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Free functors

• Let C be a category, and D a subcategory of C.

• If we prefer, think of:

— Ban = Banach spaces and (linear, continuous) operators.
— BLat = Banach lattices and lattice homomorphisms.

• There is a forgetful functor □ : D ⇝ C.

• A free functor is (somewhat informally) a left-adjoint functor for □, that is, a
functor F : C ⇝ D such that

HomD(F(C), D) ≃ HomC(C,□D)
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Free functors

We say that the free object over a certain C in C is a pair (F(C), δ), where:

• F (C) is an object in D.

• δ : C → F (C) is an injection.

• For every morphism f : C → □D (in C) there is a unique morphism f̂ : F(C) → D

(in D) such that f̂ δ = f .

F(C)

C D

f̂

f

δ

Examples:

1. The Stone-Čech compactification, as the adjoint of CHaus⇝ Top.

2. The bidual of a Banach space X∗∗, as the adjoint of Ban∗ ⇝ Ban.

3. The Lipschitz free space, as the adjoint of Ban⇝ (Met{•},Lip) (Godefroy, Kalton).
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1. The Stone-Čech compactification, as the adjoint of CHaus⇝ Top.

2. The bidual of a Banach space X∗∗, as the adjoint of Ban∗ ⇝ Ban.

3. The Lipschitz free space, as the adjoint of Ban⇝ (Met{•},Lip) (Godefroy, Kalton).



Free functors

We say that the free object over a certain C in C is a pair (F(C), δ), where:

• F (C) is an object in D.

• δ : C → F (C) is an injection.

• For every morphism f : C → □D (in C) there is a unique morphism f̂ : F(C) → D

(in D) such that f̂ δ = f .

F(C)

C D

f̂

f

δ

Examples:
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1. The Stone-Čech compactification, as the adjoint of CHaus⇝ Top.

2. The bidual of a Banach space X∗∗, as the adjoint of Ban∗ ⇝ Ban.

3. The Lipschitz free space, as the adjoint of Ban⇝ (Met{•},Lip) (Godefroy, Kalton).



Free functors

We say that the free object over a certain C in C is a pair (F(C), δ), where:

• F (C) is an object in D.

• δ : C → F (C) is an injection.

• For every morphism f : C → □D (in C) there is a unique morphism f̂ : F(C) → D

(in D) such that f̂ δ = f .

F(C)

C D

f̂

f

δ

Examples:
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Free Banach lattices

The free Banach lattice generated by a Banach space
(Avilés, Rodŕıguez, Tradacete):

FBL(E)

E X

T̂

T

δ

• δ is an into isometry.

• Every operator T : E → X uniquely extends to a lattice homomorphism

T̂ : FBL[E] → X with ∥T̂∥ = ∥T∥.

Question: what about the non-locally convex setting?
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Quasi-norms and p-norms

• A quasi-norm on a vector space E is a map ∥ · ∥ : E → R such that

(1) ∥x∥ = 0 ⇐⇒ x = 0.

(2) ∥λx∥ = |λ| · ∥x∥.
(3) ∥x+ y∥ ≤ C (∥x∥+ ∥y∥).

— ∥ · ∥ quasi-norm + complete = quasi-Banach space.

— X vector lattice + ∥ · ∥ complete quasi-norm + compatibility = quasi-Banach lattice.

• Given p ∈ (0, 1], a p-norm ∥ · ∥ : E → R satisfies (1), (2) and

(3’) ∥x+ y∥p ≤ ∥x∥p + ∥y∥p.

• (Aoki-Rolewicz) Every quasi-norm is equivalent to some p-norm.
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Free p-Banach lattices

Our categories are now:

• pBan = p-Banach spaces and (linear, continuous) operators.

• pBLat = p-Banach lattices and lattice homomorphisms.

The free p-Banach lattice over a p-Banach space E:

FpBL(E)

E X

T̂

T

δ

• δ is an into isometry.

• Every operator T : E → X uniquely extends to a lattice homomorphism
T̂ : FpBL[E] → X with ∥T̂∥ = ∥T∥.



Free p-Banach lattices

Our categories are now:

• pBan = p-Banach spaces and (linear, continuous) operators.

• pBLat = p-Banach lattices and lattice homomorphisms.

The free p-Banach lattice over a p-Banach space E:

FpBL(E)

E X

T̂

T

δ

• δ is an into isometry.

• Every operator T : E → X uniquely extends to a lattice homomorphism
T̂ : FpBL[E] → X with ∥T̂∥ = ∥T∥.



Free p-Banach lattices

Our categories are now:

• pBan = p-Banach spaces and (linear, continuous) operators.

• pBLat = p-Banach lattices and lattice homomorphisms.

The free p-Banach lattice over a p-Banach space E:

FpBL(E)

E X

T̂

T

δ

• δ is an into isometry.

• Every operator T : E → X uniquely extends to a lattice homomorphism
T̂ : FpBL[E] → X with ∥T̂∥ = ∥T∥.



Free p-Banach lattices

Our categories are now:

• pBan = p-Banach spaces and (linear, continuous) operators.

• pBLat = p-Banach lattices and lattice homomorphisms.

The free p-Banach lattice over a p-Banach space E:

FpBL(E)

E X

T̂

T

δ

• δ is an into isometry.

• Every operator T : E → X uniquely extends to a lattice homomorphism
T̂ : FpBL[E] → X with ∥T̂∥ = ∥T∥.



Existence of FpBL[E]

Theorem

The free p-Banach lattice over a p-Banach space E exists.

Sketch of the proof.

• Let E be a p-Banach space.

• We appeal to the free vector lattice over E:

FVL[E]

E X

T̂

T

δ

— FVL[E] can be realized as the vector sublattice of {δe : e ∈ E} inside RE♯

.

— Every linear map T : E → X has a unique extension to a lattice-linear map
T̂ : FVL[E] → X.
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Existence of FpBL[E]

• We put a “maximal” lattice p-seminorm on FVL[E] given by

∥f∥FpBL = sup{∥T̂ f∥X : T ∈ BL(E,X)}

• Since E can be embedded isometrically as a subspace of a p-Banach lattice,
δ : E → FVL[E] is an into isometry.

• We ensure ∥ · ∥FpBL is a lattice p-norm by considering the quotient

(FVL[E], ∥ · ∥FpBL)

{∥f∥FpBL = 0}

We define FpBL[E] as the completion of such space.
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Application to projectivity in pBan

A p-Banach lattice P is projective if given any lattice quotient π : Z → X,
any homomorphism τ : P → X admits a lifting homomorphism T : P → Z.

X Z

P

π

τ

T

• Since ℓp(Γ) is a projective p-Banach space, FpBL[ℓp(Γ)] is a projective p-Banach
lattice.

X Z X Z

ℓp(Γ) FpBL[ℓp(Γ)]

π π

τ

T

τ̂

T̂

Just let τ = τ̂ δ.
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An application to projectivity in pBan

• Every complemented sublattice of a projective p-Banach lattice is a projective
p-Banach lattice.

• As a consequence, one can show that ℓp is a projective p-Banach lattice.

• What about ℓp(Γ) for Γ uncountable?



p-convex Banach lattices

In order to improve the representation for FpBL[E], we consider a better behaved class of
p-Banach spaces.

Definition

Let p ∈ (0, 1). A quasi-Banach lattice X is p-convex if there is C > 0 such that(
n∑

k=1

|xk|p
) 1

p

≤ C

(
n∑

k=1

∥xk∥p
) 1

p

We write M (p)(X) for the least of those constants C.

• A p-convex quasi-Banach lattice is p-normed.

• We say a quasi-Banach space is natural if it is embeddable in a p-convex quasi-Banach
lattice for some p ∈ (0, 1).
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Free p-convex p-Banach lattices

The free p-convex p-Banach lattice over a p-Banach space E is a pair (FpBL(p)[E], δ),
where:

• FpBL(p)[E] is a p-convex quasi-Banach lattice with p-convexity constant M (p) = 1.

• δ : E → FpBL(p)[E] is an into isometry.

• Every operator T : E → X to a p-convex quasi-Banach lattice uniquely extends to a

lattice homomorphism T̂ : FpBL(p)[E] → X with ∥T̂∥ ≤ M (p)(X)∥T∥.

FpBL(p)(E)

E X

T̂

T

δ
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Construction of FpBL(p)[E]

Theorem

Let E be a p-natural quasi-Banach space. Then FpBL(p)[E] exists.

Sketch of the proof.

• For simplicity, suppose E is separable.

• Since E is p-natural, E embeds in some ℓ∞(N, Lp(µn)), where Lp(µn) = ℓp ⊕p Lp[0, 1]
for every n ∈ N.

• An appropriate ambient space is

Ê = {f : SL(E,ℓp⊕pLp) → ℓp ⊕ Lp bounded }

— There is δ : E → Ê given by δ(e)(f) = f(e).
— Furthermore, for every T : E → ℓp ⊕p Lp with ∥T∥ = 1, there is an extension

T̂ : Ê → ℓp ⊕p Lp, T̂ (f) = f(T ).
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for every n ∈ N.

• An appropriate ambient space is

Ê = {f : SL(E,ℓp⊕pLp) → ℓp ⊕ Lp bounded }

— There is δ : E → Ê given by δ(e)(f) = f(e).
— Furthermore, for every T : E → ℓp ⊕p Lp with ∥T∥ = 1, there is an extension

T̂ : Ê → ℓp ⊕p Lp, T̂ (f) = f(T ).
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Construction of FpBL(p)[E]

• Now, place a suitable “maximal p-norm” on Ê:

∥f∥FpBL(p) = sup{∥f(T )∥ℓp⊕pLp
: T ∈ SL(E,ℓp⊕pLp)}.

• Define FpBL(p)[E] as the closed lattice-linear span of {δe : e ∈ E} inside Ê.

• Show that, for any p-convex lattice X with M (p)(X) and T : E → X with ∥T∥ = 1,

there is a unique norm-preserving extension T̂ : FpBL(p)[E] → X.



Construction of FpBL(p)[E]

• Now, place a suitable “maximal p-norm” on Ê:
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Present and future plans

Main objectives:

(1) Functional representation of FpBL.

(2) Projectivity in pBLat

(3) Properties of E vs. lattice properties of FpBL[E] and FpBL(p)[E].
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