PARTITIONS OF THE BAIRE SPACE INTO COMPACT SETS

V. FISCHER AND L. SCHEMBECKER

ABSTRACT. We define a c.c.c. forcing which adds a maximal almost disjoint family of finitely
splitting trees on w (a.d.f.s. family) or equivalently a partition of the Baire space into compact
sets of desired size. Further, we utilize the forcing to add arbitrarily many maximal a.d.f.s.
families of arbitrary sizes at the same time, so that the spectrum of atr may be large.

Furthermore, under CH we construct a Sacks-indestructible maximal a.d.f.s. family (by count-
ably supported iteration and product of any length), which answers a question of Newelski [15].
Also, we present an in-depth “isomorphism of names”-argument to show that in generic exten-
sions of models of CH by countably supported Sacks forcing there are no maximal a.d.f.s. families
of size k, where Xy < k < ¢. Thus, we prove that in the generic extension the spectrum of ar
is {XN1, ¢}. Finally, we prove that Shelah’s ultrapower model of [16] for the consistency of d < a
also satisfies a = ar. Thus, consistently 0 < a = at may hold.

1. INTRODUCTION

Given an uncountable Polish space X and a pointclass I' of Borel sets we want to understand
what are the possible cardinalities of partitions of X into sets in I'. Here, with a partition we
mean a collection of non-empty subsets of X which are pairwise disjoint and union up to the
whole space X.

We begin with a brief recollection of when partitions of size N; exist for different pointclasses
I'. For I' = F,s, Hausdorff proved in [11] that every Polish space is the union of X;-many strictly
increasing Gs-sets. Thus, one immediately obtains that every uncountable Polish space can be
partitioned into Wj-many disjoint Fjs-sets. For I' = Gj, there is a close connection to cov(M),
the minimal size of a family of meager sets which covers “2. In fact, in [9] Fremlin and Shelah
showed that cov(M) = 8y if and only if “2 can be partitioned into N;-many Gs-sets. Finally, the
most interesting case for us will be partitions into closed/compact sets. In [14] Miller introduced
a proper forcing notion, which is w”-bounding (see [I7]) and destroys a given partition C of “2
into closed sets by adding a new real which is not in the closure of any element of C in the generic
extension. Thus, by iterating the forcing No-many times and using a suitable bookkeeping one
obtains a model in which there is no partition of “2 into X;-many closed sets. We denote with ar
the minimal size of a partition of “2 into closed sets, so with this notation in [14] Miller established
the relative consistency of cov(M) = N; < ap = Ny. Notably, the forcing also preserves tight mad
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families (see [10]), and as more recently shown in [4] selective independent families and P-points.
Thus, the same model witnesses the consistency of 9 =a=i=u=X; < ap = Ny (see [4]).
Naturally, one might ask if the definition of at differs if we would have chosen another un-
countable Polish space than “2. However, by a recent result of Brian [3], some uncountable Polish
space can be partitioned into x-many closed sets if and only if every uncountable Polish space
can be partitioned into xk-many closed sets. Hence, not only at is independent of the choice of the
underlying Polish space, but so is also spec(ar), which is the set of all sizes of partitions of “2 into
closed sets. In fact, even more is true [3, Theorem 2.4]: The existence of partitions into xk-many
closed sets is equivalent to the existence of partitions into k-many compact or F,-sets. Thus, if
we would be only interested in the possible values of ar and spec(ar) it does not matter which
uncountable Polish space we partition or whether these partitions are into compact, closed or
F,-sets. In addition, Brian established in [3] the existence of a c.c.c. forcing that adds partitions
of “2 into F,-sets of desired sizes and only those sizes. Therefore by the aforementioned theorem
the poset adjoins implicitly also partitions of “2 into closed or compact sets of these desired sizes.
In contrast, in the current paper we introduce a c.c.c. forcing that explicitly adds a partition
of w* into compact sets. Our approach stems from a slightly different standpoint, as ap can also
be defined as the minimal size of a maximal almost disjoint family of finitely splitting trees on

w<

“_ since Konig’s Lemma implies that such families can be identified with partitions of w* into
compact sets (for a more detailed discussion see Section . Hence, it will be most natural for us
to consider partitions of Baire space into compact sets.

This paper is structured as follows: In section 2 we will review some common notions and
definitions regarding trees. The third section begins with the introduction of a c.c.c. forcing
which extends a given almost disjoint family of finitely splitting trees by w-many new finitely
splitting trees (see Deﬁnition, so that the extended family is still almost disjoint (see Lemma
. We then prove that the generic new trees satisfy a certain diagonalization property (see
Deﬁnition and and Proposition, so that iterating the forcing yields a maximal almost
disjoint family of finitely splitting trees of desired size x for any s of uncountable cofinality (see

Theorem [3.13]). We immediately obtain the following consistency result, see Theorem

Theorem. Assume CH and let k < X\ be reqular cardinals. Then there is c.c.c. extension in
which 0 = ar = k < X\ = ¢ holds.

Further, we utilize the forcing to add arbitrarily many maximal a.d.f.s. families of arbitrary
sizes at the same time (see Theorem [3.15):

Theorem. Assume GCH. Let \ be a cardinal of uncountable cofinality, 0 < X a regular cardinal
and (kg | B < 8) a sequence of reqular uncountable cardinals with cof(\) < kg < A for all B < 6.
Then there is a c.c.c. extension in which ¢ = X and kg € spec(at) for all B < 6.

Finally, we conclude section 3 with a brief analysis if and when the forcing adds unbounded,

Cohen and dominating reals (see Remark and Propositions and [3.18)).
Continuing the recent results on the existence of Sacks-indestructible witnesses for various

combinatorial properties, e.g. independent families [2], [5] or eventually different families [7], in
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the fourth section we extend this analysis to almost disjoint families of finitely splitting trees (see
Theorem [4.17)):

Theorem (CH). There is an a.d.f.s. family which remains mazimal after forcing with countably
supported iteration or product of Sacks forcing of arbitrary length.

The above result answers in particular Question 2 of Newelski’s [I5], see the discussion at the
end of section 4. First, we give a brief reminder of common definitions of Sacks forcing and fusion
for countably supported products of Sacks forcing. For the proof of Theorem [4.17 we will do
an analogous construction as for the construction of a Sacks-indestructible maximal eventually
different family by Fischer and Schrittesser in [7].

Thus, the two main ingredients of Theorem [4.17] are a particularly nice version of continuous
reading of names for countably supported iterations of Sacks forcing (see Lemma 4 of [7]) and
the following Lemma

Lemma. Let T be a countable a.d.f.s. family, X be a cardinal, p € S* and f be a S*-name for a
real such that for all T € T we have

pI-fEIT).
Then there is a finitely splitting tree S and q <p such that T U{S} is an a.d.f.s. family and
ql- fel[s)

Here, S* is the countably supported product of Sacks forcing of size \. Under CH we may apply
this lemma in a diagonal fashion to ensure that every new real may not be a witness that our
a.d.f.s. family is not maximal in the generic extension (see Theorem . Notice the similarity
to Lemma 7 in 7] which can be rephrased as

Lemma. Let F be a countable eventually different (e.d.) family, \ be a cardinal, p € $* and f
be a S*-name for a real such that for all g € F we have

plF f s eventually different from g.
Then there is a real h and ¢ <p such that F U {h} is an e.d. family and
q IF f is not eventually different from h.

We conclude section 4 with an in-depth “isomorphism of names”-argument to show that in
generic extensions of models of CH by countably supported Sacks forcing there are no maxi-
mal a.d.f.s. families of size k, where 8y < x < ¢. Thus, by combining both results we obtain
Theorem [£.18

Theorem (CH). Let \ be a cardinal such that XX = X. Then S* IF “spec(at) = {R;,A\}”.

Finally, in the last section we will use an “average of names”-argument to prove that in the
template model constructed by Shelah in [16] to obtain the consistency of d < a, we also have
that a = ap. Thus, we extend Shelah’s theorem to the following (see Theorem [5.5)):

Theorem. Assume k is measurable, and k < pt < X\, A = XY, v* < X for all v < A, are reqular
cardinals. Then there is a forcing extension satisfying b =0 =p anda=ar =c¢= A.
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2. PRELIMINARIES

In the following every tree T will be a tree on w, i.e. T C w<% is non-empty and closed under
initial sequences. For a tree T', we recall the following notions:
(1) If s € T and n < w, then sucer(s) = {n <w|s " neT}and T |[n=TNwS"
(2) T is pruned iff sucep(s) # 0 for all s € T
(3) T is finitely splitting iff 7" is pruned and succy(s) is finite for all s € T
@) [T ={few [ (Vn<w)(fInecT)}

For n < w we call T C wS" an n-tree and use the same definitions as above, where we replace

(2)&(4) with (2*)&(4*), respectively:

(2*) T is pruned iff succy(s) # 0 for all s € T Nw=<".

(4%) T)=TnNnuw"
For trees T C w<“ we call [T] the branches of T and for n-trees T C w=<" we call [T] the leaves
of T. Remember that the non-empty closed sets of w<“ are in bijection with pruned trees on w
in the following way. Let T' C w<%“ be a pruned tree and C C w” be closed and non-empty, then
the maps

T [T] and Cr—Toc={scw<¥|3fecC)(sC f)}

are inverse to each other. Furthermore, the bijection restricts to a bijection between finitely
splitting trees on w and non-empty compact subsets of w®”. The following object will be of
central interest for our study:

Definition 2.1. The partition spectrum of the Baire space is the set
spec(at) = {|P| | P is a partition of w® into compact sets}
and ap = minspec(ar).

As w¥ is not o-compact, Ny < a and the partition of w*“ into singletons witnesses that ar < c.
Furthermore, by the aforementioned result of Brian [3], ar and spec(at) do not depend on the
choice of the underlying Polish space X and also do not depend on the choice of compact, closed
or F, partitions.

Definition 2.2. A family 7T of finitely splitting trees is called an almost disjoint family of finitely
splitting trees (or an a.d.f.s. family) iff S and T are almost disjoint, i.e. SN T is finite for all
S, T € T. It is called maximal iff there is no finitely splitting tree .S which is almost disjoint from
every T € T.

Almost disjoint families of finitely splitting trees will be the combinatorial object of main
interest for this paper. Notice that by Koénig’s lemma for finitely splitting trees S and T we
have that S and T are almost disjoint iff [T] N [S] = (). Thus, using the above identification of
finitely splitting trees and non-empty compact subsets of w*, we can also identify maximal a.d.f.s.
families with partitions of w® into non-empty compact sets. Moreover, we get that an a.d.f.s.
family 7 is maximal iff for all reals f € w* there is a T' € T such that f € [T]. To conclude this
section we note that 9 < at [I7] and spec(ar) is closed under singular limits [3].
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3. FORCING THE EXISTENCE OF MAXIMAL A.D.F.S. FAMILIES

In this chapter we will define and analyse a c.c.c. forcing that allows us for any x of uncountable
cofinality to explicitly add a maximal a.d.f.s. family of size k or equivalently a partition of w®
into k-many compact sets. We will also see that we can use this forcing to change the value of ar
to any regular uncountable cardinal. These results mainly depend on the fact that our forcing
diagonalizes a given a.d.f.sfamily in the following sense:

Definition 3.1. Let 7 be an a.d.f.s. family. We define
W(T)={f ew”|forall T € T we have f ¢ [T]}.
Furthermore, we define
IT(T)={T | T is a finitely splitting tree with [T] C W(T)}.

Note that W(T) is the set of all reals that 7 is missing to be maximal and S € ZT(T) iff
S is almost disjoint from every T' € 7. In particular, Z*(7) consists of exactly those finitely
splitting trees that we may add to 7 without destroying almost disjointness. The notion Z7 (7))
should emphasize the similarity to Z*(A) for an a.d. family A in the subsequent diagonalization
property. However, contrary to ZT(A) it is generally not induced by an ideal.

Definition 3.2. Let 7 be an a.d.f.s. family, let IP be a forcing notion and G be a P-generic filter.
We say that a set of finitely splitting trees S in V[G] diagonalizes 7 iff 7 US is an a.d.f.s. family
and for all T € ZT(7)V we have that {T} U S is not almost disjoint.

Lemma 3.3. The above definition is equivalent to: T U S is an a.d.f.s. family and for all
feW(T)V thereis an S € S with f € [9].

Proof. We argue in V[G]. Let f € W(T)V. Then Ty = {s€w<¥|sC f} € I"(T)". By
assumption choose S € S such that [T¢] N [S] # 0. But [T¢] = {f}, so f € [S].

Conversely, let T € Z+(T)V. Choose f € W(T)" such that f € [T]. By assumption choose
S € S such that f € [S]. But then f € [S]N[T7], so S and T are not almost disjoint. O

The above observation motivates the following definition:

Definition 3.4. T is the forcing consisting of partial functions p : w X w<¥ — 2, such that

(1) dom(p) = F, x w="r, where n, € w and F), € [w]<¥;
(2) for all i € Fp, T}, = {s € w=" | p(i)(s) = 1}(C w=") is a finitely splitting rn,-tree.

We order T by p<q iff p O ¢q. Note that this implies that Tlf end-extends T; for every i € Fy.

Definition 3.5. Let 7 be an a.d.f.s. family. T(7) is the forcing notion of all pairs (p,w,)
such that p € T and w, : W(T) — w is a partial function, so that dom(w,) = H, for some

H, € WW(T)]<% and for all f € H, we have wy(f) ¢ F, or f[n, € T;Up(f). We order T(T) by

(p,wp) <(q,wq) iff p<rqand w, 2wy
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Notice that for every maximal a.d.f.s. family 7 we have W(T) =0, so T(T) 2T = C as T is
countable. The intuition is that T(7) adds w-many new finitely splitting trees, where the side
conditions w,, will ensure that every element of W (7) will be contained in the branches of one
those new trees. The main difference with the forcing sketched in [3, Theorem 3.1] is that only
one of the new trees is allowed to contain an element of W(T) as its branch, which ensures that
the new trees are almost disjoint. Thus, this forcing may be used to explicitly add partitions of
w" into compact sets rather than only a partition into F,-sets.

Lemma 3.6. T(7) is Knaster.

Proof. Let A C T(T) be of size wy. Since T is countable, we may assume that p = ¢ for all
(p,wp), (¢, wq) € A. Moreover, by the A-system lemma applied to {H, | (p,w,) € A}, we may
assume that there is a root R € [W(T)]<¥, i.e. that H, N H, = R for all (p,w,) # (q,wy) € A.
However, there are only countably many functions from R — w, so we may assume wy, [ R = w, [ R
holds for all (p, wy), (¢, wy) € A.

It remains to observe, that then, the elements of A are pairwise compatible. Indeed, consider
(p,wp), (¢, wq) € A. By choice of R, wyug = wpUwy is a function with dom(wpq) = HyUH,. We
claim that (p,wpue) € T(T). If this is the case, then the result follows as p = ¢ = p U ¢ implies
that (p Ug, wpUq) S(pv wp)’ (Qa wq)-

Let f € HyU H,. If f € Hp, then either w,(f) € F, and so f[n € T;,Up(f) = Tuiﬁ’uq(f), or

pUq
otherwise we have w,(f) ¢ F, and so w,(f) ¢ Fy, wy(f) ¢ Fpug. Analogously, if f € Hy, then
either wy(f) € Fy, and so f[n € T;Uq(f) = T;’fj’;q(f), or otherwise we have wq(f) ¢ F, and so

wq(f) & Fp, we(f) ¢ Fpug- O

Definition 3.7. Let 7 be an a.d.f.s. family and let G be a T(7)-generic filter. In V[G] we let
Sc ={S¢,i | i € w}, where Sg; = {s € w<¥ | there is (p, w,) € G with p(i)(s) = 1} for i € w.

Next, we show that in V[G] the family Sg diagonalizes 7. First, we prove that 7 U S is an
a.d.f.s. family. We will make use of the following density arguments:

Proposition 3.8. Let T be an a.d.f.s. family. Let (p,w,) € T(T) and ig € w\ F,. Then there
is ¢ € T such that ¢ <t p, dom(q) = (F, U {io}) x w=", (q,wp) € T(T) and (q,wp) <(p, wp).

Proof. Choose any finitely splitting n,-tree T which contains the leaf f [n, for every f € H,
with w,(f) = 49 and define ¢ : (F, U {ip}) X w="" by

. T ifi=1g
T = )
1 T; otherwise

Then ¢ € T and ¢ <p. Furthermore, we have that (¢, w,) € T(T) by choice of T" and clearly also
(¢, wp) <(p,wp) holds by definition of g. g
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Proposition 3.9. Let T be an a.d.f.s. family. Let (p,wy,) € T(T) and m > n,. Then we can
extend p to q with dom(q) = F, x w=", (q,w,) € T(T) and (g, wp) <(p,wy).

Proof. For every i € F), and for every f € H, with w,(f) =i we have f[n, € Tzf. Hence, we may
choose a finitely splitting m-tree T; which extends T}, and contains f [m for every f € Hj with
wp(f) = 1. Define ¢q : F), x w= <m by Tl T;. Then ¢ € T and ¢ <p. Furthermore, we have that
(g,wp) € T(T) by choice of the T;’s and clearly also (g, wp) <(p,wp) holds by definition of ¢. [

Proposition 3.10. Let T = {1} | j € J} be an a.d.f.s. family. Let (p,wp) € T(T) and jo € J.
Then we can extend p to q with dom(q) = F, x w="4, so that (g, w,) € T(T), (g, wp) < (p,wp)
and we have that [T}] N [TJ] =0 as well as [T N [Ty, 1 ng) =0 for alli # j € Fp.

Proof. Choose m > n, so that f[m # g[m for all f # g € H, and f[m ¢ T}, for all f € H).
By Proposition extend p to go with dom(gp) = F, x w=m"1.
For every i € F, and s € [Tgo] the set

Ki={k<wl|s keTjors k= f|mforsome f € H, with w,(f) # i}

is finite, so there are pairwise different {k}, < w | i € Fp, s € [T} ]} such that k% ¢ K.
We define ¢ for i € F, and t € =™ by

q(i)(t) ift e wsm1

(0)(t) 1 if t =5~k with s € [T} ] and k = K

7 pry

1 1 if t = fm with f € H, with w,(f) =1
0 otherwise

Then T} is a finitely splitting m-tree for every i € Fp, dom(q) = F,, x w=", (q,w,) € T(T) and
(g, wp) <(p,wp). It remains to show that (g, w,) has the desired properties, so let ¢ # j € F,.

Let s~ k € [T;]N[T, U], Assume k = ki. Then k! # ki = k, so choose f € H, with w,(f) =7 and
fIim=s"k. Thenk € K J , which contradicts k = K ¢ K 7. The case k = k% follows analogously,
so assume ki # k # k. Choose f,g € H, with w,(f) =4,wp(9) =jand fIm=s"k=g[m
This contradicts the choice of m.

Finally, let s~ k € [T}]N [T}, [ m]. Then k € K., so k # k.. Now, choose f € H, with w,(f) =i
and f [m = s~ k. Again, this contradicts the choice of m. O

Lemma 3.11. Let T ={T}; | j € J} be an a.d.f.s. family and let G be T(T)-generic. In V|G| we
have that T U Sg s an a.d.f.s. family.

Proof. Let i € w. First, we show that Sg; is a finitely splitting tree in V[G]. Let ¢ € Sg; and
s C t. Then we can choose (p,w,) € G with p(i)(t) = 1. But T, is an n,-tree, so also p(i)(s) = 1,
i.e. s € Sg, which shows that Sg, is a tree.

Next, we show that Sg; is finitely splitting, so let s € Sg,. Again, choose (p,w,) € G with
p(i)(s) = 1. By Propositionthere is (q,wp) € G with (g, w,) <(p,w,) and dom(q) = F, x wS"s
for ng > |s|. But then T} is an ng-tree and s € T7\[T7], which implies that succs, ,(s) = succr; (s),
so S, is finitely splitting in V[G].
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Let ig # jo € w. We show that Sg ;, and Sg j, are almost disjoint in V[G]. Let (p,wy) € T(T).
By Proposition there is ¢ extending p such that dom(q) = (F, U {ig,jo}) X w="#, so that
(q,wp) € T(T) and (g, wp) <(p,wp). By Proposition there is an extension r of ¢ with
dom(r) = (F, U {io,jo}) X w="r, so that (r,wp) € T(T), (r,w,) <(q,wp) and [T7] N [T7] = 0 for
all i # j € F, U{ip, jo}. But then we have that

(rywp) IS¢, Tne] O[S, 5, Tr] = [T N [T0] = 0

so the set of all conditions which force that SG',io and SG-7 j, are almost disjoint is dense.

Finally, let iy € w and j € J. We show that S ;, and T; are almost disjoint in V[G]. Consider
(p,wp) € T(T). By Proposition there is an extension g of p with dom(q) = (F,U{ip}) x w="7,
so that (¢, wp) € T(T) and (¢, wp) <(p,wp). By Proposition we can extend ¢ to r with
dom(r) = (F, U {ip}) X w="r, so that (r,w,) € T(T) and (r,w,) <(g,wp) and [T7] N [T} [n,] =0
for all i € F), U {ip}. But then

(rwp) IR [S¢ sy Tl O[Ty Ty] = [T0) OV [Ty [ ] = 0

)20

so the set of all conditions which force that S, ; and T} are almost disjoint is dense. 0

Proposition 3.12. Let T be an a.d.f.s. family and let G be T(T)-generic. Then in V|G| we
have that Sg diagonalizes T .

Proof. Let (p,wp) € T(T) and f € W(T). If f ¢ H, we can choose an i € w \ F}, and consider
(g, wq) = (p,wp U (f,1)) <(p,wp). Then, however, f € H, and (g, w,) I+ “f € [SG,wq(f)]”' O
Using this diagonalization property we obtain a maximal a.d.f.s. family as follows:

Theorem 3.13. Let x be a cardinal of uncountable cofinality. Let ('JI‘O”Q7 | o < K,y < K) be the

finite support iteration, where Qn = ’]I‘(Ta) and To, is a To-name for Let G be

Ty-generic. Then T, = J

8
Us<a SGB+1/GB'

acr SG 18 a mazimal a.d.f.s. family.

Proof. By Lemma Ts is an a.d.f.s. family in V[G]. Assume there was a finitely splitting
tree T almost disjoint from 7,. As Ty is c.c.c. we can choose a < k such that T € V[G,],
where G, = GN T, is a T,-generic filter. By assumption T' € Z(7,), so by Proposition in
V[Ga41] there is an i < w such that 7' has non-empty intersection with Sgil [Gai? which is a
contradiction. O

In particular we obtain the following consistency result:

Theorem 3.14. Assume CH and let kK < X\ be regular cardinals. Then there is c.c.c. extension
mn which 0 = apr =k < A = ¢ holds.

Proof. Use Cy = T,, where C, is A-Cohen forcing and T, is the forcing from the previous theorem.
In the generic extension clearly A = ¢ holds and we have a1 < x by the previous theorem. Further,
9 > k, because T, adds Cohen reals cofinally often, which follows either from the fact the we use
finite support and add Cohen reals at limit steps of countable cofinality or from fact that already
T(7) adds Cohen reals, which we will prove at the end of this section. O
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We can also add many maximal a.d.f.s. families at the same time with our forcing. We use an
analogous construction as Fischer and Shelah in [8], where they add many maximal independent
families at the same time.

Theorem 3.15. Assume GCH. Let \ be a cardinal of uncountable cofinality, 8 < X\ a regular
cardinal and (kg | B < 0) a sequence of regular uncountable cardinals with cof(\) < kg < X for
all B < 6. Then there is a c.c.c. extension in which ¢ = X and kg € spec(at) for all f < 6.

Proof. As cof(\) < kg for all § < 6 we may choose a partition of (possibly a subset of) A into
f-many disjoint sets (Ig | 5 < 6) such that |Ig| = kg and Ig is cofinal in A for all 5 < 6. We
define a finite support iteration (Po, Qq | @ < A) of c.c.c. forcings as follows: We will iteratively
add f-many a.d.f.s. families (73 | 5 < 6). Denote with TBQ the name for the g-th family after
iteration step «. Initially we let 7230 be a name for the empty set for all 5 < . Now, assume that
P, and ’7730‘ have been defined for all 8 < 6. If there is no 8 < 6 such that o € Ig let Qq be a
name for the trivial forcing. Otherwise, let 8, < 6 be the unique index such that o € Iz, and
let Qq be a name for T(%‘i) Furthermore, for 8 # 8, let 7'780‘+1 be a name for the same family
as 7;?‘ and for B, let ’7'/'6?““ be a name for 7730‘ USea.

Let G be IPy-generic. As Iz is cofinal in X for all 3 < § and by the results of the previous section
we obtain in V[G] that T3 is a maximal a.d.f.s. family for all 8 < §. Furthermore, as |Ig| = Kkg
and every iteration step extends at most one family by w-many new trees we obtain that 73 has
size kg for all B < . But this shows that kg € spec(at). Finally, GCH, the c.c.c.-ness of all P,
and cof (\) > Xy imply that ¢ = A by counting nice names. O

Proposition 3.16. T(7) adds Cohen reals.

Proof. Let G be T(T)-generic. Define a real ¢ : w — 2 by ¢(i) = 1 iff (0) € Sg;. We show that ¢
defines a Cohen real over V. In V let D C C be dense and (p,w,) € T(T). By Propositions
and we may assume that n, > 0 and F,, = [0, N] and ran(H,) C F), for some N < w.

Define s(i) = 1 iff (0) € T}f for i < N. By definition of ¢ we get (p,wp) IF “s C ¢”. By density
of D choose t € D such that s C ¢t. Let S,T be any ny,-trees, such that (0) € S and (0) ¢ T.
Then we extend (p,w,) to (g, w,) with dom(q) = [t| x w<"" by
T, ifi<N

Tip=<S ifi>Nandt(i)=1
T  otherwise
But then we get that (¢, wp) IF “t C ¢”, where t € D. dJ

Remark 3.17. Let 7 be an a.d.f.s. family. Apart from the Cohen reals above, there is also a
second kind of unbounded reals added by T(7). Let G be a V|[G]-generic filter. For iy < w in
V[G] define

fio(n) = max {k < w | there is an s € Sg;, with s(n) =k}
To show that f;, is unbounded over V, consider any g € w* NV, ng < w and (p, wp,) € T(T). By
Propositions [3.§ and [3.9] we may assume that ig € F}, and ng < n,. As before, given i € F), we
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can choose an (n, + 1)-tree T; which extends Tlﬁ and contains f [(n, + 1) for all f € H, with
wp(f) = 14, but for ip additionally also contains an s € T;, such that s(n,) = g(n,) + 1. Define
q: Fp x w="*1 by T? = T;. Then we have (¢, w,) <(p,wp) and (g, wy) I g(np) < s(np) < fio(n).

Finally, we show that T(7) can both add and not add dominating reals, depending on the
properties of 7. Note that the following characterization is sufficient but not necessary.

Proposition 3.18. Let T be an a.d.f.s. family. If ZT(T) is a dominating family then T(T) adds
a dominating real. In particular T(D) adds dominating reals.

Proof. Assume ZT(T) is dominating. Let G be T(T)-generic. In V[G] choose f such that
fi <* f, where f; is defined as in the previous remark. We claim that f is dominating, so in V'
let g € w* and (p,wp) € T(T). Choose h € Z7(T) and N < w such that for all n > N we have
g(n) < h(n). By possibly extending (p,w,) we may assume that h € Hp. Let i = wy(h) and
choose (¢, wq) <(p,wp) and M < w with N < M < w such that

(¢, wq) IF For all n > M we have fij(n) < f(n)
But then (q,wqy) IF g <* f as wp(h) = ¢ implies that
(¢, wq) IF For all n > M we have g(n) < h(n) < fi(n) < f(n)

O

Remark 3.19. On the other hand, if 7 is a maximal a.d.f.s. family, we have T(7) = C, so that
T(7) does not add dominating reals.

Question 3.20. Is there a nice combinatorial characterization of those families 7 for which T(7)
adds a dominating real?

4. A SACKS-INDESTRUCTIBLE MAXIMAL A.D.F.S. FAMILY

In the last section we have seen that spec(ar) can be arbitrarily large, in fact it may be a
superset of any set of regular uncountable cardinals. Contrarily, in this section we will prove
that CH implies the existence of a maximal a.d.f.s. family which stays maximal even after forcing
with countably supported iteration or product of Sacks forcing of any length. Together with
an “isomorphism of names”-argument we will then that the Sacks-product extension satisfies
spec(ap) = {Xy, c} where ¢ may be any cardinal of uncountable cofinality. Thus, consistently
ar = N; and spec(ar) is minimal.

We begin with a brief reminder of the definitions of Sacks forcing and countably supported
Sacks forcing and their fusion sequences.

Definition 4.1. Let T'C 2<% be a tree.
(1) Let se TthenTs ={te€ T |sCtortCs}.
(2) sp(T) ={s€T |s~0€T and s~ 1€ T} is the set of all splitting nodes of 7.
(3) T is perfect iff for all s € T there is t € spl(T") such that s C ¢.
(4) S={T C2<¥| T is a perfect tree} ordered by inclusion is Sacks forcing.
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Definition 4.2. Let T' € S. We define the fusion ordering for Sacks forcing as follows:
(1) Let s € T then succsply(s) is the unique minimal splitting node in 7" extending s.
(2) stem(T") = succsply ().
(3) sply = {stem(7")} and if spl,,(T) is defined for n < w we set
spl,, 1 = {succsplyp(s i) | s € spl,,(T),i € 2}
spl, (T) is called the n-th splitting level of T'.
(4) Let n < w and S,T € S. We write S <,, T iff S <T and spl,,(S) = spl,,(T).
The following lemmata are well-known, see [12] for example. We add them for completeness.

Lemma 4.3. Let (T, € S| n < w) be a sequence of trees such that Tp11 <, T, for alln < w.
Then T = T, €S and T <, T, for alln < w.

Proof. The only non-trivial property to verify is that 7" € S, so let s € T. So s € Ty and let
t = succsply, (s) and n < w such that ¢ € spl, (Tp). As T, <Tp choose u € spl,(T,) such that
t C u. But then s C u and by definition of <,, we get that u € spl(T). O

nw

Definition 4.4. Let A be a cardinal. S* is the countable support product of Sacks forcing of
size A. Moreover,
(1) for A C S* let () A be the function with dom(() A) = Upea dom(p) and for all o < A we
have () A)(a) = e P(). Notice that we do not necessarily have (A € SA.
(2) Let n < w, p,q € S* and F € [dom(q)]<*. Write p <rnqiff p<qand p(a) <, q(a) for all
aekF.

Lemma 4.5. Let (p, € $* | n < w) and (F,, | n < w) be sequences such that

(1) Prny1<p,npn foralln <w
(2) Fn € Fuya foralln <w and |, ., Frn = U, ., dom(py)

Then p = (,,c, Pn € SN and P <p,nPn foralln < w.
Proof. Again, we only need to verify that p € S*. Clearly, dom(p) = U< dom(py,) is count-

able. Let a € dom(p). Choose N < w such that a € Fy. By assumption we get that
(pn(a) € S| n > N) is a fusion sequence, so p(a) = (., Pn() € S by the previous lemma. [

Definition 4.6. Let p € S}, F € [dom(p)|<“, n < w and ¢ : F' — V be a suitable function for p,
F and n, i.e. for all @ € F there are s € spl,,(p(«)) and i € 2 with o(a) = s~ i. Then we define
ploeS* by

() ifaeF

(plo)(a) = 7 .

p(a) otherwise
Notice that for fixed p € S}, n < w and F € [dom(p)]<“ there are only finitely many o which are
suitable for p, F' and n. Also, if ¢ <p, p, then ¢ and p have the same suitable functions for F'
and n. Furthermore, the set

{plo|o:F — V is a suitable function for p, F' and n}

is a maximal antichain below p.
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Lemma 4.7. Let p € S*, D C S* be dense open below p, n < w and F € [dom(p)]<“. Then
there is q <p, p such that for all o suitable for p (or equivalently q), F' and n we have q o € D.

Proof. Let (0; | i < N) enumerate all suitable functions for p, F' and n. Set ¢y = p. We will define
a <pp-decreasing sequence (g; | i < N) so that all of the ¢; have the same suitable functions as
p for F and n. Assume i < N and ¢; is defined. Choose r; <g; [ 0; in D and define
(@) ri(a) UU{q(a)s | s=t"ifor t €spl,(p),i €2and s #o(a)} fa€F
qi+1\Q) =
i i) otherwise
Clearly, ¢;+1 <pnq and g1 [0 = r;. Now, set ¢ = gy and let o be suitable for p, I and n.

Choose i < N such that ¢ = 0;. Then we have q[o<gqy1[oc =1r; € D,soqlo € D as D is
open. O

By routine fusion arguments one obtains that both S and S* are proper and w“-bounding.
Here, we will need the following key lemma:

Lemma 4.8. Let T be a countable a.d.f.s. family, X be a cardinal, p € S* and f be a SM-name
for a real such that for all T € T we have

plkf¢[T).
Then there is a finitely splitting tree S and ¢ <p such that T U {S} is an a.d.f.s. family and
ql- fels).
Proof. Enumerate 7 = {7, | n < w}. By assumption for every n < w the set
D, = {r € $* | There is a k < w such that r I- f [k ¢ T},}

is open dense below p. Set gy = p. We define a fusion sequence (g, | n < w) as follows. Fix
with a suitable bookkeeping argument a sequence (F), € [dom(g,)]<¥ | n < w) such that that
Un<w Fn = Up<p dom(gn). Now, let n < w and assume g, has been defined, and F, is given.
Apply Lemma@to Dy, gn, n and F, to obtain g, 1 <p, » ¢, such that for all suitable functions
o for g,, F;, and n there is a k, < w such that

Gni1 o= f kg ¢ Ty

Set k, = max {k, | o is a suitable function for g, F;, and n}. Then we have
Gni1 |- f 1 kn & T,
Let g = (),,<y @n- Finally, S is w¥-bounding, so we may choose ¢ < ¢, such that
S = {s € w<¥| there is an 7 < ¢ with r IF s C f}

is a finitely splitting tree. Clearly, ¢ IF f € [S] by definition of S. Furthermore, for n < w we
have that S and T,, are almost disjoint, since ¢ < gn+1, gn+1 I+ f [ kn ¢ T, and the definition of
S imply

qIE[T k] NS | kn] = 0.
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Finally, we will need that S* satisfies a nice version of continuous reading of names as proved
in [7]. To state this version of continuous reading we summarize the most important definitions
with minor tweaks for simplicity. First, we modify the presentation of [I3, Definition 2.5 and
Proposition 2.6] to code continuous functions f* : “(¥2) — w*:

Definition 4.9.
(1) For s,t € <¥(<%2) write s < ¢ iff dom(s) C dom(t) and for all n € dom(s), s(n) C t(n).
(2) A function f: <“(<%2) — w<¥ is monotone if for all s <t € < (<¥2), f(s) C f(t).
(3) A function f: <¥(<¥2) — w<¥ is proper iff for all z € “(¥2):

|dom(f(z [ nxn)) =5 .

(4) For a monotone, proper function f : <¢“(<¥2) — w<% define a continuous function

fF9Y2) - w® via f*(z) = U f(z[nxn).

nw

In this case f is called a code for f*.

Remark 4.10. Conversely, for every continuous function f*:“(“2) — w* there is a code for it.
In fact, this is true in general for continuous functions between any two effective Polish spaces.

Remark 4.11. For all p,q € S there is a natural bijection 7 : spl(p) — spl(¢) which for every
n < w restricts to bijections 7 [ spl,(p) : spl,,(p) — spl,,(¢) and which preserves the lexicographical
ordering. We can extend it to a monotone and proper function 7 : p — ¢ in a similar sense as
above. 7 then codes a homeomorphism 7 : [p] — [g] which we call the induced homeomorphism.

Definition 4.12. Let P be the countable support iteration of Sacks forcing of length A. Let
p € P and assume that | dom(p)| = w and 0 € dom(p). Note that this assumption is clearly dense
in P.

(1) A standard enumeration of dom(p) is a sequence

S = (o | k < w)

such that o9 = 0 and ran(X) = dom(p).
(2) Let [p] be a P-name such that

P Ik [p] = (x € 9°™(P)(“2) | For all & € dom(p) we have z(a) € [p()])

(3) Let ¥ be a standard enumeration of dom(p). For k < w let ék’Z be a P [ ox-name such
that

Ploy - ék’Z is the induced homeomorphism between [p(oy)] and “2
Finally, let é»> be a P-name such that
P IF P> : [p] — “(“2) such that éP*(z) = (éi’z(a:(ak)) | k < w) for all z € [p]

Remark 4.13. For the countable support product of Sacks forcing we define the analogous

notions. In fact in this simpler case we do not have to define [p], éi’z and éP* as names.
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Definition 4.14. Let P be the countable support iteration or product of Sacks forcing of any
length. Let ¢ € P and f be a P-name such that ¢ - “f € w*”. Let ¥ = (0} | k < w) be a
standard enumeration of dom(q) and f : <¥(<¥2) — w<“ be a code for a continuous function
f*:¥(%“2) = w” such that

qgl-f=(f"o éq’z)(s(-; [ dom(q))
where s is the sequence of Sacks reals. Then we say f is read continuously below ¢ (by f and
Y).

Lemma 4.15 (Lemma 4 of [7]). Let P be the countable support iteration or product of Sacks
forcing of length X. Suppose p € P and f is a P-name such that p IF “f € w*”. Then there is
q<p such that f is read continuously below gq.

Remark 4.16. For any p € P and P-name f such that p IF f € w¥” it is easy to see that if
f is read continuously below p then for all ¢ <p also f is read continuously below ¢. Thus, the
previous lemma shows that the set

{q € P| f is read continuously below ¢}

is dense open below p.

Theorem 4.17. [CH] There is an a.d.f.s. family which remains maximal after forcing with
countably supported iteration or product of Sacks forcing of arbitrary length.

Proof. By CH let (fo | @ < N1) enumerate all codes f, : <“(<¥2) — w<¥ for continuous functions
fr:9(“2) — w®. We define an increasing sequence (T, | o < 1) of a.d.f.s. families as follows:
Set To = 0. Now, assume 7, is defined and is countable. If for all T' € 7T, we have that

S IF f(s¢) € [T]

then by Lemmathere is a finitely splitting tree S and p € SX such that 7, U{S} is an a.d.f.s.
family and
p I (s¢e) € [5].
Set Tat1 = To U{S}. In the other case we set To11 = Ta.
This finishes the construction and we set 7 = J,, <x; Ta- By construction we have that for any
code f : <¥(<%2) — w<¥ for a continuous function f* :“(¥2) — w* thereisap € S and T € T
such that

plF [ (se) € [T].
We claim that this implies that for all = € [p], f*(z) € [T], for if z € [p] and n < w we define
Dz tnxn < p as follows: For m < w let

(M) 1n Em<n
b [nxn(m) = .
p(m) otherwise.

This is well-defined and pg [ nxn € SR since ., [n € p(m). But then we have

Peinxn I f(sgInxn) €T and sy nxn=z[nxn
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which yields that f(x [n x n) € T. Thus, we have shown f*(z) € [T].

Assume that 7 is not maximal in some iterated Sacks-extension with countable support. The
argument for countably supported product of Sacks forcing follows similarly. So let A be an
ordinal and P the iterated Sacks forcing of length A\; we may assume that A > w. Further, let
g € P and f be a P-name for a real such that for all T € 7 we have

qlFp f ¢ [T).

Choose ¢ < ¢ and a standard enumeration X = (o | k € w) of dom(q) and f: <¥(<¥2) —» w<¥ a
code for a continuous function f*:“(“2) — w“ such that

qlbp f= (" (ss).

By construction of 7 we may choose T € T apd p € ST such that for all z € [p] we have
f*(z) € [T]. Let r be the ‘pull-back’of p under e%*, i.e. for all k < w we have

IFp[r(ok)] = (é z,z) Ylp(k)]] sothat 7 ”_[Péq’E(SG') € [p]
By definition of ¢%* we have that r <q. By absoluteness of ITi-formulas we have
I-p For all z € [p| we have f*(z) € [T
which yields the contradiction

i f = 5" (se)) € [T).
U

Theorem 4.18. [CH] Let A be a cardinal such that \X0 = . Then S* I+ “spec(ar) = {X1, A}”.

Remark 4.19. The set of all finitely splitting trees is an effective Polish space with the topology
generated by the basic open sets O(T) = {S | S is a finitely splitting tree with S [n = T} where
T is a finitely splitting n-tree for some n < w. Hence, we may use that S* has continuous reading
of names as above for finitely splitting trees. Furthermore, CH implies that S* has the Ny-c.c. So
if we assume that any name for a finitely splitting tree is nice, then we have that its evaluation
only depends on R;-many conditions in S*. Here, we already use the notion of a nice name for a
finitely splitting tree as defined in the next section.

Proof. First, we prove that S* IF ¢ = \. For every p € S* let Fp be a S*-name such that

SMEF, = {(f*o ép’z)(sé I dom(p)) | ¥ is a standard enumeration of dom(p) and

f:=¥(5%2) —» w<Y¥ is a code for a continuous function f*:%(¥2) — w*}

With this definition the continuous reading of names exactly means that

SMMF w® = UFp

peSA
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By CH we have S* IF “|F), < R;|”. As AR = X we have |[S*| = )\, so we compute

Se=|J 5 gZ‘Fp‘gz:m:ygq.m:A.m:A

peSA peSH peSH

Conversely, S* adds A\-many different Sacks reals so we get S* I “c > \”. Furthermore, by CH
Theorem implies the existence of a Sacks-indestructible a.d.f.s. family, so spec(at) 2 {X1, A}.
Now, consider any ®; < s < X and for a contradiction assume (T}, | & < ) are nice S*-names for
finitely splitting trees and p € S* is such that

p - (T, | @ < ) is a maximal a.d.f.s. family.

For any a < Wy choose p, <p with dom(p,) = U, € [)\]NO such that 7, w is read continuously below
Pa- By CH we may use the A-system lemma to choose Iy € [N2]™2 and a root U of (U, | a € Ip).
By a counting argument there is I; € [I]"? such that |U, \ U| = |Uz \ U| for all o, € I.
Then, for every o € I7, we may choose a bijection ¢, : Uy, — w such that ¢, [U = ¢g [ U for all
a, B € I. Now, for a, € I; define an involution m, g : A — A by

(65) " H(¢ali)) foriec U,
7a8(1) = 4 (6a) " (d5(i)) for i€ Up

7 otherwise.

Clearly, this is well-defined as U, N Ug = U and ¢, [U = ¢g [ U. Moreover, for all o, 5,y € I1

we have

(1) Ta,3 maps U, onto Ug and Upg onto U,, but is the identity on the rest of .

(2) mq,p is the identity on U.

(3) Ta,a =idy, T8 = T3,q and Moy = Tq,3 O My O Mo, 3-
Tq, Naturally induces to an automorphism of S* which we also denote with Ta,3- Note that the
three properties above also hold for the induced maps. Fix v € I;. For any « € I; we have that
dom (7, (Pa)) € Usy,. But by CH |S| = ®; and R}° = Ry, so there are only Rj-many conditions
p € S* with dom(p) C U,,. Again by a counting argument, we can find I € [I1]®2 such that
Taq (Pa) = T34, (pg) for all a, 5 € I. But this implies that

Ta,8(Pa) = Tam © Tyy 8 © Ta,y (Pa) = Tam © Ty 60 Mg, (P3) = Tam (P5) = Pp

for all o, 8 € I5. Notice that the last equality follows from dom(pg) N (UoUU,,) =U.

Again, fix some 2 € I. The mapping 7, g induces an automorphism of S*-names and note
again that the three properties above also hold for this extension. By the automorphism theorem
we get that 7, ,(Th) can be read continuously below 7y, (Pa) = psy,- But by CH there are
only 81 many different names for finitely splitting trees that can be read continuously below p., .
Again by a counting argument we can find I3 € [I5 \ {72}]? such that for all o, 3 € I3 we have

Pys I Ta, v (Ta) = TB,y2 (Tﬁ)
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We may assume that for all @ < , all maximal antichains in the nice name of T}, restrict to
maximal antichains below p,. Then, we write Ta [ po for the restriction of the name Ta below
Pa- For all a € I3, mq 1, (Ta [ po) can be read continuously below p.,, so we may assume that the
maximal antichains have been chosen such that dom (g, (Th [ pa)) = dom(p,,) = Us,.

We now define a new S*-name T}, for a finitely splitting tree. By assumption, all names T},
are nice, so we may choose {pq,i | i < N1, @ < K} such that the evaluation of T, only depends on
{Pa,i| i <RVi}. Let Wy = Uy, dom(pa i) and W = (.. Wa. Then [W| <k < A, so we may
choose Uy € [A]™ such that U;NW = U and |U,\U| = |U, \ U|. Choose a bijection ¢, : U, — w
such that ¢, | U = ¢ [ U for all & € I;. Thus, we can extend the system of involutions to Iy U{x}
by defining 7, , by the same equation as above, so that the three properties are preserved. Fix
v3 € I3 and set Py = Toq x(prs) and Ty, = 7oy (T ). We claim that p, and Tj, are independent of
the choice of 73 in the following sense: For all a € I (in particular for v,) we have 7, .. (pa) = Pr
and for all o € I3 we have

P IE Taw(Ta) = T = Moy (Thy)-
For o € I5 the first claim holds because

Tk (Pa) = Tz © Tyz,e © Tayys (Pa) = Ta,ys © st,ﬁ(pvs) = Ta,ys (Px) = Px

where the last equality follows from dom(p,.) N (Uy U U,,) = U. For the second claim let o € I3
and apply the automorphism theorem to

P P Moo (Ta) = Tog 70 (Tys)

to obtain

Pr IF 7772,%(7%(,72 (Ta)) = 7T’Y2,I€(7T’Y3,’72 (T'ys))-

Using the third property of the involutions and simplifying yields

Pi b Tay, (Tak(Ta)) = 3,72 (W’Ys,H(T’YS))'

To prove the claim it remains to show that

pr IF Wa,n(Ta) = Ta,y (Wa,n(Ta)) and st,n(T'ys) = Ty3,72 (7T73,H(T73))-

First, since a € I3 we have U, N U,, = U. Remember 74 ~,(Tn [ po) only depends on U,,, so it
does not depend on U, \ U. But then 7y, (7o, (Ta [ Pa)) = Ta | pa does not depend on Uy, \ U
and clearly also not on U, \ U. Hence, 7o (T4 | pa) does not depend on U,, \ U and U, \ U. This

shows that
Pr IF Ta, (7"@7H(Ta)) = Ta,y, (Wa,N(Toc [ Pa)) = 7T0c7fi(Ta [ Pa) = Wa,H(Ta)-
Notice, that the second equation follows analogously using v3 € I5.

Finally, let 3 < k. Choose a € I3 such that U, N Wz C U. This is possible, as we have
[Ws| <Ry < [I3] = Ry and for every i € Wg \ U there is at most one a € I3 such that i € U, as
(Uy | a € I3) is a A-system. But then 7TOC7K(T,3) = Tg and p, IF “T, = TF(X’N(TQ)”. Now, applying
the automorphism 7, , to

pa IF T, and TB are almost disjoint
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yields that
D IF wav,ﬁ(Ta) =T, and Tg are almost disjoint.

But dom(p) C U implies p, <p, which contradicts that

p - (Ty | @ < k) is a maximal a.d.f.s. family.

0

Finally, we discuss how our results answer Question 2 of Newelski’s [15]. In fact, if we replace
the use of Lemma [£.8]in the proof of Theorem by the following lemma

Lemma 4.20. Let T be a countable family of almost disjoint nowhere dense trees on “2, X be a
cardinal, p € S and f be a S*-name for an element of “2 such that for all T € T we have

plk f ¢ (7).
Then there is a nowhere dense tree S and q <p such that T U{S} is almost disjoint and
ql- fels].
then we may obtain the following result with exactly the same proof:

Theorem 4.21 (CH). There is a partition of “2 into nowhere dense closed sets which is inde-
structible by forcing with countably supported iteration or product of Sacks forcing of arbitrary
length.

Notice that also Lemma[4.20/has a similar proof as Lemmal[4.8| where a routine fusion argument
can be used to force the hull for the name of an element of “2 to be a nowhere dense tree on “2.
Finally, with a bit of extra work it can be shown that a part of the proof of Theorem in
fact implies that every partition indestructible by countable product of Sacks-forcing is already
indestructible by any countably supported product or iteration of Sacks-forcing. This shows that
also the partition forced by Newelski in [15] is indestructible by countably supported iterations
of Sacks-forcing. A complete argument is contained in the author’s follow-up paper [6].

5. THE CONSISTENCY OF 0 < ar =a

In all our models that we considered so far we have that 9 = ap. In this section we prove
that consistently ¢ = 0 < ar = A can hold for various values above a measurable cardinal. In
[16] Shelah introduced template iterations to prove the consistency of 9 < a; see also [1] for
an insightful exposition of Shelah’s results. Shelah first proved that one can iterate templates
canonically by taking ultrapowers and use an “average of names”-argument to obtain the con-
sistency of kK < 0 < a = ¢ above a measurable cardinal k. We will prove that in this model we
also have that ar = ¢ by a similar “average of names”-argument. Notably, Shelah constructed
a second template iteration, so that a more involved “isomorphism of names”-argument yields
a model of Ny < 0 < ap without the use of a measurable cardinal. Even though these results
finally solved the consistency of 9 < a these technique cannot be used to settle the consistency
of 0 =Ny < a=No.
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Throughout this section fix a measurable cardinal £ and a <k-complete ultrafilter U on k.
First, we briefly restate the basic definitions and properties of the ultrapower forcing given in
[16]:

Definition 5.1. Let P be a forcing. The ultrapower forcing of P by U is defined as the set of all
equivalence classes
P /U ={[flu | f:r— P}

where [f]y = [9]v iff {a < k| f(a) = g(a)} € U. Usually, we will drop the subscript U. Further-
more, we order P*/U by [flu < [gu iff {a <k | f(a) <g(k)} € U. Tt is easy to see that this
defines a partial order. Furthermore, we have an embedding P — P* /U of partial orders, where
p € P is mapped to the equivalence class of the constant map f,, i.e. fp(a) = p for all a € k.
Hence, we may identify p with [f,].

Lemma 5.2. Let P be a forcing. Then the following statements hold:
(1) P<o P /U iff P is k-cc.
(2) If p < Kk and P is p-ce, then also P* /U is p-cc.

Proof. See [1]. O

From now on fix a c.c.c. forcing [P, so that both items of the previous lemma apply. Analogous
to the average of P-names of reals in [I] we consider the average of P-names of finitely splitting
trees. Let A(P) be the set of all maximal antichains in P.

Definition 5.3. The pair (A4,7,), where Ty, = (T,, : n € w), is a nice P-name for a finitely
splitting tree iff A : w — A(P) and for every n < w we have that T}, : A(n) — P(w=") such that

(1) For all n < w and p € A(n) we have that T,,(p) is a finitely splitting n-tree.
(2) For all n < m and p € A(n),q € A(m) with p|| ¢ we have that T,,,(q) N w=" = T,,(p).

Given any P-name 7T for a finitely splitting tree, for every n < w we may choose an antichain
A(n) such that every element p € A(n) decides T | n as T, (p). It is easy to see that then the
second item is also satisfied by these choices, so we have defined a nice P-name (A4,7,) for a
finitely splitting tree. But from (A, T,) we can define a P-name S for a finitely splitting tree by

S = {(3,p) | there is an n < w such that p € A(n) and s € T,,(p)}

It is easy to see that P IF “T" = §”, so we in fact showed that 7" can be represented by a nice
P-name for a finitely splitting tree. Hence, in the following we may only consider nice names
for finitely splitting trees. Using this, we want to understand how nice P*/U-names for finitely
splitting trees can be constructed from nice P-names for finitely splitting trees and vice versa.

For a < K let (A%, T¢') be nice P-names for finitely splitting trees. Fix a < k and for n < w
enumerate A%(n) = {p;,; | i <w}. For fixed n,i < w consider [p,;] = (py; | @ < rK)/U € P*/U
and Ty,; = [Tn:] = (T (py ;) | o < k)/U € (P(w="))*/U = P(w="). By countable completeness
of U we get that A(n) = {[pn| | i <w} is a maximal antichain for all n < w. Set T),([pni]) = Tn.i-
We claim that (A, T,) is a nice P* /U-name for a finitely splitting tree, which we call the average
of (A“,T&).
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But (1) follows from the fact that T2 (pjy ;) is a finitely splitting tree for all @ < k and n,i < w.
For item (2) let n < m and assume [py, ;] ||[pm,;] for some i, j < w. But then
{a <s|phllpm} N{a <k | T =T P50} N {a <k |Tn;=T5pn,)} €U
so choose such an a < k. Then we have that

Tn(lpm.j1) = T = Tr(Pim,5) and To([pnil) = Tni = T3 (P ;)
which implies Ty ([pm,j]) N w=" = T (p%, ;) Nw=" = T (p% ;) = Tn([pn.il), since pg; || p, ;-
Conversely, assume we have a nice P*/U-name (A, T,) for a finitely splitting tree. For n < w
enumerate A(n) = {[pnq] | ¢ <w}. Note that by countable completeness of U

D ={a <k |{py,|i<w}is a maximal antichain for all n <w} € U.

Thus, by modifying the p; on a small set with respect to the ultrafilter ¢/ we may also assume
A%(n) = {p;; | i <w} is a maximal antichain for all n < w and a < k. But then, defining
13 (py i) = Tn([pn,)) yields a nice P-name (A%, 13') for a finitely splitting tree for all a < k.

Lemma 5.4. Assume T is a P-name for an a.d.f.s. family of size X > k. Then
I+ ﬂm/uT s not a mazximal a.d.f.s. family.

Proof. Choose P-names for finitely splitting trees T such that
FpT ={T%] o < A}
For o < k choose nice names (A%, T¢) for T and enumerate A%(n) = {p5 i | i <w}. The average
(A, T,) of (A% TE) | o < k) defined as in the previous remark is a nice P* /U{-name for a finitely
splitting tree. Let T" be the P*/U-name for (A, T,). We claim that
- pr 24 T is almost disjoint from 7~

solet B < A. For all @ < k with a # 3 there is a maximal antichain {¢{ | i < w} and {n{ | i < w}
such that

@' lFpT*N TP C W=
Consider [¢;] = (¢f' | a« < k)/U € P*/U and n; = [n;] = (n{ | a < k) /U € w*/U = w. Again, by
countable completeness of U we have that {[g;] | i <w} is a maximal antichain. We prove that
for every i < w we have

[QZ] I+ Pr /U TB nT - wgni
Assume not. Then there are i < w, [ > n;, s € wS!\ WS" and [r] < [¢;] such that

[7”] “‘Pn/us S Tﬁ ﬂT

By possibly extending [r] we may assume that there is a j < w such that [r] <[p;;] and also
s € Ti([pij]). Furthermore, let [r] = (r® | a < k)/U. Then we have

{o < k| r*<pfy,r* < g T (o) = Ti([pry)),n = ni and 1 Ikps € TP} €U

)

so choose such an o < k. Then since r* <pp;, T(pf";) = Ti([p1,;]) and s € T([p1,;]) we have that

r*lkpseT*NT?
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but also
@ FpToNTP C W

which is a contradiction, since ro < ¢{* and s € WS\ WS but n; = ng. O
Thus, we can extend the result in [I6] to at as well:

Theorem 5.5. Assume k is measurable and k < p < X\, A = A are reqular cardinals such that
v < X for allv < A. Then there is a forcing extension satisfyingb=0=p anda=ar =c¢= A.

Proof. This holds in Shelah’s template iteration for iterating ultrapowers. There are no maximal
a.d.f.s. families of size <u as 0 < ap. Furthermore, the proof that there are no maximal a.d.f.s.
families of size { € [, A) works completely analogous as the proof of Theorem 2.3 in [I] where
the use of Lemma 0.3 is replaced with the previous lemma. U
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