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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)
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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)

Representing measures
> pe H =
My(H) = {n € M(K) ; |lull = [¢] & (h) = [ hdp, he H}
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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)

Representing measures
> pe H =
My(H) = {1 € M(K) ; ||l =[]l &w(h) = [ hdpu, he H}
» Hahn-Banach & Riesz = M,,(H) # ()
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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)

Representing measures
> pe H =
My(H) = {1 € M(K) ; ||l =[]l &w(h) = [ hdpu, he H}
» Hahn-Banach & Riesz = M,,(H) # ()

Special case — evaluation functionals
> teK...ou(t)(f)=1f(t),feH
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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)

Representing measures
> pe H =
My(H) = {n € M(K) ; |lull = [¢] & (h) = [ hdp, he H}
» Hahn-Banach & Riesz = M,,(H) # ()

Special case — evaluation functionals
> teK...ou(t)(f)=1f(t),feH
> tecK= Mt(H) = M(Z),q(l‘)(H)
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The scalar case

K ...a compact Hausdorff space
F...RorC
H ...afunction space on K i.e., a linear subspace of C(K, F)

Representing measures
> pe H =
My(H) = {1 € M(K) ; ||l =[]l &w(h) = [ hdpu, he H}
» Hahn-Banach & Riesz = M,,(H) # ()

Special case — evaluation functionals
> teK...ou(t)(f)=1f(t),feH
> te K= Mt(H) = M(bH(l‘)(H)
» H contains constants = M;(H) ¢ My(K)
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Choquet boundary and H-boundary measures

Definition
Chy K ={tc K; ¢n(t) € ext By-}
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Choquet boundary and H-boundary measures

Definition
ChyK={te K; ¢u(t) € ext By}
Remark

H contains constants and separates points
= (t c ChHK = Mt(H) = {Et})
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Choquet boundary and H-boundary measures

Definition
ChyK={te K; ¢u(t) € ext By}
Remark

H contains constants and separates points
= (t c ChHK = Mt(H) = {Et})

Definition
w € M(K,F) is H-boundary if ¢(|x|) is maximal.
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Choquet boundary and H-boundary measures

Definition
ChyK={te K; ¢y(t) € ext By}
Remark
H contains constants and separates points
= (t € ChyK & Mt(H) = {Et})
Definition
w € M(K,F) is H-boundary if ¢(|x|) is maximal.

Recall:
X compact convex, vy, vo € My (X)
vi < ... [ fdyy < [ fdu, for each f continuous convex.
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Choquet boundary and H-boundary measures

Definition
ChyK={te K; ¢y(t) € ext By}
Remark
H contains constants and separates points
= (t € ChyK & Mt(H) = {Et})
Definition
w € M(K,F) is H-boundary if ¢(|x|) is maximal.

Recall:
X compact convex, vy, vo € My (X)
vi < ... [ fdyy < [ fdu, for each f continuous convex.

Remark
K metrizable = (u H-boundary < p carried by Chy K).
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Representation theorem

Theorem
Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.
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Representation theorem

Theorem

Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs

» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]
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Representation theorem

Theorem

Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs

» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]

» H separates points and contains constants, F = C
[Hustad 1971] [Hirsberg 1971]
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Representation theorem

Theorem

Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs

» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]
» H separates points and contains constants, F = C
[Hustad 1971] [Hirsberg 1971]
» H separates points [Fuhr & Phelps 1973]
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Representation theorem

Theorem
Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs

» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]

» H separates points and contains constants, F = C
[Hustad 1971] [Hirsberg 1971]

» H separates points [Fuhr & Phelps 1973]
» H general [Saab 1982]

Ondfrej F.K. Kalenda Simpliciality of vector-valued function spaces



Representation theorem

Theorem
Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs
» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]

» H separates points and contains constants, F = C
[Hustad 1971] [Hirsberg 1971]
» H separates points [Fuhr & Phelps 1973]
» H general [Saab 1982]
Definition
Hc C(K,F)is
» simplicial if Vt € K3!u € My(H) H-boundary
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Representation theorem

Theorem
Let H C C(K,F) be a function space and let ¢» € H*. Then
M, (H) contains an H-boundary measure.

History of proofs
» H separates points and contains constants, F = R
[Choquet-Bishop-De Leeuw 1950s]

» H separates points and contains constants, F = C
[Hustad 1971] [Hirsberg 1971]

» H separates points [Fuhr & Phelps 1973]
» H general [Saab 1982]
Definition
Hc C(K,F)is
» simplicial if Vt € K3!u € My(H) H-boundary
» functionally simplicial if Vi € H* 3l € My, (H) H-boundary
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Vector-valued case — representing measures

K ...a compact Hausdorff space
E ...a (real or complex) Banach space
H ...alinear subspace of C(K, E)
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Vector-valued case — representing measures

K ...a compact Hausdorff space

E ...a (real or complex) Banach space
H ...alinear subspace of C(K, E)

Hy =span{x*of; fec H,x* € E*}
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Vector-valued case — representing measures

K ...a compact Hausdorff space

E ...a (real or complex) Banach space
H ...alinear subspace of C(K, E)

Hy =span{x*of; fec H,x* € E*}

Two directions of representations

» Represent ¢ € H* via integration with respect to E*-valued
measures on K.
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Vector-valued case — representing measures

K ...a compact Hausdorff space

E ...a (real or complex) Banach space
H ...alinear subspace of C(K, E)

Hy =span{x*of; fec H,x* € E*}
Two directions of representations

» Represent ¢ € H* via integration with respect to E*-valued
measures on K.

» Represent U € L(H, E) via Bochner integration with
respect to scalar measures on K.
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Vector-valued case — representing measures

K ...a compact Hausdorff space

E ...a (real or complex) Banach space
H ...alinear subspace of C(K, E)

Hy =span{x*of; fec H,x* € E*}

Two directions of representations

» Represent ¢ € H* via integration with respect to E*-valued
measures on K.

» Represent U € L(H, E) via Bochner integration with
respect to scalar measures on K.

Remark
In the scalar case (E = FF) both ways coincide.
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Case 1 - representing measures of functionals

H ...alinear subspace of C(K, E)
yeH =3 e CKEY: dlu=v& |3 = vl
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Case 1 - representing measures of functionals

H ...alinear subspace of C(K, E)
yeH =3 e CKEY: dlu=v& |3 = vl

Singer’s Theorem

C(K,E)" = M(K, E*), the space of regular E*-valued Borel
measures on K of bounded variation

(J xa-xdu = u(A)(x) for AcC K Borel, x € E, u € M(K, E*))
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Case 1 - representing measures of functionals

H ...alinear subspace of C(K, E)
yeH =3 e CKEY: dlu=v& |3 = vl

Singer’s Theorem

C(K,E)" = M(K, E*), the space of regular E*-valued Borel
measures on K of bounded variation
(J xa-xdu = u(A)(x) for AcC K Borel, x € E, u € M(K, E*))

Representing measures of ¢ € H*:
My(H) = {1 € M(K,E*) ; |lull = Y]] &¢(f) = [ fdu, f € H}
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Case 1 - representing measures of functionals

H ...alinear subspace of C(K, E)
yeH =3 e CKEY: dlu=v& |3 = vl

Singer’s Theorem

C(K,E)" = M(K, E*), the space of regular E*-valued Borel
measures on K of bounded variation
(J xa-xdu = u(A)(x) for AcC K Borel, x € E, u € M(K, E*))

Representing measures of ¢ € H*:
My(H) = {1 € M(K,E*) ; |lull = Y]] &¢(f) = [ fdu, f € H}

Remark
Hahn-Banach & Singer = M,,(H) # ()
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Case 1 - representing measures of functionals

H ...alinear subspace of C(K, E)
yeH =3 e CKEY: dlu=v& |3 = vl

Singer’s Theorem

C(K,E)" = M(K, E*), the space of regular E*-valued Borel
measures on K of bounded variation
(J xa-xdu = u(A)(x) for AcC K Borel, x € E, u € M(K, E*))

Representing measures of ¢ € H*:
My(H) = {1 € M(K,E*) ; |lull = Y]] &¢(f) = [ fdu, f € H}

Remark
Hahn-Banach & Singer = M,,(H) # ()

Representation theorem [Saab & Talagrand, 1985]
Vip € H*3pu € My(H) s.t. |u| is Hy-boundary
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Case 2 - representing measures of operators

H ...alinear subspace of C(K, E)
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Case 2 - representing measures of operators

H ...alinear subspace of C(K, E)

Representable operators
Lrep(H, E)
—{U€eL(H,E); 3ue MK)VFfeH: UFf)=(B) [ fdu}
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Case 2 - representing measures of operators

H ...alinear subspace of C(K, E)
Representable operators

Lrep(H. E)
—{UeL(H,E); 3ue MK)VfeH: U(f) = (B) [ fdu}
1Ullrep = inf{llull 5 ...}

Ondfrej F.K. Kalenda Simpliciality of vector-valued function spaces



Case 2 - representing measures of operators

H ...alinear subspace of C(K, E)
Representable operators

Lrep(H, E)

— {Uc L(H, E) Ju € M(K)Vf € H: U(f) = (B) [ fdu}
[Ullrep = inf{[lpell 5 - }
My(H)

={ne MK); |lul = |Ul e &¥(f) = (B) [ fdu, f € H}
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Case 2 - representing measures of operators

H ...alinear subspace of C(K, E)

Representable operators
Lrep(H, E)

={Ue L(H, E) du e M(K)Vfe H: U(f) = (B) [ fdu}
[Ullep = inf{lull 5 -}
My(H)

= {p e MK); ||l = |Ull,ep &(F) = (B) [ fdu, f € H}
Theorem
3T : H,, — Liep(H, E), a bijective linear isometry such that

» T is w*-to-WQOT continuous;

> T(on, (1) = on(l);
> Mry)(H) = My(Hw).
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Case 2 - representing measures of operators |l

Corollary
» Representing operators H — E is the same as
representing functionals on H,,.

> My(H) # 0 for each U € L. Hence, infimum in the
definition of |-, is attained.

» My(H) contains a Hy-boundary measure for each
U € Lrep.
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His

» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His

» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;

» functionally weakly simplicial if
VU € Ligp(H, E) 3 € My(H) Hw-boundary;
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His

» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;

» functionally weakly simplicial if
VU € Ligp(H, E) 3 € My(H) Hw-boundary;

» functionally vector simplicial if Vi € H* 3l € My (H)
Hy-boundary;
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His
» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;
» functionally weakly simplicial if
VU € Ligp(H, E) 3 € My(H) Hw-boundary;

» functionally vector simplicial if Vi € H* 3l € My (H)
Hy-boundary;

» vector simplicial if Vi € KVx* € E* 3l € My-o4,,(1)(H)
Hy-boundary.
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His
» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;
» functionally weakly simplicial if
VU € Ligp(H, E) 3 € My(H) Hw-boundary;

» functionally vector simplicial if Vi € H* 3l € My (H)
Hy-boundary;

» vector simplicial if Vi € KVx* € E* 3l € My-o4,,(1)(H)
Hy-boundary.
Remarks

» His (functionally) weakly simplicial IFF H,, is (functionally)
simplicial;
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Notions of simpliciality

H ...alinear subspace of C(K, E) separating points of K
Definition
His
» weakly simplicial if Vt € K 3! € My(H) Hy-boundary;
» functionally weakly simplicial if
VU € Ligp(H, E) 3 € My(H) Hw-boundary;

» functionally vector simplicial if Vi € H* 3l € My (H)
Hy-boundary;

» vector simplicial if Vi € KVx* € E* 3l € My-o4,,(1)(H)
Hy-boundary.
Remarks

» His (functionally) weakly simplicial IFF H,, is (functionally)
simplicial;
» E =T = weakly = vector
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H-affine functions

The scalar case
H c C(K,F). Then
Ac(H) = {f € C(K,F); Vt € KV € My(H) = [fdu}
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H-affine functions

The scalar case
H c C(K,F). Then
Ac(H) = {f € C(K,F); Vt € KV € My(H) = [fdu}

The vector-valued case
H c C(K, E). We set
AY(H) = {f € C(K,E); Vt € KVu € Mi(H): f B) [ fdu}
AL(H) ={f e C(K,E); Vte KVx* € E*Vu € MX*O¢H t H):
= [ fdu}
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H-affine functions

The scalar case
H c C(K,F). Then
Ac(H) = {f € C(K,F); Vt € KV € My(H) = [fdu}

The vector-valued case
H c C(K, E). We set
AY(H) ={fe C(K,E) ; Vt € KVu € Mi(H): f(t) = (B) [ fdu}
AL(H)={fe C(K,E); Vte KVx* € E*Vp € MX O¢H t H):
= [fdu}
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H-affine functions

The scalar case
H c C(K,F). Then
Ac(H) = {f € C(K,F); Vt € KV € My(H) = [ fdu}

The vector-valued case

H c C(K, E). We set
AY(H) ={fe C(K,E); Vt € KVu € Mi(H): f(t) = (B) [ fdu
AL(H) ={f e C(K,E); Vte KVx* € E*Vu € MX*O¢H t H):

= [ fdu}
Remark
E =TF = A¥(H) = AY(H) = As(H)
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;

» AY(H) and vector simpliciality may change after renorming
of E;
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;

» AY(H) and vector simpliciality may change after renorming
of E;

» H is weakly simplicial IFF AZ (H) is weakly simplicial;
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;

» AY(H) and vector simpliciality may change after renorming
of E;

» H is weakly simplicial IFF AZ (H) is weakly simplicial;

~=
» H vector simplicial % A{(H) vector simplicial;
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;

» AY(H) and vector simpliciality may change after renorming
of E;

» H is weakly simplicial IFF AZ (H) is weakly simplicial;

~=
» H vector simplicial % A{(H) vector simplicial;
> AZ(H) and A{(H) are incomparable in general;
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H-affine functions I

» AZ(H) and weak simpliciality are stable under renorming
of E;

» AY(H) and vector simpliciality may change after renorming
of E;

» H is weakly simplicial IFF AZ (H) is weakly simplicial;

~=
» H vector simplicial % A{(H) vector simplicial;
> AZ(H) and A{(H) are incomparable in general;

+
» H vector simplicial & H weakly simplicial.
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Function spaces containing constants

Assume that H C C(K, E) separates points and contains
constants.

Lemma
> AL(H) C AZ(H);
» H vector simplicial = H weakly simplicial.
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Function spaces containing constants

Assume that H C C(K, E) separates points and contains
constants.
Lemma

> AY(H) C A¥(H);

» H vector simplicial = H weakly simplicial.

Theorem

TFAE
» H is vector simplicial;
» AZ(H) is vector simplicial;
> A{(H) is functionally vector simplicial;
> H is weakly simplicial and A{(H) = A% (H);
» the only H-boundary measure in A%(H)* is 0.
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