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Bilinear mappings

Let X, Y, Z be vector spaces.

Definition

A: X xY — Z is bilinear if
Q Al +x2,y) = Alx,y) + Alx,y), Vxi,xe € X, Vy €Y.
Q@ Alx,y1 + ) = Alx,») + Alx,y2), YxeX, Yy, yp €Y.
Q Alax,y) = aA(x,y) = Alx,ay), Vxe X, VyeY, VaekK.

e We denote B(X x Y, Z)={A: X x Y — Z: Abilinear } .
o If Z =K we denote B(X x Y) = B(X x Y,K).
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Bilinear mappings

Let X, Y, Z be vector spaces.

Definition

A: X xY — Z is bilinear if
Q Al +x2,y) = Alx,y) + Alx,y), Vxi,xe € X, Vy €Y.
Q@ Alx,y1 + ) = Alx,») + Alx,y2), YxeX, Yy, yp €Y.
Q Alax,y) = aA(x,y) = Alx,ay), Vxe X, VyeY, VaekK.

e We denote B(X x Y, Z)={A: X x Y — Z: Abilinear } .
o If Z =K we denote B(X x Y) = B(X x Y,K).

We would like to linearize bilinear maps.
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Tensor products
Consider the linear functional x ® y : B(X x Y) — K such that
o (x®y)(A) =A(x,y), VAeB(XxY).

Definition
The tensor product X ® Y is the subspace of the algebraic dual
B(X x Y)# spanned by the set

{x®y:xeX,yeY}
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Tensor products
Consider the linear functional x ® y : B(X x Y) — K such that
o (x®y)(A) =A(x,y), VAeB(XxY).

Definition
The tensor product X ® Y is the subspace of the algebraic dual
B(X x Y)# spanned by the set

{x®y:xeX,yeY}

A tensor u € X ® Y has the following form

u=Y_ xi®y, where x; € X, y;€ Y. (NOT UNIQUE)
i=1

The action of u € X ® Y C B(X x Y)¥ is defined as

u(A) = iA(x,-,y,-), VYA€ B(X xY)

and this value is independent of the representation of w.
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Linearization B(X x Y, Z)

A
XXY — » 7
/V
® s
// TA
//

X®Y

Given A € B(X x Y, Z), define

Ta (Z Xi ®YI> =Y Alxi,yi).
i=1 i=1

Conversely, if T: X ® Y — Z is linear, define A€ B(X x Y,Z) by

Alx,y) =T(x®y).
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Projective norm

Ix @yl < lixIllyll,

Vx e X,Vy €Y.
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Projective norm
We would like to define a norm || - || on X ® Y. It is reasonable that it satisfies

Ix @yl < lxlllyll, VxeX,VyeY.
Ifu=>3",x®y € X®Y, from the triangle inequality, it must be

n
lull < D Ixilllyil,
i=1

and this should hold for every representation of u.
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Projective norm

We would like to define a norm || - || on X ® Y. It is reasonable that it satisfies

Ix @yl < lxlllyll, VxeX,VyeY.
Ifu=>3",x®y € X®Y, from the triangle inequality, it must be

n
lull <>~ Iyl
i=1

and this should hold for every representation of u.
Definition

Given X ® Y, we define the projective norm as follows

n n
|ullx = inf {Z Ixillllyill = o =" xi ®y,-} , YueX®Y.
i=1 i=1
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Projective norm

We would like to define a norm || - || on X ® Y. It is reasonable that it satisfies
Ix@yl < lIxlllyll, VxeX,VyeY.
Ifu=>",x®y €X®Y, from the triangle inequality, it must be

n
lull <> IIxilllyall,
i=1

and this should hold for every representation of u.
Definition

Given X ® Y, we define the projective norm as follows

n n
|ullx = inf {Z Ixillllyill = o =" xi ®y,-} , YueX®Y.
i=1 i=1

However, (X ® Y, || - ||+) is complete if and only if X or Y are finite-dimensional.

v

Definition

The projective tensor product X®, Y is the completion of (X @ Y, || - ||x).-
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Dual space of X&, Y
Definition

A bilinear map A: X x Y — Z is said to be bounded if there exists
C > 0 such that

[ACG Y)IE< Clixlllyll,  V(x,y) € X x Y.

e B(X x Y,Z) denotes the Banach space of bounded bilinear mappings
with the norm [|A]| = sup{[|A(x. )] : [lx]| < L.[ly]| < 1}.
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Dual space of X&, Y
Definition

A bilinear map A: X x Y — Z is said to be bounded if there exists
C > 0 such that

[AG )< Clixllliyll,  V(x,y) € X x Y.

e B(X x Y,Z) denotes the Banach space of bounded bilinear mappings
with the norm [|A]| = sup{[|A(x. )] : [lx]| < L.[ly]| < 1}.

It can be proved that

B(X xY,Z)=L(X®,Y,Z)

B(X x Y,K)=L(X,Y*) = (X®:Y)"
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Dual space of X&, Y
Definition

A bilinear map A: X x Y — Z is said to be bounded if there exists
C > 0 such that

[AG )< Clixllliyll,  V(x,y) € X x Y.

e B(X x Y, Z) denotes the Banach space of bounded bilinear mappings
with the norm [|A]| = sup{[|A(x. )] : [lx]| < L.[ly]| < 1}.

It can be proved that

B(X xY,Z)=L(X®,Y,Z)

B(X x Y,K)=L(X,Y*) = (X®:Y)"

We also have that

BX(EAZ)WY = COW(BX ® By).

.
= il = = yor?
Juan Guerrero Viu
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Norm-attainment

Given u € X®, Y we can obtain the following expression for its projective
norm

o0 o
lullx =inf 3 3 lllyll - w=3"x @y,
i=1 i=1
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Norm-attainment

Given u € X®, Y we can obtain the following expression for its projective
norm

o0 o
lullx =inf 3 3 lllyll - w=3"x @y,
i=1 i=1

When is that infimum a minimum?
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Norm-attainment

Given u € X®, Y we can obtain the following expression for its projective

norm

o0 o
Huuw=inf{2nx,-w|yf||: u=2x,-®y,-}.
i=1 i=1

When is that infimum a minimum?

Definition
Given u € X®,Y it is said to attain its projective norm if
(o) (o)
u=Y xi®@y and |ulz=>_ |xlllyl.
i=1 i=1

The set of those u which attain their projective norm is denoted by

NAL(X®,Y).
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Known results

S. Dantas, M. Jung, O. Roldéan, A. Rueda Zoca (2022)
We have that NAW(X@)W Y)= X®,Y in the following cases

e If X and Y are finite-dimensional.
@ If X =/;1(I) for some set / and Y is any Banach space.
o If X =Y is a complex Hilbert space.
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Known results

S. Dantas, M. Jung, O. Roldéan, A. Rueda Zoca (2022)
We have that NAW(X@)W Y)= X®,Y in the following cases
@ If X and Y are finite-dimensional.

@ If X =/;1(I) for some set / and Y is any Banach space.
o If X =Y is a complex Hilbert space.

A. Pelczynski, N. Tomczak-Jaegermann (1988)

Given n, m there are spaces X, Y with dim(X) = n and dim(Y) = m and

u € X®, Y such that all the optimal representations of u have nm terms
(resp. 2nm for K = C).
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Known results

S. Dantas, M. Jung, O. Roldéan, A. Rueda Zoca (2022)
We have that NAW(X@)W Y)= X®,Y in the following cases

o If X and Y are finite-dimensional.
@ If X =/;1(I) for some set / and Y is any Banach space.
o If X =Y is a complex Hilbert space.

A. Pelczynski, N. Tomczak-Jaegermann (1988)

Given n, m there are spaces X, Y with dim(X) = n and dim(Y) = m and
u € X®, Y such that all the optimal representations of u have nm terms
(resp. 2nm for K = C).

S. Dantas, L. C. Garcia-Lirola, M. Jung, A. Rueda Zoca (2023)

We have that NA,r(X@)Tr Y)= X®,Y if X is a finite-dimensional
polyhedral Banach space and Y is any dual Banach space.

— = = = = =
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Known results

There are many examples of X, Y where NA(X®,Y) # X®,Y.
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Known results

There are many examples of X, Y where NA(X®,Y) # X®,Y. J

e Given u € X@WY, a representation u = 22021 Xp & yn € X@WY is
optimal if and only if there is T: X — Y™ with || T|| = 1 such that
T(xa)(yn) = lIxallllyall Vn.
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Known results

There are many examples of X, Y where NA(X®,Y) # X®,Y. J

e Given u e X®,Y, a representation u = 2211 Xp & yn € X®@.Y is
optimal if and only if there is T: X — Y* with || T|| = 1 such that
T(xa)(yn) = lIxallllyall Vn.

S. Dantas, M. Jung, O. Roldan, A. Rueda Zoca (2022)

If every tensor on X®, Y attains its projective norm, then every operator
T: X — Y* can be approximated by norm-attaining ones.

Thus, there are tensors not attaining their projective norm in Ll(T)QA@Wﬁ%,
L1]0,1]®,L1[0,1], £p®~G (1 < p < 4+00),. ..
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Known results

There are many examples of X, Y where NA(X®,Y) # X®,Y. J

e Given u e X®,Y, a representation u = 2211 Xp & yn € X®@.Y is
optimal if and only if there is T: X — Y* with || T|| = 1 such that
T(xa)(yn) = lIxallllyall Vn.

S. Dantas, M. Jung, O. Roldan, A. Rueda Zoca (2022)

If every tensor on X®, Y attains its projective norm, then every operator
T: X — Y* can be approximated by norm-attaining ones.

Thus, there are tensors not attaining their projective norm in Ll(T)QA@Wﬁ%,
L1]0,1]®,L1[0,1], £p®~G (1 < p < 4+00),. ..

A. Rueda Zoca (2023)
NA-(co®rb2) C co ® L. }
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New results

Definition
Z CY is said to be 1-complemented if there exists a (linear) projection
P:Y — Z with |P| =1.

Lemma (L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca, 2025)

Let X, Y be Banach spaces such that NAW(X@)7r Y)= X®,Y. Assume
Z C Y is a 1-complemented subspace. Then, NA,,(X@,TZ) = X®,Z.

This allow us to get rid of the asumption of duality, because every dual
Banach space Y is 1-complemented in its bidual Y™**.

Juan Guerrero Viu Norm-attainining projective tensor products 19/03/2025 13 /25



New Results

L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca (2025)

Let Z be a Banach space such that Z* = ¢;1(/) isometrically. Let X be a
subspace of Z and Y be any Banach space. If either X* or Y* has the
AP, then NA (X*®,Y*) = X*®, Y*.

Juan Guerrero Viu Norm-attainining projective tensor products 19/03/2025 14 /25



Key elements of the proof

o The injective tensor product X&®. Y is the completion of X ® Y
endowed with the norm

ol :{ .

> (i) w(yi)

LeeXhL ve Y ol vl < 1},

where >"7 | x; ® y; is any representation of u.
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Key elements of the proof

o The injective tensor product X&®. Y is the completion of X ® Y
endowed with the norm

ol = { >

> (i) w(yi)

LeeXhL ve Y ol vl < 1}7

where >"7 | x; ® y; is any representation of u.

0 i®ld: X®.Y — Z&®.Y is a linear isometry (injective tensor product
respect subspaces).
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Key elements of the proof

o The injective tensor product X&®. Y is the completion of X ® Y
endowed with the norm

ol = { >

> (i) w(yi)

LeeXhL ve Y ol vl < 1}7

where >"7 | x; ® y; is any representation of u.

0 i®ld: X®.Y — Z&®.Y is a linear isometry (injective tensor product
respect subspaces).

o (X®.Y) = X*®,Y* and (Z&.Y)* = £1(1)®,Y*.
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Key elements of the proof

@ The injective tensor product X&.Y is the completion of X @ Y
endowed with the norm

ol = { >

Z‘P(&ﬁﬁ()ﬁ) NS X*a %b € Y*a ”SDHa ||1/}|| < 1}7
i=1

where >"7 | x; ® y; is any representation of u.

0 i®ld: X®.Y — Z&®.Y is a linear isometry (injective tensor product
respect subspaces).

0 (XR:Y)* = X*®,Y* and (ZR.Y)* = l1(1)@.Y*.

Lemma

Let X, Y be normed spaces and T: X — Y a linear isometry. Then, the
operator T*: Y* — X* is a quotient operator. In fact, given x* € X*,
there exists y* € Y™ such that T*(y*) = x* and ||y*|| = ||x*|.

Juan Guerrero Viu Norm-attainining projective tensor products 19/03/2025 15/25



Proof of the theorem.
Take u € X*®, Y*.

By the previous lemma, there is z € él(l)ééﬂ Y* with

2]l = l[ul

and

(i®Ild)*(z) = u.

=] & = E DA
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Proof of the theorem.

Take v € X*®,Y*.
By the previous lemma, there is z € El(l)ééﬂ Y* with

llz|| = [Jul| and (i® Id)*(z) = u.

We know that z attains its norm because /1(/)®,Y* = NAL({1(1)&xY™).
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Proof of the theorem.

Take v € X*®,Y*.
By the previous lemma, there is z € El(l)ééﬂ Y* with

llz|| = [Jul| and (i® Id)*(z) = u.

We know that z attains its norm because /1(/)®,Y* = NAL({1(1)&xY™).
We can conclude that v attains its norm. my
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Proof of the theorem.

Take v € X*®,Y*.
By the previous lemma, there is z € £1(I)<§>ﬂ Y* with

llz|| = [Jul| and (i® Id)*(z) = u.

We know that z attains its norm because /1(/)®;Y* = NAL(£1()&, Y*).
We can conclude that v attains its norm. 0l

v

L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca (2025)

Let Z be a Banach space such that Z* = ¢;(/) isometrically. Let X be a
subspace of Z and Y be any Banach space which is 1-complemented in
Y**_ If either X* or Y** has the AP, then NA,(X*®,Y) = X*®, Y.
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New results

Noticing that C(K)* = ¢1(/) for K scattered and compact, we obtain:

Corollary (L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca, 2025)

Let X be a subspace of C(K), where K is a compact Hausdorff scattered
space, and Y be any Banach space which is 1-complemented in Y**. If
X* has the AP then NA(X*®,Y) = X*®, Y.
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New results

Noticing that C(K)* = ¢1(/) for K scattered and compact, we obtain:

Corollary (L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca, 2025)

Let X be a subspace of C(K), where K is a compact Hausdorff scattered
space, and Y be any Banach space which is 1-complemented in Y**. If
X* has the AP then NA(X*®,Y) = X*®, Y.

Example (L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca, 2025)

The hypothesis of K being scattered cannot be removed:
Let T be the unit circle of R2. Then,

NA; (C(T)*®-R?) # C(T)*®~R.
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New Results (Lipschitz-free spaces)

L. C. Garcia-Lirola, J. G.-V., A. Rueda Zoca (2025)
Let M be a complete metric space. Then NA (F(M)®,Y) = F(M)®,Y
for any Banach space Y which is 1-complemented in Y** if M satisfies
one of the following conditions:
a) M is countable and proper.
b) M is uniformly discrete, countable, and there is a compact Hausdorff
topology 7 on M such that d is 7-lower semicontinuous, and
V={d(x,y) : (x,y) € M?} CR{ is a compact set.
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Example

Define M = {0} U {x, : n € N} U {z} whose distances are defined as
d(Xn, Xm) = d(xn,0) = d(xn,z) = 1 for every n,m € N, n # m and
d(0,z) = 2.

Define 7 such that (x,), converges in 7 to x; and the points M \ {x1} are

all discrete.

Then, M satisfies (b) and F(M) is not isometrically isomorphic to /;.

Juan Guerrero Viu Norm-attainining projective tensor products 19/03/2025
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Denseness of norm-attaining tensors

Let f = Z,’y:l XE, - ¥n € L1(p, Y) = L1(1)®, Y be a simple function with
(Ep) pairwise disjoint sets.
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Denseness of norm-attaining tensors

Let f =N Xg, - yn € Li(p, Y) = Li()®, Y be a simple function with
(Ep) pairwise disjoint sets.Then

Iflll—Zu ”)’nH—ZHXEnHl [1ynll

That is, f € NAL(L1(1)®,Y).
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Denseness of norm-attaining tensors

Let f =N Xg, - yn € Li(p, Y) = Li()®, Y be a simple function with
(Ep) pairwise disjoint sets.Then

Iflll—Zu ”)’nH—ZHXEnHl [1ynll

That is, f € NA;(L1(p)®,Y). It follows that

NA- (L1 ()87 Y) = Li(1)@x Y )
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Denseness of norm-attaining tensors

Let f =N Xg, - yn € Li(p, Y) = Li()®, Y be a simple function with
(Ep) pairwise disjoint sets.Then

Iflll—Zu |)’n||—ZHXEn||1 [1ynll

That is, f € NA;(L1(p)®,Y). It follows that

NAL (L1 (1) @7 Y) = Li(1)&r Y J
S. Dantas, M. Jung, O. Roldéan, A. Rueda Zoca (2022)
There exist X, Y such that NA (X®,Y) is NOT dense in X&, Y. J
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Denseness of norm-attaining tensors

S. Dantas, M. Jung, O. Roldén, A. Rueda Zoca (2022)

Let X, Y be reflexive spaces. Is NA7T(X<§>7r Y) dense in XR,Y?
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Denseness of norm-attaining tensors

S. Dantas, M. Jung, O. Roldén, A. Rueda Zoca (2022)
Let X, Y be reflexive spaces. Is NA,T(X@)7r Y) dense in XR,Y?

S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca (2023)

Assume X and Y are dual spaces with the RNP and at least one of them
has the approximation property. Then NA(X®,Y) dense in X®, Y.
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Denseness of norm-attaining tensors

S. Dantas, M. Jung, O. Roldén, A. Rueda Zoca (2022)
Let X, Y be reflexive spaces. Is NA,T(X@)7r Y) dense in XR,Y?

S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca (2023)

Assume X and Y are dual spaces with the RNP and at least one of them
has the approximation property. Then NA(X®,Y) dense in X®, Y.

Definition

A space X is said to have the metric w-property if given € > 0 and
{x1,...,xa} C Sx, we can find a finite-dimensional I-complemented
subspace M C X and points x! € M with ||x; — x!|| < e Vi.
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Denseness of norm-attaining tensors

S. Dantas, M. Jung, O. Roldén, A. Rueda Zoca (2022)
Let X, Y be reflexive spaces. Is NA,T(X@)7r Y) dense in XR,Y?

S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca (2023)

Assume X and Y are dual spaces with the RNP and at least one of them
has the approximation property. Then NA(X®,Y) dense in X®, Y.

Definition

A space X is said to have the metric w-property if given € > 0 and
{x1,...,xa} C Sx, we can find a finite-dimensional I-complemented
subspace M C X and points x! € M with ||x; — x!|| < e Vi.

o Equivalently, there are finite-rank projections P,: X — X with
|Pall =1 and Pyx — x for every x € X.
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Denseness of norm-attaining tensors
Let X be a space with the metric 7-property. NAL(X®,Y) = X®, Y if

@ Y has the metric m-property or Y is uniformly convex
(S. Dantas, M. Jung, O. Rolddn, A. Rueda Zoca, 2022).

@ X is polyhedral and Y is a dual space
(S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca, 2023).
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Denseness of norm-attaining tensors
Let X be a space with the metric 7-property. NAL(X®,Y) = X®, Y if

@ Y has the metric m-property or Y is uniformly convex
(S. Dantas, M. Jung, O. Rolddn, A. Rueda Zoca, 2022).

@ X is polyhedral and Y is a dual space
(S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca, 2023).

These results are implied by the following theorem:

L.C. Garcia-Lirola, J. G.-V., A. Rueda Zoca (2025)

Suppose that for every € > 0 and xi,...,x, € X, there exists a finite dimensional
1-complemented subspace M C X and x/ € M with ||x; — x/|| < ¢ for each

i=1,...,n Assume that NA,(M&®,Y) = M&,Y. Then,

NAL(X®.Y) = X®, Y.
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Denseness of norm-attaining tensors
Let X be a space with the metric 7-property. NAL(X®,Y) = X®, Y if

@ Y has the metric m-property or Y is uniformly convex
(S. Dantas, M. Jung, O. Rolddn, A. Rueda Zoca, 2022).

@ X is polyhedral and Y is a dual space
(S. Dantas, L.C. Garcia-Lirola, M. Jung, A. Rueda Zoca, 2023).

These results are implied by the following theorem:

L.C. Garcia-Lirola, J. G.-V., A. Rueda Zoca (2025)

Suppose that for every € > 0 and xi,...,x, € X, there exists a finite dimensional
1-complemented subspace M C X and x/ € M with ||x; — x/|| < ¢ for each

i=1,...,n Assume that NA,(M&®,Y) = M&,Y. Then,

NAL(X®.Y) = X®, Y.

As a consequence, NA(X®,Y) = X®,Y in the following cases:
a) X* = Li(p) and Y is 1-complemented in Y**.
b) X has the metric m-property and Y is a dual space with the RNP.
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Some related questions

Is every extreme point of Bxs. v of the form x ® y with x € Bx, y € By?J

o = = £ DA
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How are the Banach spaces X such that NAW(X(}?)7r Y)= X®,Y,VY?
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Some related questions

Is every extreme point of Bxs. v of the form x ® y with x € Bx, y € By?J

How are the Banach spaces X such that NAAX@7r Y)= X®,Y,VY? J

Are there reflexive Banach spaces X, Y such that
NA(X®Y) # XB,Y? J
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