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Spaces of Lipschitz functions and Lipschitz free space

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Xlet

Lipg(M, X) = {f : M —» X such that f is Lipschitz, f(0) = 0},

endowed with the norm ||f] := sup,,, 1A=L
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Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Xlet

Lipg(M, X) = {f : M —» X such that f is Lipschitz, f(0) = 0},

endowed with the norm ||f] := sup,,, 1A=L
When X = R we simply write Lipy(M).
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Spaces of Lipschitz functions and Lipschitz free space

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Xlet

Lipg(M, X) = {f : M —» X such that f is Lipschitz, f(0) = 0},

; — |LICIE{02]]
endowed with the norm ||f|| := sup,_, ﬁ.
When X = R we simply write Lipy(M).
Given m € M we can define the evaluation mapping 6, € Lipy(M)* by
Om(f) = f(m) for all f € Lipg(M).

Abraham Rueda Zoca (Universidad de Granada)  Spaces of vector valued Lipschitz functions and the Dz March 19th 2025 4/19



Spaces of Lipschitz functions and Lipschitz free space

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Xlet

Lipg(M, X) = {f : M —» X such that f is Lipschitz, f(0) = 0},

endowed with the norm ||f|| := sup,,, W.
When X = R we simply write Lipy(M).
Given m € M we can define the evaluation mapping 6, € Lipy(M)* by
Om(f) = f(m) for all f € Lipg(M). If we define F(M) :=span{dm : m e M} we
get that

F(M)* = Lipg(M).
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Spaces of Lipschitz functions and Lipschitz free space

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Xlet

Lipg(M, X) = {f : M —» X such that f is Lipschitz, f(0) = 0},

endowed with the norm ||f|| := sup,,, W.
When X = R we simply write Lipy(M).
Given m € M we can define the evaluation mapping 6, € Lipy(M)* by
Om(f) = f(m) for all f € Lipg(M). If we define F(M) :=span{dm : m e M} we
get that

F(M)* = Lipg(M).

The above space is known as the Lipschitz-free space over M.
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Linearisation properties of F(M)

Given a metric space M, a Banach space X and a Lispchitz map f: M — X
such that f(0) = 0, there exists a bounded operator f : 7(M) — X defined by

f(6m) := f(m)
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Linearisation properties of F(M)

Given a metric space M, a Banach space X and a Lispchitz map f: M — X
such that f(0) = 0, there exists a bounded operator f : 7(M) — X defined by

f(6m) := f(m)

This operator f satisfies that || 7| = ||f||. and that the following diagram is
commutative

M— s X

4 A
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Linearisation properties of F(M)

Given a metric space M, a Banach space X and a Lispchitz map f: M — X
such that f(0) = 0, there exists a bounded operator f : 7(M) — X defined by

f(6m) := f(m)

This operator f satisfies that || 7| = ||f||. and that the following diagram is
commutative

M— s X

4 A

From here it follows that the mapping

Lipp(M,X) — L(F(M),X),
f — f

is an onto linear isometry, so Lipy(M, X) = L(F(M), X).
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McShane extension theorem

Let M metric with origin0,0 € N C M and f : N — R Lipschitz. Then there
exists an extension F : M —; R of f such that || F || ip, vy = [|fllLip,(n) -
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Geometric properties on Lipy(M) and F(M)

A lot of properties have been analysed in Lip,(M) as well as in its predual
F(M) (approximation properties, the property of being an Ly or L., space,
octahedrality, Daugavet property etc.).
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Geometric properties on Lipy(M) and F(M)

A lot of properties have been analysed in Lip,(M) as well as in its predual
F(M) (approximation properties, the property of being an Ly or L., space,
octahedrality, Daugavet property etc.). However, many of these properties are
unknown in the vector valued case.
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Geometric properties on Lipy(M) and F(M)

A lot of properties have been analysed in Lip,(M) as well as in its predual
F(M) (approximation properties, the property of being an Ly or L., space,
octahedrality, Daugavet property etc.). However, many of these properties are

unknown in the vector valued case. This is the case, for instance, of the
Daugavet property.

Theorem (Shvidkoy 2001)
Let X be a Banach space. The following are equivalent:

@ Every rank-one continuous linear operator T : X — X satisfies that
IT+1[=1+[T].
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Geometric properties on Lipy(M) and F(M)

A lot of properties have been analysed in Lip,(M) as well as in its predual
F(M) (approximation properties, the property of being an Ly or L., space,
octahedrality, Daugavet property etc.). However, many of these properties are

unknown in the vector valued case. This is the case, for instance, of the
Daugavet property.

Theorem (Shvidkoy 2001)
Let X be a Banach space. The following are equivalent:

@ Every rank-one continuous linear operator T : X — X satisfies that
IT+1[=1+[T].

© Forevery x € Sx,e > 0 and w-open + W C Bx, 3y € W with

Ix =yl >2—e¢.
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Geometric properties on Lipy(M) and F(M)

A lot of properties have been analysed in Lip,(M) as well as in its predual
F(M) (approximation properties, the property of being an Ly or L., space,
octahedrality, Daugavet property etc.). However, many of these properties are

unknown in the vector valued case. This is the case, for instance, of the
Daugavet property.

Theorem (Shvidkoy 2001)
Let X be a Banach space. The following are equivalent:

@ Every rank-one continuous linear operator T : X — X satisfies that
IT+1[=1+[T].

© Forevery x € Sx,e > 0 and w-open + W C Bx, 3y € W with

Ix =yl >2—e¢.

© Forevery x* € Sx-,c >0 and w*-open® + W C Bx-, 3 y* € W with

Ix* —y*|| >2—e.
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What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?
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What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?

Definition
Let M be metric.

Abraham Rueda Zoca (Universidad de Granada)  Spaces of vector valued Lipschitz functions and the De March 19th 2025 8/19



What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?

Definition

Let M be metric. M is length if, for every x,y € M, x # y, there exists
a : [0,d(x, y)+¢e] — M which is 1-Lipschitz, «(0) = y and a(d(x, y) +¢) = x.
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What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?

Definition

Let M be metric. M is length if, for every x,y € M, x # y, there exists
a: [0,d(x, y)+e] — M which is 1-Lipschitz, «(0) = y and a(d(x, y) +¢) = x.
If e = 0 can be taken, M is geodesic.
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What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?

Definition

Let M be metric. M is length if, for every x,y € M, x # y, there exists
a: [0,d(x, y)+e] — M which is 1-Lipschitz, «(0) = y and a(d(x, y) +¢) = x.
If e = 0 can be taken, M is geodesic.

Easy (and relevant) examples of geodesic spaces are the Banach spaces.
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What are the Daugavet F(M)?

Given a complete metric space M. When F(M) has the Daugavet property?

Definition

Let M be metric. M is length if, for every x,y € M, x # y, there exists
a: [0,d(x, y)+e] — M which is 1-Lipschitz, «(0) = y and a(d(x, y) +¢) = x.
If e = 0 can be taken, M is geodesic.

Easy (and relevant) examples of geodesic spaces are the Banach spaces.

Theorem (V. Kadets, Y. Ivakhno and D. Werner (2007);

Garcia-Lirola, Prochazka, R.Z. (2018))

Let M be a complete metric space. Then F(M) has the Daugavet property if,
and only if, M is length.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (m)-
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.
@ Selectany he W.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.

@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.
@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.
@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.

@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.

@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).

@ Define a function ¢ := {0, my, ..., mp} U B(Xo, o) — R such that
o(my) =~ h(m;) and ¢ is constant at B(xo, rp) for ry small enough and
el = 1.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.
@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.
@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).
@ Define a function ¢ := {0, my, ..., mp} U B(Xo, o) — R such that

w(m;) ~ h(m;) and ¢ is constant at B(xo, 1) for ro small enough and
|loll =~ 1. Extend my McShane.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.
@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.
@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).
@ Define a function ¢ := {0, my, ..., mp} U B(Xo, o) — R such that

w(m;) ~ h(m;) and ¢ is constant at B(xo, 1) for ro small enough and
|loll =~ 1. Extend my McShane.

@ Given r < r find y € B(xo, r) such that “Zg;%“ > 1 — ¢, and define

¥(2) =00n M\ B(xg, o) U {Xo} and ¢¥(y) := d(y, Xo)-
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.

@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.

@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).

@ Define a function ¢ := {0, my, ..., mp} U B(Xo, o) — R such that

w(m;) ~ h(m;) and ¢ is constant at B(xo, 1) for ro small enough and
|loll =~ 1. Extend my McShane.

@ Given r < r find y € B(xo, r) such that “Zg;%“ > 1 — ¢, and define

¥(z) =00n M\ B(xp, o) U {xo} and ¥(y) := d(y, Xo). Extend by
McShane.

@ If o(m;) ~ h(m;), ||| ~ 1 and £ ~ 0 enough, then g := £ does the
trick.
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M length implies F(M) Daugavet (sketch)

Let f € Siip,(m),€ and a w* open W C By, (). We look for g € W far from f£.

@ Selectany he W. There are my,...,m, € M and n > 0 with the following
property: if g € Byip,(m) satisfies [g(m;) — h(m;)| < ntheng e W.

@ There exists xo € M\ {my,..., my} with the following property: For every
r > 0 there exists y € M with 0 < d(xp,y) < r and % >1—-¢(M
length).

@ Define a function ¢ := {0, my, ..., mp} U B(Xo, o) — R such that
o(my) =~ h(m;) and ¢ is constant at B(xo, rp) for ry small enough and
llell = 1. Extend my McShane.

@ Given r < r find y € B(xo, r) such that f(ggy_)f(g’;") > 1 — ¢, and define

¥(z) =00n M\ B(xp, o) U {xo} and ¥(y) := d(y, Xo). Extend by
McShane.

@ If o(m;) ~ h(m;), ||| ~ 1 and £ ~ 0 enough, then g := £ does the
trick.

Where does this “proof” fail for Lip,(M, X)?
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Daugavet property in the predual of Lipy(M, X)

Where does the above “proof” fail for Lip,(M, X)?
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Daugavet property in the predual of Lipy(M, X)

Where does the above “proof” fail for Lip,(M, X)?
@ Is Lipg(M, X) a dual space?
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Daugavet property in the predual of Lipy(M, X)

Where does the above “proof” fail for Lip,(M, X)?
@ Is Lipy(M, X) a dual space?

o McShane extension theorem is
false for vector-valued
functions!
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First question: Lipg(M, X*) is a dual space

Given M and Z, we said that Lipy(M, Z*) = L(F(M), Z*).
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First question: Lipg(M, X*) is a dual space

Given M and Z, we said that Lipy(M, Z*) = L(F(M), Z*).The latter is welt
krown-to-be a dual space.
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First question: Lipg(M, X*) is a dual space

Given M and Z, we said that Lipy(M, Z*) = L(F(M), Z*).The latter is welt
krown-to-be a dual space.

Denote by X®, Y the projective tensor product of X and Y, which is defined
as the completion of X ® Y under the norm

12l = mf{z [Ixillllyill = 2 = ZXI ®y,} :
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First question: Lipg(M, X*) is a dual space

Given M and Z, we said that Lipy(M, Z*) = L(F(M), Z*).The latter is welt
krown-to-be a dual space.

Denote by X&®, Y the projective tensor product of X and Y, which is defined
as the completion of X ® Y under the norm

12l = mf{z [Ixillllyill = 2 = ZXI ®y,} :

In general, (X®, Y)* = L(X, Y*) (isometrically!) under the action
T(x®y):=T(x)(y), x € Xand y € Y (+Linearity).
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First question: Lipg(M, X*) is a dual space

Given M and Z, we said that Lipy(M, Z*) = L(F(M), Z*).The latter is welt
krown-to-be a dual space.

Denote by X&®, Y the projective tensor product of X and Y, which is defined
as the completion of X ® Y under the norm

12l = mf{z [Ixillllyill = 2 = ZXI ®y,} :

In general, (X®, Y)* = L(X, Y*) (isometrically!) under the action
T(x®y):=T(x)(y), x € Xand y € Y (+Linearity). Elements of the form
z=>3"",x®y are dense.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)-
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.

@ Selectany he W.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(x;) — h(m;)(xi)| <nthenge W.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(xi) — h(m;)(x;)| < ntheng e W.
@ There exists xop € M\ {my, ..., my} with the following property: there
exists x* € Sx- such that for every r > 0 there exists y € M with

0 < d(xp,y) < rand x* ("{,2;%“) > 1 — ¢ (M length).
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(xi) — h(m;)(x;)| < ntheng e W.
@ There exists xop € M\ {my, ..., my} with the following property: there
exists x* € Sx- such that for every r > 0 there exists y € M with

0 < d(xo,y) < r and x* (%) > 1 —¢ (M length).

@ Define a function ¢ := {0, my,..., My, X0} — X* such that
w(m;) = h(m;) and ¢ is constant at B(xg, rp) for ry small enough and

lle]l = 1. Extend-by-MeShane.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(xi) — h(m;)(x;)| < ntheng e W.
@ There exists xop € M\ {my, ..., my} with the following property: there
exists x* € Sx- such that for every r > 0 there exists y € M with

0 < d(xo,y) < r and x* (%) > 1 —¢ (M length).

@ Define a function ¢ := {0, my,..., My, X0} — X* such that
w(m;) = h(m;) and ¢ is constant at B(xg, rp) for ry small enough and

lle]l = 1. Extend-by-MeShane.

@ Given r < ry find y € B(xo, r) such that W > 1 — ¢, and define
¥(z) =00n M\ B(xg, i) U {Xo} and ¢(y) := d(y, xo)x™ for some
x* € Sx-. Extend-by-MeShane.
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(xi) — h(m;)(x;)| < ntheng e W.
@ There exists xop € M\ {my, ..., my} with the following property: there
exists x* € Sx- such that for every r > 0 there exists y € M with

0 < d(xo,y) < r and x* (%) > 1 —¢ (M length).

@ Define a function ¢ := {0, my,..., My, X0} — X* such that
w(m;) = h(m;) and ¢ is constant at B(xg, rp) for ry small enough and

lle]l = 1. Extend-by-MeShane.
@ Given r < ry find y € B(xo, r) such that W > 1 — ¢, and define
¥(z) =00n M\ B(xg, i) U {Xo} and ¢(y) := d(y, xo)x™ for some

x* € Sx-. Extend-by-MeShane. Use functions of the form ¢(z) := t(z)x*

for some t € By (m)-
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M length implies F(M)®, X Daugavet (sketch?)

Let f € Siip,(m,x+),€ and aw* open W C By, (m,x-)- We look for g € W far
from f.
@ Selectany he W.Thereare my,....mpe M, x1,...,x, € Xandn > 0
with the following property: if g € By, (m,x-) satisfies
lg(mi)(xi) — h(m;)(x;)| < ntheng e W.
@ There exists xop € M\ {my, ..., my} with the following property: there
exists x* € Sx- such that for every r > 0 there exists y € M with

0 < d(xo,y) < r and x* (%) > 1 —¢ (M length).

@ Define a function ¢ := {0, my,..., My, X0} — X* such that
w(m;) = h(m;) and ¢ is constant at B(xg, rp) for ry small enough and

lloll = 1. Extend-by-MeShane.

@ Given r < ry find y € B(xo, r) such that W > 1 — ¢, and define
¥(z) =00n M\ B(xg, i) U {Xo} and ¢(y) := d(y, xo)x™ for some
x* € Sx-. Extend-by-MeShane. Use functions of the form ¢(z) := t(z)x*

for some t € By (m)-

o If o(m;) ~ h(m;),|l¢[| ~ 1 and £ ~ 0 enough, then g := Toval +w\| does the
trick.
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Perturbating vector-valued Lipschitz functions

@ Define a function ¢ := {0, my, ..., my, X0} — X* such that
o(my) =~ h(m;) and ¢ is constant at B(xo, p) for ry small enough and

llel| = 1. Extend-by-MeShane.
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Perturbating vector-valued Lipschitz functions

@ Define a function ¢ := {0, my, ..., my, X0} — X* such that
o(my) =~ h(m;) and ¢ is constant at B(xo, p) for ry small enough and
llel| = 1. Extend-by-MeShane.
We need to find, given h, a function h such that A(m;) ~ h(m;), h constant
(flat) at some B(xo, r) (r small) and || h|| = 1.
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Perturbations of the identity mapping

Theorem (F. Talimdjioski)
Let X be Banach and 0 < a < b.
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Perturbations of the identity mapping

Theorem (F. Talimdjioski)
Let X be Banachand0 < a< b. Letf: X — X

0 if|x|| < a,
f(x) =1 52 (1- &) x ifa<ix| <b,
x ifb < x|
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Perturbations of the identity mapping

Theorem (F. Talimdjioski)
Let X be Banachand0 < a< b. Letf: X — X

0 if|x|| < a,
f(x) =4 2 (1 —W)x ifa<|x| < b,
x ifb < ||x],

b
Ifll < 523
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Perturbations of the identity mapping

Theorem (F. Talimdjioski)
Let X be Banachand0 < a< b. Letf: X — X

0 if|x|| < a,
f(x) =1 52 (1- &) x ifa<ix| <b,
x ifb < x|

Il < 525

Then, given xo € X, R,e > 0 there exists 6 > 0 and v : X — X such that
Y(x) = xif x ¢ B(xo, R), ¥(2) = X0,z € B(xp,6) and ||| <1 +e.
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Perturbating Lipschitz functions

Given h € Biip (u,x+) and my, ..., My, Xo € M.
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Perturbating Lipschitz functions

Given h e Blip,(m,x+) @nd my, ..., my, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 <i<n.
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Perturbating Lipschitz functions

Given h e Blip,(m,x+) @and my, ..., my, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
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Perturbating Lipschitz functions

Given h e Blip,(m,x+) @and my, ..., my, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
Take ¢ : X* — X* with ¢(x*) = x* for x* ¢ B(h(xo), r) and ¥(z) = ¥(h(xo))
z € some ball around h(xp) and ||¢| ~ 1.
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Perturbating Lipschitz functions

Given h e Blip,(m,x+) @and my, ..., my, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
Take ¢ : X* — X* with ¢(x*) = x* for x* ¢ B(h(xo), r) and ¥(z) = ¥(h(xo))
z € some ball around h(xp) and ||¢| ~ 1.

h= Yoh

Abraham Rueda Zoca (Universidad de Granada)  Spaces of vector valued Lipschitz functions and the De March 19th 2025 15/19



Perturbating Lipschitz functions

Given h € Byip (v x+) and my, ..., mp, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
Take ¢ : X* — X* with ¢(x*) = x* for x* ¢ B(h(xo), r) and ¥(z) = ¥(h(xo))
z € some ball around h(xo) and [[¢/|| ~ 1.

h =+ o h satisfies h(m;) = h(m;), his flat at some ball centered at x, and
1Al < TllIAI < gl =~ 1.
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Perturbating Lipschitz functions

Given h € Byip (v x+) and my, ..., mp, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
Take ¢ : X* — X* with ¢(x*) = x* for x* ¢ B(h(xo), r) and ¥(z) = ¥(h(xo))
z € some ball around h(xo) and [[¢/|| ~ 1.

h =+ o h satisfies h(m;) = h(m;), his flat at some ball centered at x, and
1Al < TllIAI < gl =~ 1.

Theorem (R. Medina and A. R. Z. (2025))
If M is length then F(M)®, X has the Daugavet property.
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Perturbating Lipschitz functions

Given h € Byip (v x+) and my, ..., mp, Xo € M. Assume, up to a perturbation
argument, that h(xp) # h(m;) 1 < i < n. So h(m;) ¢ B(h(xo), r) for r small.
Take ¢ : X* — X* with ¢(x*) = x* for x* ¢ B(h(xo), r) and ¥(z) = ¥(h(xo))
z € some ball around h(xp) and ||| ~ 1.

h =4 o h satisfies h(m;) = h(m;), his flat at some ball centered at X, and
1Al < TllIAI < gl =~ 1.

Theorem (R. Medina and A. R. Z. (2025))
If M is length then F(M)®, X has the Daugavet property.

This solved an open question by Garcia-Lirola, Prochdzka and R.Z. 2018.
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Spaces of Lipschitz functions

Theorem (V. Kadets, Y. Ivakhno and D. Werner (2007);

Garcia-Lirola, Prochazka, R.Z. (2018))

Let M be a complete metric space. Then F(M) has the Daugavet property If,
and only if, M is length and if, and only if, Lipy(M) has the Daugavet property.
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Spaces of Lipschitz functions

Theorem (V. Kadets, Y. Ivakhno and D. Werner (2007);

Garcia-Lirola, Prochazka, R.Z. (2018))

Let M be a complete metric space. Then F(M) has the Daugavet property If,
and only if, M is length and if, and only if, Lipy(M) has the Daugavet property.

M length=- Lipy(M, X) Daugavet vX?
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Spaces of Lipschitz functions

Theorem (V. Kadets, Y. Ivakhno and D. Werner (2007);

Garcia-Lirola, Prochazka, R.Z. (2018))

Let M be a complete metric space. Then F(M) has the Daugavet property If,
and only if, M is length and if, and only if, Lipy(M) has the Daugavet property.

M length=- Lipy(M, X) Daugavet vX?
Yes.
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M length=- Lipy(M, X) Daugavet

Sketch:
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € SUPO(M,X)’g S BLipO(M,X) and n > 0.
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.

@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length).
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.

@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
@ As before take v, € Lipg(M, X) with ¢, = g on M\ B(xp, ry) and v, flat at
B(xp, 65) for 6, small enough, ||¢n] — 1.
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
@ As before take i, € Lipg(M, X) with ¢, = g on M\ B(xp, ry) and ¢, flat at
B(xn, dp) for 5, small enough, ||¢,] — 1.
@ Find y, # xp with d(x,, yn) = 0 and y; € Sx- with

Yo (FOn))—yy (F(yn)) _ I1F(¥n) = F(Xn) _
d(Xn,yn) - d(Xn,¥n) > 1 -
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
@ As before take i, € Lipg(M, X) with ¢, = g on M\ B(xp, ry) and ¢, flat at
B(xn, dp) for 5, small enough, ||¢,] — 1.
@ Find y, # xp with d(x,, yn) = 0 and y; € Sx- with

Yo (FOn))—yy (F(yn)) _ I1F(¥n) = F(Xn) _
d(Xn,yn) - d(Xn,¥n) > 1 -

@ Letp,:=s8,®y,;, where s, : M — R satisfies s,(yn) — Sn(Xn) = d(Xn, ¥n)
and s, = 0 on M\ B(xy, Sp).

@ The seq. (v — g) and (p,,) are pairwise disjoint support
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
@ As before take i, € Lipg(M, X) with ¢, = g on M\ B(xp, ry) and ¢, flat at
B(xn, dp) for 5, small enough, ||¢,] — 1.
@ Find y, # xp with d(x,, yn) = 0 and y; € Sx- with

Yo (FOn))—yy (F(yn)) _ I1F(¥n) = F(Xn) _
d(Xn,yn) - d(Xn,¥n) > 1 -

@ Letp,:=s8,®y,;, where s, : M — R satisfies s,(yn) — Sn(Xn) = d(Xn, ¥n)
and s, = 0 on M\ B(xy, Sp).

@ The seq. (vn — g) and (p,) are pairwise disjoint support, so they are
weakly null by a result of (B. Cascales et al, 2019).
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M length=- Lipy(M, X) Daugavet

Sketch: Let f € S, (m,x), 9 € Blip,(m,x) @and n > 0. We find (g,) — g weakly,
IIf + gnll > 2 — n for every nand ||gn|| — 1.
@ Find {x,} € M points where ||fig(x, || > 1 — 7 holds for every n € N (M
length). Select r, > 0 such that B(x,, r;) are pairwise disjoint.
@ As before take v, € Lipg(M, X) with ¢, = g on M\ B(xp, ry) and v, flat at
B(xp, 65) for 6, small enough, ||¢n] — 1.

@ Find y, # xp with d(x,, yn) = 0 and y; € Sx- with
Ya (10n)=ys (Fyn) _ IFm) = Ol < 4 n.

d(Xn,yn) d(Xn,¥n)
@ Letyp :=s,®y;, where s, : M — R satisfies sp(¥n) — Sn(Xn) = d(Xn, ¥n)
and s, = 0 on M\ B(xp, Sp).
@ The seq. (vn — g) and (p,) are pairwise disjoint support, so they are
weakly null by a result of (B. Cascales et al, 2019).
@ Finally, if 0 < d(Xn, yn) << Sp << rn, taking g, := ﬁ we getg, — g
weakly and ||f — gn|| > 2 — 7.
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Old memories ...

In September, 2023 in the conference “Aasy to define, Hard to analyse : First
conference on Lipschitz free spaces”, | presented the following sufficient
condition for the Daugavet property on F(M)®, X:
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Old memories ...

In September, 2023 in the conference “Aasy to define, Hard to analyse : First
conference on Lipschitz free spaces”, | presented the following sufficient
condition for the Daugavet property on F(M)®, X:

Definition (Local perturbation of the identity (LPIP))
We say that M has the LPIP if Vmy, ..., my, xo € M and € > 0 there exists a
Lipschitz map ¢ : M — M satisfying:

Q ol <1+e,

Q d(p(m;),m;) <eforall1 <i<nand,

© there exists > 0 such that ¢(z) = xo at B(xo, n).
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Old memories ...

In September, 2023 in the conference “Aasy to define, Hard to analyse : First
conference on Lipschitz free spaces”, | presented the following sufficient
condition for the Daugavet property on F(M)®, X:

Definition (Local perturbation of the identity (LPIP))
We say that M has the LPIP if Vmy, ..., my, xo € M and € > 0 there exists a
Lipschitz map ¢ : M — M satisfying:

Q ol <1+e,

Q d(p(m;),m;) <eforall1 <i<nand,

© there exists > 0 such that ¢(z) = xo at B(xo, n).

R. Smith kindly provided us Talimdjioski result.
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Old memories ...

In September, 2023 in the conference “Aasy to define, Hard to analyse : First
conference on Lipschitz free spaces”, | presented the following sufficient
condition for the Daugavet property on F(M)®, X:

Definition (Local perturbation of the identity (LPIP))

We say that M has the LPIP if Vmy, ..., my, xo € M and € > 0 there exists a
Lipschitz map ¢ : M — M satisfying:

Q ol <1+e,

Q d(p(m;),m;) <eforall1 <i<nand,

© there exists > 0 such that ¢(z) = xo at B(xo, n).

R. Smith kindly provided us Talimdjioski result. This allowed us to prove the
Daugavet on Lipg(M, X) if M is length.
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Old memories ...

In September, 2023 in the conference “Aasy to define, Hard to analyse : First
conference on Lipschitz free spaces”, | presented the following sufficient
condition for the Daugavet property on F(M)®, X:

Definition (Local perturbation of the identity (LPIP))

We say that M has the LPIP if Vmy, ..., my, xo € M and € > 0 there exists a
Lipschitz map ¢ : M — M satisfying:

Q ol <1+e,

Q d(p(m;),m;) <eforall1 <i<nand,

© there exists > 0 such that ¢(z) = xo at B(xo, n).

R. Smith kindly provided us Talimdjioski result. This allowed us to prove the
Daugavet on Lipg(M, X) if M is length. This altruist gesture shows that science
progresses when it is based on cooperation and not on competition.
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