Also, tspoiler can be characterized as the least § such that the
Spoiler has no winning strategy in the game G{S.
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Games and cardinal inariants

Also, tspoiler can be characterized as the least § such that the
Spoiler has no winning strategy in the game G{S.
We have the following:
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Games and cardinal inariants

Also, tspoiler can be characterized as the least § such that the
Spoiler has no winning strategy in the game G{S.
We have the following:

tspoiler IS a regular cardinal.

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Games and cardinal invariants

Games and cardinal invariants

Victor Torres-Pérez Construction with opposition: cardinal invariants and games



Games and cardinal invariants

Games and cardinal invariants

We have the following:
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We have the following:
Theorem (Brendle, Hrusak, T. 2019)

It is consistent that t = tspoiler = W1 < tBuilder = W2 = C.
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We have the following:

Theorem (Brendle, Hrusak, T. 2019)

It is consistent that t = tspoiler = W1 < tBuilder = W2 = C.

However we do not know:
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We have the following:

Theorem (Brendle, Hrusak, T. 2019)

It is consistent that t = tspoiler = W1 < tBuilder = W2 = C.

However we do not know:

Open question

Is t < tspojler consistent?
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Note that in general the Builder has a distinct advantage over the
Spoiler in that her moves appear on a closed unbounded subset of
wi (pair(wi) € Club(wi), while odd(wy) is not stationary).
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Note that in general the Builder has a distinct advantage over the
Spoiler in that her moves appear on a closed unbounded subset of
wy (pair(wi) € Club(wi), while odd(wy) is not stationary). Let G
be the game in which the players switch places, that is, the Builder
plays at odd steps while the Spoiler plays at even steps.
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Note that in general the Builder has a distinct advantage over the
Spoiler in that her moves appear on a closed unbounded subset of
wy (pair(wi) € Club(wi), while odd(wy) is not stationary). Let G
be the game in which the players switch places, that is, the Builder
plays at odd steps while the Spoiler plays at even steps. It is
obvious that a winning strategy of the Builder in G{ gives her a
winning strategy in G¢ as well, while the implication goes the other
way round for the Spoiler.
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Note that in general the Builder has a distinct advantage over the
Spoiler in that her moves appear on a closed unbounded subset of
wy (pair(wi) € Club(wi), while odd(wy) is not stationary). Let G
be the game in which the players switch places, that is, the Builder
plays at odd steps while the Spoiler plays at even steps. It is
obvious that a winning strategy of the Builder in G{ gives her a
winning strategy in G¢ as well, while the implication goes the other
way round for the Spoiler.

Define tp,; 5., and tgpoi,e, similarly as the unstarred versions.
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It can be shown that
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It can be shown that
b > tEuiIder 2 max{tgpoiler’ tBuiider } >

min{tgpoilerv tBuilder} > tSpoi/er >t

where b is the distributivity number of P(w)/fin.
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It can be shown that
b > tEuiIder 2 max{tgpoiler’ tBuiider } >

min{tgpoilerv tBuilder} > tSpoi/er >t

where b is the distributivity number of P(w)/fin.
We have:
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It can be shown that
b > tEuiIder 2 max{tgpoiler’ tBuiider } >

min{tgpoilerv tBuilder} > tSpoi/er >t

where b is the distributivity number of P(w)/fin.
We have:

Theorem (Brendle, Hrusak, T. 2019)

tBuilder > t5poiler-
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It can be shown that
b > tEuiIder 2 max{tgpoiler’ tBuiider } >

min{tgpoilerv tBuilder} > tSpoi/er >t

where b is the distributivity number of P(w)/fin.
We have:

Theorem (Brendle, Hrusak, T. 2019)

tBuilder > t;poi/er'

Open question

Is ¥5p0ie, > t consistent?
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We have the following:

Lemma

>.éuilder = h .

A\

Theorem (Brendle, Hrusak, T. 2019)

It is consistent that {)(2,#) holds and the Builder has no winning
strategy in Gy'.

A\
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We have the following:

Lemma

>.éuilder = h .

A\

Theorem (Brendle, Hrusak, T. 2019)

It is consistent that {)(2,#) holds and the Builder has no winning
strategy in G{. In particular it is consistent that tg,;je, > tBuilder-
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We have also the following:
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We have also the following:

Theorem (Brendle, Hrusak, T. 2019)

tBuilder = ¢ = w2 > add(M) = wy is consistent.
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We have also the following:

Theorem (Brendle, Hrusak, T. 2019)

tBuilder = ¢ = w2 > add(M) = wy is consistent.

Theorem (Brendle, Hrusak, T. 2019)

We additionally have the consistency of t < tgyjiger = add(M).
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The order relationship between the cardinals we considered can be
summarized in the following diagram.
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Open question

Q /s u < uspojier consistent?
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Q Are upyiider and uspojier cardinals?
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Q Are upyiider and uspojier cardinals?
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Open question

Q /s u < uspojler consistent? Is Uspoiler < UBuilder CONSistent?

Q Are upyiider and uspojier cardinals?

Open question

e Obviously a < aspoiler < ABuilder- Are these three numbers
maybe equal?
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Open question

Q /s u < uspojler consistent? Is Uspoiler < UBuilder CONSistent?

Q Are upyiider and uspojier cardinals?

Open question

e Obviously a < aspoiler < ABuilder- Are these three numbers
maybe equal?

@ As for u, we even do not know whether agyiiger and aspoiter
necessarily are cardinals.
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Thank you!

variants and games
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