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The setting

Let X be a (real) Banach space and C C X be a closed and convex
set.
A mapping f: C — C is called nonexpansive if

1) = FWI < lIx =yl

for all x,y € X.
We consider

M= M(C)={f: C— C: f nonexpansive}.
If C is in addition bounded we equip M with the metric

doc(f, 8) = sup [[(x) = g(x)]

which turns it into a complete metric space.
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Let C C RY be nonempty, bounded, closed and convex. Then every
continuous mapping

f1C—=C

has a fixed point.

In infinite dimensions the situation is more complicated.

Let X be a infinite dimensional Banach space. Then the unit
sphere Sx = {x € X: ||x|| = 1} is a Lipschitz retract of the unit
ball Bx = {x € C: ||x|| < 1}. In particular there is always a
Lipschitz mapping f: Bx — Bx without a fixed point.
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Why nonexpansive mappings?

Let X be a uniformly convex Banach space and C C X a bounded,
closed and convex subset. Then every nonexpansive mapping
f: C — C has a fixed point.

This is not true for every Banach space. For example let
C:={ge(C[0,1]: 0=g(0) < g(t) < g(l) =1for t €[0,1]}

and
T:C—C, (Tg)(t):=tg(t)

Then T is nonexpansive but has no fixed point.
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Typical properties of nonexpansive mappings

Is the typical element of M a strict contraction, i.e. does it satisfy
1 (x) — F(y)|l < Lllx — y|| for some L € (0,1)?

We denote by
it — s IF0) = £
sty X =yl

the Lipschitz constant of f.
The typical nonexpansive mapping f on C satisfies Lip f = 1 if
m X is a Hilbert space (de Blasi-Myjak, 1976)
m X is a Banach space (B.-Dymond, 2016)
m X is a “suitably nice” metric space (B.-Dymond—Reich, 2017)
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Extremal Mappings

We call a mapping f € M extremal if
A+ (1—=Nh#TF

for every A € (0,1) and every g, h € M\ {f}.
Given F C M we say that f € F is extremal among mappings
from F if

A+ (L—=Nh#£TF

for every A € (0,1) and g, h € F\ {f}.

If f is not extremal, then there are g, h € M and A € (0, 1) with
f=Xg+(1—=A)h,

i.e. f is the sum of two strict contractions.
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X Two questions

Our goal is to shed some light on the following two questions:
Which nonexpansive mappings are extremal?

Is being extremal a typical property?
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Let X be a Banach space and L(X) be the space of bounded linear

operators on X.
T € L(X) is called a extreme contraction if T is an extreme point

of the unit ball of By(xy, i.e. | T|| <1 and
T#AS+(1- AR
forall S,R € L(X) with ||S],||R|| <1 and all A € (0,1).

Let K1, Ky compact Hausdorff spaces, K1 metrisable.
T: C(K1) = C(Kz) with || T|| =1 is an extreme contraction iff
there are continuous functions p: Ko — Ky and v: Ko — T with

(TF)(x) = ¥(x)f ((x))

for x € Ki.
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)@l The linear case: extreme contractions

This problem is well studied, e.g.
m Characterisation of extreme contractions on L;(Q, X, i) for
o-finite p: lwanik, 1978
m Characterisation of extreme contractions on /4,: Kim, 1976

m Characterisation of extreme contractions between L,-spaces:
Kan, 1986

m A number of recent results on finite dimensional spaces: Sain,
2019, Sain—Paul-Mal, 2021, ...
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Some observations

Let X be a Banach space and C = By its unit ball. For T € L(X)
with || T|| < 1 the mapping T|g, defines an element of M.

m If T is not an extreme contraction, T|g, cannot be extremal
in M.
m The mapping

T: Co — CQ, (Xl,Xg,...)l—>(0,X1,X2,...)
is an extreme contraction but
1 1
T =—f+=
I8, =5+ 38

with f(x) = (1, x1, x2,...) and g(x) = (-1, x1, x2,...), so
T|g,, is not extremal in M.
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Let X be a Banach space. C C X is called a convex body if it is a
closed convex set with nonempty interior.

We look at surjective isometries on a convex body C, i.e. surjective
f: C— Cwith [|[f(x) = f(y)|| = |Ix — y|| forall x,y € C.

Let X and Y be a Banach spaces and C C X and D C Y be
convex bodies and f: C — D a surjective isometry, then there is an
affine isometry T: X — Y with T|c = f.

If C = D = By, then the extension T is even a linear isometry.
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An important observation

Let X be a Banach space and C C X a convex body. Then every
surjective isometry C — C is extremal in M if and only if the
identity id: C — C is extremal in M.

Suppose that id € M is extremal, let f € M be a surjective
isometry. Assume there are A € (0,1) and g, h € M such that

f=(1—A)g+Ah.

By Mankiewicz's theorem f and f~1 are the restriction of an affine
isometry X — X. Hence,

id=(1-Xfltog+Atoh

and f~log, flohe M. id is extremal in M, so f"log =id
and g = f. Ol
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Almost exposed points

Let X be a Banach space and C C X a closed and convex set. A
point x € C is called exposed if there is a hyperplane H supporting
C in x with CN H = {x}.
A point x € C is called almost exposed if the intersection of all
hyperplanes supporting C in x is the singleton x.

m Exposed points of C are almost exposed.

m If C is smooth almost exposed points are exposed.
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& A general observations

Let X be a Banach space with the property that its unit ball Bx is

the closed convex hull of its almost exposed points. Then surjective
isometries are extremal in the space of nonexpansive self-mappings

of the unit ball.

Enough to show that id is extremal in M. Let id = (1 — \)g + Ah.
Let E be the set of almost exposed points of Bx. Show that
g(x+ te) = g(x)+teforall t € (0,1 —|[x||), x € Bx and e € E
(using that e is almost exposed). By induction g(z) = z + g(0) for
z € conv(E) = Bx. Hence g = id. O

If X has the Radon-Nikodym property, it satisfies the assumptions
of the above theorem.
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The case C = B¢k

Let K be a compact Hausdorff topological space. Surjective
isometries on Bc (k) are extremal in the space M of nonexpansive

mappings Bc(ky = Bc(k)-

Again, it is enough to show that the identity is extremal.
We show id = AF 4 (1 — \)G implies that
F(f)(x) = G(f)(x) = £1 whenever f(x) = £1.
We show that a nonexpansive mapping with the above
property is already the identity.
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“Quantifying” (non-)extremality

Let X be a Banach space and C C X be bounded, closed and
convex. For f € M we set

Pr={geM:3INe[0,1]3h€ Mst f=(1-A\)g+ Ah}.

Then f is extremal iff Pr = {f}.
Properties of Ps:

Pris Fo: Pr={f}UUqe(0,1/2) Pr.a
Prg={geM:3xe[q,1-q]3h € M st f=(1-N)g+Ah}

M\ Ps is convex

There is an affine subspace As of the space of continuous
mappings C — X with Pr = Ar N M.
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Small subsets of metric spaces

Let (M, p) be a complete metric space without isolated points. We
consider a set A C M to be large if it contains a dense Gj-set.

So a set is small if it is a meagre set, i.e. a countable union of
nowhere dense set.

Recall that A C M is nowhere dense if for every g € A and every

e > 0 thereisa ¢’ € By(g,¢) and a 6 > 0 with By(¢',6)NA=10.
A set A C M is called upper porous at g € A if there is an a > 0
such that for every € > 0 there is a ¢’ € Buy(q,¢) with
Bu(q',ad(q,q'))NA=0.
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Small subsets of metric spaces

Let (M, p) be a complete metric space without isolated points. We
consider a set A C M to be large if it contains a dense Gj-set.

So a set is small if it is a meagre set, i.e. a countable union of
nowhere dense set.

Recall that A C M is nowhere dense if for every g € A and every

e > 0 thereisa ¢’ € By(g,¢) and a 6 > 0 with By(¢',6)NA=10.
A set A C M is called upper porous at g € A if there is an a > 0
such that for every € > 0 there is a ¢’ € Buy(q,¢) with
Bu(q',ad(q,q'))NA=0.

A set A C M is called upper porous if it is upper porous at all its
points.

A set E C M is called o-upper porous if it is a countable union of
upper porous sets.
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Almost extremal mappings

Let f € M with Lipf = 1. Then the set Ps is o-upper porous.
More precisely, it is a countable union of closed upper porous
subsets of M.

Since the typical element f € M satisfies Lip f = 1 we obtain the
following.

For the typical f € M the set Py is o-upper porous.




The End

Thank you for your attention!
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