GLOBAL MAD SPECTRA

OMER BAG, VERA FISCHER, AND SY DAVID FRIEDMAN

ABsTRACT. We address the issue of controlling the spectrum of maximal almost disjoint families
globally, i.e. for more than one regular cardinal « simultaneously. Assuming GCH we show that
there is a cardinal-preserving generic extension satisfying

Vi € C(sp(ax) = B(k))

where C denotes the class of successors of regular cardinals together with No, B(k) is a prescribed
set of cardinals to which we refer as a x-Blass spectrum and sp(a,) is the spectrum of x-mad
families.

1. INTRODUCTION

In the following we show that one can simultaneously control the cardinalities of x-maximal
almost disjoint families for many cardinals k. We start by recalling some well-known definitions
and introducing notation which will be used throughout the paper.

Definition 1.1. Let x be a regular infinite cardinal. Let a and b be subsets of k of size &, i.e.
a,b € []".
(1) The sets a and b are almost disjoint if |a N b| < k.
(2) A family A C [k]" is almost disjoint if any two distinct elements in A are almost disjoint.
An almost disjoint family is mazimal (mad) if it is maximal with respect to inclusion, i.e.
it is not properly contained in another almost disjoint family.
(3) The almost disjointness number a, is the minimal size of at least x-sized mad families:

a, = min{|A|: |A] > k and A C []" is mad}.

By a diagonal argument it is easily shown that x < a, < ¢, where ¢ is used to denote 2*. It is
also well-known that there exists always a x-mad family of size ¢,. The next definition captures
the cardinalities of k-mad families in a model of set theory.

Definition 1.2. For a regular infinite cardinal &, the spectrum of k-mad families, denoted sp(a,),
is defined as follows:

sp(a,) = {6 <27: 34 € P([x]") [|[A] = 6 A A is k-mad]}.
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It is known that sp(a,) is closed under singular limits (see e.g. [12, p. 901]). In [5], S. Hechler
showed that consistently c¢ is large and there is, for each cardinal p € [Ny, ¢], a w-mad family of size
w. In [1], A. Blass showed that assuming GCH there is a cardinal-preserving generic extension in
which the spectrum of w-mad families equals any prescribed set B of cardinals with min(B) = Ny,
Vi € B [cof(p) = w — pt € B] and |B| > Ny — [Ny, |B|] C B (such a set is referred to as a
w-Blass spectrum in this article). Making different assumptions on the possible spectrum C' of
w-mad families, S. Shelah and O. Spinas showed in [12], that consistently sp(a,) = C and e.g.
N; ¢ C. In [4], V. Fischer generalized the proof of [1] to a regular uncountable cardinal £, showing
that assuming GCH, there is a cardinal-preserving forcing extension in which sp(a,) = B for a
given k-Blass spectrum B. In section 3, we will also consider the following invariants:

Definition 1.3. Let k be regular and infinite. Let f and g be functions from & to &, i.e. f,g € "k.

(1) We say that g eventually dominates f, written f <* g, if Ja < K VB > a [f(5) < g(B)].
(2) A family F C “k is dominating if Vg € " 3f € F [g <* f].

(3) A set F C "k is unbounded if Vg € *x 3f € F [f £* g].

(4)

Finally, b, and 0, denote the generalized bounding and dominating numbers respectively:
b, = min{|F|: F C "k is unbounded} and 9,, = min{|F|: F C "k is dominating}.

In the above definition, we drop the lower index &, if K = Ng, i.e. a = ay,,b = by,,0 = 0x,, ¢ =
tx,- The inequality b, < a, holds in ZFC for every regular cardinal . The characteristics 9 and
a are known to be independent: a < ? holds in Cohen’s model and the consistency of ? < a was
shown in [10]. Without assuming large cardinals, the consistency of even b, < a, is still open for
regular uncountable cardinals. However, relative to the existence of supercompact cardinals, an
even stronger consistency is established in [9]: If Ng < k<" = k < 0 and 6 is supercompact, then
0 < b, <0, < a, holds in a generic extension.

In Section 3, we show (Theorem 3.10 and 3.13):

Theorem. (GCH) If C is a class of regular infinite cardinals and E is an Easton function on
C, then there is a cardinal preserving generic extension, where Vx € C [a, = kT = b, < 0, =
¢« = E(r)] holds. If E additionally satisfies Vk € C [sup{E(B): 8 € C Nk} < kT], then
Vi € C [sp(a,) = {kT, E(k)}] holds as well.

Finally, in Section 4 we show (Theorem 4.9) that one can control the spectrum on the successors
of regular cardinals together with No:

Theorem. (GCH) Suppose that C is the class of successors of regular cardinals together with
Ng and {B(k): k € C} is a family of xk-Blass spectra. Then there is a cardinal preserving generic
extension where Vi € C [sp(a,) = B(k)] holds.

The following notation is used throughout the article.

Definition 1.4.

(1) For any class C of ordinals and any ordinal A, let Cf = {xk € C: k > A} and C}, = {x €
C: k<AL
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(2) For any function F on a class of ordinals and any ordinal A, let E;\r = FE | {k €
dom(E): k > A} and B, = E | {x € dom(E): k < A}.

Recall the definition of the product of two forcing posets and the Product Lemma. If (P, <p, 19)
and (@, <@, 1) are forcing posets, then their product (P x @, <, 1) is defined by (p,q) < (p',¢') <
p<pp Nqg<g ¢ and 1= (1p,1g). The functions i: P — P x Q and j: Q — P x Q are defined
as i(p) = (p,1g) and i(¢q) = (1p, q). It is known that the mappings 7 and j in the above definition
are complete embeddings. More generally, if (P;, <;, 1;), for ¢ € I, are forcings, then their product
[Licr(Pi, <i,1;) is given by the poset (J[;c; i, <,1) where the relation is given as follows: For
P, q €[ Licr Py v < qiff Vie I [p(i) < q(i)] and 1 = (1;: 3 € I). If (P,<p,1g) and (@, <q, 1g)
are forcing posets, then forcing with P x @ adjoins both a P-generic filter and a ()-generic filter
over the ground model (see e.g. |7, Lemma V.1.1.]). By the Product Lemma (|7, Theorem V.1.2.])
we refer to the fact that if P,Q,¢ and j are as above and G C P and H C () holds, then the

following are equivalent:

(1) G x H is P x Q-generic over V.
(2) G is P-generic over V and H is Q-generic over V[G].
(3) H is Q-generic over V and G is P-generic over V[H].

Furthermore, if (1), (2) or (3) holds, then V|G x H| = V[G][H| = V[H][G].
If p € [[;e; P, then supp(p) denotes the set {i € I: p(i) # 1;}, referred to as the support of p.

2. EXCLUDING VALUES

In this section we show that the spectrum of xk-mad families (where & is a regular cardinal) can
be forced over a model of GCH to be any specified x-Blass spectrum. Throughout this section let
k be a regular infinite cardinal.

Definition 2.1. A closed set B of cardinals is called a x-Blass spectrum if it satisfies:
(1) min B = k™,
(2) Vu € B [cof(u) <k — p € B] and
(3) if |B] > k™ then [sT,|B|] C B.
Let D be a closed set of cardinals such that min D > k™. Foreach & € Dlet I = {(§,n) : n < &}

be an index set of cardinality £ ensuring that Z¢, NZ¢, = () whenever & # & and &,§ € D. Let
Q1. be the poset for adding a k-mad family of size |Z¢| = €. That is (1, is the poset defined as:

Definition 2.2. The poset Qz, consists of all functions p : AP — [k]<" such that AP is in [Z¢]<*
and ¢ < p iff:

(1) AP C A% and Vx € AP ¢(x) D p(z),

(2) whenever (£,11) and (£, 72) are distinct elements of AP then

q(&,m) Nq(&m2) € p(&m) Np(E,n2).

Remark 2.3. Note that in item (2) above, because of item (1), we have in fact, equality, i.e.

q(&,m) N g€ m2) = p(&m) N p&;n2)-
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Lemma 2.4. Let D be a closed set of cardinals such that min D > xk*. Let P = H§<€HD Qz, be
the product with supports of size less than x. Then P has the x*-c.c. and is k-closed, hence P
preserves cardinals.

Proof. The r-closedness is easily seen due to the regularity of x and the fact that Qz, is r-closed
for each £ € D. Let W = {ps: a € s} C P be a set of conditions of size k. As k<" =k < KT,
we can apply the A-system-lemma to {supp(pa): @ € T} and get an element U € [st]""
such that {supp(ps): @ € U} forms a A-system with root R, where |R| < . The collection
A ={Ueer APa&): o € U} is of size kT and each element in there is of size < x. Again by the
A-system-lemma (applied to A), we get an U’ € [U]*" such that A’ = {Ueer AP(©): o € U}
forms a A-system with some root A, where |A| < k. However, there are at most x-many functions

<F = k. So there are at least two distinct «, 8 € U’ such that p, and

from A to [k]<*, since x
pp coincide on A. These two conditions are compatible showing, by {p,: o € U’} C W, that
W is not an antichain. The following condition r € P extends both p, and pg: Let supp(r) =

supp(pa) U supp(pg), V¢ € supp(r) [AT®) = APa(©) U APs(©)] and

pa()(&7) for & € supp(pa) \ supp(ps) V (£,7) € AP\ APs(©)
r(&)(&7) = §ps(§) (&) for & € supp(pg) \ supp(pa) V (€,7) € APs(&) \ APalé)
ps()(&,7) = pal§)(E,) for E€ RAyEA

O

Lemma 2.5. Let D be a closed set of cardinals such that min D > k7. Let P = H;;D ng be

the product with supports of size less than . In VT there is a s-mad family of cardinality ¢ for
each £ € D.

Proof. Let G C P be generic over V. We show that for each £ € D, the set A¢ = {AEY €&} s
r-mad, where A = Upea () (€, a).

So fix an element & in D. First, A¢ is almost disjoint: Let o, € £ and o # (. The
conditions p € P such that (&, a), (£, 8) € APE) are dense in P. So there is ¢ € G such that
(€,0), (6, 8) € AYO. Then Af N A5 = p(&)(€, @) Np(&)(&, B), which is of size < x.

Furthermore A¢ is maximal: Let B be a nice P-name for an element in [s]*. By the x*-c.c. B
involves only < k-many conditions. So there is a (&, @) such that (£, ) & AP'© for any condition
p involved in B. We show that V[G] £ |B N AS| = k, which will finish the proof. Suppose that
there is a v < & and a condition p € G such that p IF BN AS, 7. Recall that |AP©)| < k and
p(€): APE) — [k]<F. Let ¢ € G be a condition involved in B such that for some § > 7,

5> Hp(©)(& B): (& 8) € AP} (+)
and ¢ I- 6 € B. As p,q € G, p and ¢ are compatible. Now consider the condition r € P defined

as follows:
e supp(r) = supp(q) U supp( )u{&}
AP YA U {(&,a)} for n=¢
o AT(M) —
AP gy A for n e supp(r) \ {¢}
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Furthermore, r(&)(£, o) = p(&)(€,) U {6} (note that (£, a) ¢ A% by its choice) and Vi €
supp(r) V(i 1) € AT [(, 1) # (§,0) = r(n) (1, ) = p(n) (1, 12) U q(n)(n, )]. Now 1 extends

both p (by (x)) and g and r IF § € B (asr < q) and 7 IF § € A% contradicting that r IF BN AS C v
(asr <pandd>~). O

Until the end of the section we will be occupied with the proof of the following statement.

Lemma 2.6. Let C' be a k-Blass spectrum. Let A ¢ C and let P = ngﬁc Qz, be the product
with supports of size less than x. Then in V? there are no x-mad families of cardinality .

Note that the cofinality of the maximum of a x-Blass spectrum is greater than  (by item (2) in
Definition 2.1). By counting nice names, it is argued that V¥ F ¢, = max(C): VF E ¢, > max(C)
is clear. As |C| < max(C'), P has size max(C). Then, by the xT-c.c. of P, there are no more than
max(C)" = max(C)-many nice names for subsets of k.

Proof of Lemma 2.6. Let C be a k-Blass spectrum and let A ¢ C. Take p = max{y: vy €
C and v < A\}. Then clearly p > k™ (by Definition 2.1(1)) and moreover £t < cof(u) < u (by
Definition 2.1(2)). By GCH in V, we obtain

pt = p. (*)

Suppose by way of contradiction that A = {a@o: a < A} is forced by the maximal element in P to
be a k-mad family of size X in V. We may assume that each a, is a nice name.

Definition 2.7.

(1) Whenever ¢ is a P-name for an unbounded subset of x, we can assume that & is a nice
P-name. That is, we identify & with x-many maximal antichains {A,(Z)}a<, each of
cardinality at most k, such that the conditions in A, (&) decide if “& € #”. We refer to
A(Z) = Uper Aal) as the set of conditions involved in .

(2) Let & be a P-name for a subset of x and let A(Z) be the set of conditions involved in #.

The set
J(&) = U U AP©)
pEA(2) {€supp(p)
is called the support of &.

For each a € X let J, denote the support of a,.

Let 6 be large enough that P € H(0) and V F cof(f) > |P|. Let M =< H(f) be an elementary
submodel such that |M| = pu, p € M, M* C M, C C M, P € M and M contains all other
relevant parameters. The equation (%) is used here in order to ensure the property M* C M.
The property C' C M requires that |C| < p, which is ensured by Definition 2.1(3).

Let @ € A\ M. Fix a permutation of the index set Z = (J¢c Z¢ which

o fixes Z¢ for £ < p, and
e and for each £ > p maps the < s-sized set Jg NZe \ M into (Z¢ \ ;. Ji) N M (otherwise
fixing elements of Z¢).
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Such a permutation of the index set exists, because if & > pu, then £ > X\ as well. Consequently
|Uicr il = Ax k= A, and |Ze \ U, Jil = £ > & holds in H(f) and by elementarity also in
M. This permutation of the index set Z induces an automorphism 7 : P — P of the poset. As
names are defined recursively, 7 € Aut(P) (where Aut(P) denotes the automorphism group of
P) induces a map 7*: VF) — V) (where V(®) denotes the class of all P-names) by 7*(7) =
{{(m*(0),7(p)): (o,p) € 7}. The automorphism 7 preserves antichains and the forcing relation.
And as ag is supposed to be a nice name, and any antichain of P is of size < x (by the x™-c.c. of
IP) and M is closed w.r.t. k-sequences, we have 7*(ag) € M.

Let G be a generic filter. Then 7”(G) is a generic filter. It is well-known that M[7”(G)] <
((H(9)VI™" (@] €) (see [11, Theorem II1.2.11.]). As A is forced to be k-mad, we have

IFr) Vo € "k 3B < A [[xNag| = k]
We can relativize the statement to H(#), so
ey Vo € " NH(0) 38 < AN H(O) [[xNag| = ).
But M[z"(G)] < (H(#))VI""()] ) and M N Ord = M[z"(G)] N Ord, so
ey Vo € "k N M 3B < AN M [[xNag| = k).
As 7 (ag) was in M, we have
ey 3B < ANM [|7*(da) N agl = K.

However *(ag) = ag for ordinals 5 € M as the permutation 7 fixes the ordinals mentioned in
ag for B € M. Therefore we have

H‘ﬂp) A8 < ANM Hﬂ'*(dd) N W*(d5)| = H]
and by applying 7! we have
IFp 38 < AN M [laa Nag| = ],

contradicting the x-madness of A in the generic extension. O

3. SMALL SPECTRA

In this section we give several easy results concerning a, and sp(a,). First we show that in the
extension by the poset of Definition 2.2, a, is small.

Definition 3.1. Let Q be a forcing notion and x be a regular cardinal. A k-mad family A is
called Q-indestructible if A is still maximal in any Q-generic extension of the ground model.

Lemma 3.2. (2" = k1) Let P be a poset of cardinality  for a regular infinite cardinal x. Then
there is a P-indestructible k-mad family of cardinality 7.

Proof. By the assumption 2 = 1 we can fix an enumeration ((pe,7¢): k£ < £ < k™) of all pairs
(p,7) such that p € P and 7 is a nice P-name for a subset of x (there are x*-many nice P-names
since [P|* = k7). Recursively define subsets {A¢: £ < KT} of k as follows: First let {A¢: & < K}
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be any partition of x into sets of size k. Let £ be such that xk < £ < k™ and suppose that we
already defined A, for every n < {. Now choose A¢ such that the following conditions hold:
(1) ¥n < € [|4¢N Ayl < #]
(2) If
pe b |7e| =k and VY < & [pe IF [7e N Ay| < K], (%)
then
Vao<kVqg<ps:Ir<qgI>a|felgArl-pecr

To verify that A¢ can indeed be chosen like above, note that (1) is easily satisfied as there are
no x-mad families of size k. To satisfy (2), assume (%) and let {B;: i € k} be an enumeration
of {A,:n < &} and let ((a4,¢;): @ € k) enumerate k X {g: ¢ < pe}. By (x), for each i € k we
have ¢; IF |7¢ \ (Ujgi Bj)| = k, so choose any r < ¢; and ; > «; such that f; ¢ Ujgi B; and
ri Ik B; € 7¢. Define A¢ to be {f;: i € k}.

Now consider the family A = {A¢: £ € k*} and show that this is k-mad in V[G], where G is
[P-generic over V. Suppose not and let (pg, 7¢) be such that ps € G and p¢ I+ Vo € A [|reNz| < K.
Thus (x) holds at &; however also pg I |7 N A¢| < & holds, so there is an extension ¢ < p¢ and an
a < k with g IF 7: N A¢ C o, contradicting 3r < ¢ 3 >a [ € AcArl- e el O

Lemma 3.3. Let V & GCH, let x be a regular cardinal and A > ™. Let Q%A denote the poset
as in Definition 2.2. Let f be a Qg—name for a k-real. Then there is a subset J C A such that

|J| < k and f is equivalent to a Q7 ,-name.

Proof. For each o < K, let Ay be a maximal antichain in QF, deciding f (). By the kt-c.c. of Qz,
any antichain has size < k. Hence |(J{dom(p): p € U, Aa}| < k. Define J = J{dom(p): p €
Ua<r Ao}, then f is equivalent to a Q7 -name. O

Theorem 3.4. Let V = GCH, let k be a regqular cardinal and X > k™. Let Q%A denote the poset
as in Definition 2.2. Then v e a, = k.

Proof. Let K € [A]*NV. Since |QF, | = k, by Lemma 3.2 (and GCH in V') in the ground model,
there is a k-mad family A which remains maximal in the generic extension by Q7,.- But then A
remains maximal after forcing with Q7 for any J € [A]", since any such Q7, is forcing equivalent
(indeed isomorphic) to Q7,.- However by the previous lemma, any x-real which might destroy

the maximality of A in VY%, s in fact equivalent to a Q7 -name for some J C A such that
|J| < k. O

We further remark that it is implicitly shown that the spectrum of madness can globally exclude
the possible minimal values:

Remark 3.5. In [3, Theorem 4] it is shown that for a class of regular cardinals A\ the triple
(b, 0y, ¢)) can be controlled by forcing. As by < ay for every regular )\, it is consistently true
that for every regular cardinal k, the spectrum of x-mad families consists only of 2% = b, = 0,
which is chosen (forced) to be greater than x™.
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Recall the following definition.

Definition 3.6.

(1) A function FE is called an index function if dom(FE) is a class of regular cardinals.
(2) An index function E is called an Faston function, if for each x € dom(E), E(k) is a
cardinal with cof(E(k)) > & such that Vi, k" € dom(F) [ < &’ — E(k) < E(K')].

In the following we consider Easton products. That is:

Definition 3.7. If E is an index function, I is dom(E) and R = [],..; Fn.(E(x) x &, 2), then the
FEaston poset P(E) C R consists of those p € R such that for all regular cardinals A,

K eANTI:p(k)#1} <A

It is well-known that P(E) = P(Ey ) x P(EY"), where P(EY ) is AT-closed and the second P(E} )
has the AT-c.c. if A is regular and 2<* = X. In order to prove Theorem 3.10, which evaluates a,,
b, and 0, in the Easton extension, we need two easy lemmas.

Lemma 3.8. Suppose Ej, Fy are index functions such that dom(E;) = dom(Ey) = I C AT for
some ordinal A\ and Vk € I[Ei(k) N E2(k) = ()]. Further assume that E is an Easton function
with dom(F) = I and Vk € [ [E(k) = Ei(k) U E2(k)]. Let G be P(E)-generic over V and let
G1 =GNP(E)) and Gy = GNP(Ey). Then Gy is P(E)-generic over V and Gy is P(Es»)-generic
over V[G1] and V|G| = V[G1][G2].

Proof. The mapping j : P(Ey) x P(E2) — P(E) with j((so, s1, .--), (to, t1,...)) = (soUto, s1Ut1,...)
is an isomorphism. So by [6, VII Corollary 7.6], j~1(G) = H is P(E;) x P(Es)-generic over V
and V[G] = V[H|. By [6, VII Lemma 1.3|, H = H; x H, where H; = z]_l(H) for j € {1,2} and
i1: P(Ep) = P(E1) x P(E3) and i9: P(Ey) — P(E;) x P(E3) are the complete embeddings defined
as i1(p1) = (p1, lp(m,)) and d2(p2) = (1p(g,),p2). By the Product Lemma, H; is P(E})-generic
over V, Hy is P(E3)-generic over V[G1]| and V[H] = V[H;][H2|. However

Hy = {p1 S ]P’(El): ((80,81, ), 1IP(E2)) S H} = {p1 S ]P’(El): (So Ui, sy U, ) S G} =G
and the same for Hy and Gs. O
Lemma 3.9. Assume that E is an Easton function with dom(E) = I C A" for a regular A with

2<X = X. Let f be a P(E)-name for a A\-real. Then there is an index function £’ with dom(E’) = I
and Vi € I [E'(k) C E(k)] such that Vk € I |E'(k)| < X and f is equivalent to a P(E’)-name.

Proof. For each v < X let A, be a maximal antichain in P(E) deciding the value of f(a). As P(E)
has the A*-c.c. each maximal antichain A, is of size at most A. So |J{{x} xdom(p(r)): k € I, p €
Uaer Ao}l < A Then f is equivalent to a P(E’)-name where V& € I [E'(k) = J{dom(p(k)): p €

Uacr Aad] O

In the next theorem consider the special case in which E is strictly increasing, E(x) > x™ 7,
aiming to establish the consistency of b, = a, = k™ < 0, = ¢, globally.
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Theorem 3.10. (GCH) Let E be an Easton function such that Vk € dom(E) [E(k) > k] and
let P(E) be the Easton product. Then VP(F) EVk € dom(E) [a, = kT = b, < 0, = ¢,

Proof. Let k € dom(F) be arbitrary. Consider P(F) as P(E_) x P(E!). Let K be a P(F)-
generic over V. By the Product Lemma, V[K] = V[H][G], where H is P(E;})-generic over V
and G is P(FE,, )-generic over V[H]. P(EY) is kT-closed in V, so it preserves GCH at and below
k. Now consider V[H] =: V; as the ground model. In V[H] there is a P(E, )-indestructible
k-mad family of size kT, denoted A,: By the above lemma it suffices to show maximality in an
extension by P(E’) for some index set E’ such that Vy € dom(E’) |E’(y)| < k. This poset P(E’)
can be completely embedded into P(E), where E is an index function with domain dom(E) and
Vv € dom(E) [E(y) = k]. So it suffices to show maximality in the extension by P(E). On the
other hand P(E) is of size k. However we saw that there is a xk-mad family of size k™ whose
maximality is preserved in an extension by a poset of that size. Therefore in VP(¥) we have that
for every k € dom(E),
Ay = KT = by < ¢ = E(k).

because b, < a, is provable in ZFC and it is well-known that ¢, = E(x) holds in the Easton
extension.

To show that d,, > E(k) let D be a family of k-reals of size less than F(x). By the previous
lemma, there is an index set E’ such that P(E’) is of size less than E(k) and D € Vlﬂm(El). If
a € E(k) \ E'(k) than, by the Product Lemma, the real ¢, added by Fn,(E(k) X k,2) is Cohen
(E")

over le , in particular unbounded and hence D is not dominating. O

Remark 3.11. By the result in [8], it was sufficient to show that for each x € dom(E) we have
b, = kT in the generic Easton extension, as this implies a, = x™.

Theorem 3.12. (GCH at and below k) Assume that X is a cardinal such that cof(\) > k. Then
in the generic extension by C(k)y = (Fnex(k x X\, 2),C), every k-mad family is either of size k™

or of size \.

Proof. Let § be such that kT < § < A, and for each a@ < & let X* be a C(k)y-name for an
element in [x]". We can identify any C(x),-name X for a s-real with k-many maximal antichains
{Aff : B € k} such that Aé( decides “3 € X” in the generic extension. For such a name X, let

SX = U{dom(p): 3B < K [p € Ag(]}, called the support of X. By the x*-c.c. of C(k)y, each

maximal antichain has size at most x, so \SX | < & for each name X for a s-real. For each @ < 4, let
S be the support for X, Consequently | J{S*: o < §}| < & and |(r x A) \ U{S*: o < 5}| = \.
Now consider the set {S*: a < k™T}. As GCH holds at and below x and |S%¥| < k™, there is, by
the A-System Lemma, an index set B € [T such that {S®: o € B} forms a A-System with
root R. Further, for any two o, 8 € B, let ¢, 5: S — SP be a bijection fixing the root R. Each
such bijection ¢, s induces an isomorphism ¥, g: (Fne,(S%,2),C) — (Fne,(S?,2),C) between
the corresponding restrictions of the Cohen forcing by:

(1) Vp € Fne. (5% 2) [dom(va,5(p)) = Pa,s(dom(p))] and
(2) Vo € dom(p) [(Ya,5(p)((Pa,s(x)) = p(x)].
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Furthermore, if for J C x x A, VFn<x(/:2)) denotes the class of all Fn..(J,2)-names, then, as
names are defined recursively, 1, s induces a mapping 1/);”3: V(Fnee(5.2) _y y7(Fncx(57,2)) by
.5(T) = (¥, 5(0),¥a,p(p)): {o,p) € T}. The isomorphism ¢, g preserves maximal antichains,
as well as the forcing relation. Note that for a fixed set T' C x X A of cardinality s, there are, by
[k]® = kT, at most xT-many names for s-reals with the same support 7. By this reason and the
fact that |[B]?| = k¥ > kT, we can assume w.l.o.g. that for any two a, 3 € B, V5, 5 maps X to
X7 (if this was not true for B, thin B out so that a subset B’ € [B]’€++ satisfies this property).

Now define a new C(k))-name X9 for a k-real such that its support S9 satisfies S°N Upes 5¢ =
R and for any o € B, S® is mapped to S? by a bijection ¢q,s fixing the root R and again assume
that the induced functions 1/1;7 5 map X to X9,

Suppose that IF¢(.), Yo, B € 6 [|[ XN XP| < k]. We will reach a contradiction by showing
that the family {X“: o < §} is not maximal in the generic extension, witnessed by X°. So fix
an arbitrary 8 < 6. As |S?| = &, [k]® = kT and |B| = k7, there are at least two distinct
clements «, @’ € B such that the supports S* and S have the same intersection with S?,
ie. SN SP = 89N SP. Fix an a € B with this property. Then S* N S# C R, because if
I =5°NSP = 59NS8 then I C S and I C S and consequently I C S*NS® = R. On the other
hand we have S°NS# = RNSP = S*NSP, where the first equality holds because S‘SQU(K(; S*=R
and the second holds because S*NS? C R. Now, as S9NSh = sensP C R, the canonical bijection
Pa,5: 9 — S% extends to a bijection ® between S U S? and S° U S?, where ® further induces
an isomorphism W: (Fn.(S® U S%,2),C) — (Fne.(S° U S5, 2),C) and ¥ itself induces a map
P*; V' (Fnan($°U87.2)) 7 (Fncs(S°US7.2)) By the assumption I-¢(,), Vo, € 0 HXO‘ NnXP < K]
and as S (resp. S?) is the support for X (resp. X#), IFpn, (SeUS8,2) | XN X?| < k must hold.
Then, as ¥ is an isomorphism such that ¥* identifies X* with X7, IFpn_ . (s50US8 2) IX'NXP| <k
is true. So Iy, |X% N XP| < k, showing that {X®: a < 6} is not maximal in the generic
extension. ]

Theorem 3.13. (GCH) Let E be an Easton function such that V& € dom(FE) [sup{E(B): 8 €
dom(E) Nk} < k] and let P(E) be the Easton product. Then

VPE) £ Ve € dom(E)[sp(as) = {x, E(r)}].

Proof. Let k € dom(FE) be arbitrary. Consider P(E) as P(E;) x P(E}). Let K be a P(E)-generic
over V. By the Product Lemma, V[K| = V[H][G], where H is P(E;)-generic over V and G
is P(E,,)-generic over V[H]. The poset (P(E;))" has the kt-c.c. and (P(EF))Y is xT-closed.
Furthermore, the closure property of (P(E7T))Y ensures that (P(E;))Y = (P(E;))VH]. Consider
Vo := V[H] as the ground model and let § be a cardinal in Vj such that k™ < § < E(k).

Define Z to be the index set

Suppose by way of contradiction that X = {X : o < 0} is forced by the maximal element in

a<x E(a) x a x {a}, which is a disjoint union.

P(E}) to be a k-mad family of size § in VOP(E;). We can identify any P(E; )-name X for a s-real
with sk-many maximal antichains {Aé( : B € k} such that A?f decides “f € X” in the generic
extension. For such a name X, let $¥ = Ua<xtdom(p(a)): 38 < K [p € Ag(]} C Z, called the
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support of X. By the s*-c.c. of P(E} ), each maximal antichain has size at most &, so ]SX\ <k
for each name X for a x-real. Now for each o < 8, let S be the support of X®.

Let 6 be large enough that P(E_) € H(A) and Vy F cof(§) > |[P(E,)|. Let M < H(0)
be an elementary submodel such that |M| = k*, k* C M, M* C M, {E(a): a < k} C M,
P(E;) € M, Va < kNdom(F) [E(a) x a x {a} € M] and M contains all other relevant
parameters. The hypothesis of the theorem is used here in order to ensure the property Va <
kNdom(E) [E(a) x a x {a} € M], which makes the choice of the permutation of the index
set possible (in the next paragraph) and makes it easy to find the desired automorphism of the
forcing.

Let @ € § \ M. Now fix a permutation ¢ of the index set Z with ¢ [ (E(a) x a x {a}) =
E(a) x a x {a} (for each o < k) which maps the < k-sized set [S* N (E(a) x a x {a})] \ M into
[(B(a) x ax{a})\U;<s S 1N M (otherwise fixing elements of E(a) x a x {a}). This permutation
¢ of the index set induces an automorphism 7 : P(E_) — P(E_) of the poset. As names are
defined recursively, 7 € Aut(P(E;)) induces a map 7*: VO(P(E; RN VE)(P(E;)) (where VO(P(E; )
denotes the class of all P(E,, )-names) by 7*(7) = {(7*(c),7(p)): (o,p) € 7}. The automorphism
7 preserves antichains and the forcing relation. And as X@ is supposed to be a nice name, and

K

—) is of size < k and M is closed w.r.t. K-sequences, we have 7*(X%) € M.
Let G be a generic filter. Then 7”(G) is a generic filter. It is well-known that M[7”(G)] <
((H(9))"l™ (@] €) (see [11, Theorem I11.2.11.]). As X is forced to be x-mad, we have

any antichain of P(E_

I rep(esy) V2 € "R 3B <6 [N XP| = K]
We can relativize the statement to H(6), so
IF (e y V2 € "R N H(0) 33 < 6N H(O) [lz N X7| = &].
But M[x"(G)] < (H(9))"[" (@] ) and M N Ord = M[x"(G)] N Ord, so

I Ve e snNM 38 <N M [|JznXP| = k).

m(P(EL))
As 7 (X®) was in M C M[x"(G)], we have
F (o)) 38 < 6N M [[7*(X%) N XP| = k.

However 7*(X#) = X? for ordinals 8 € M as the permutation 7 fixes the ordinals mentioned in
X8 for § € M. Therefore we have

F sy 38 < 6N M [ln*(X) N (XP)| = &)

m(B(
and by applying 7~! we have
Fpgy 38 < 6N M [|X* N XP| = g,

contradicting the xk-madness of X in the generic extension. O
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4. GLOBAL SPECTRA

In this section we show that the spectrum of k-mad families at successors of regular cardinals
together with Xy can be forced to be any prescribed family of x-Blass spectra. We first give a
lemma which we use later.

Lemma 4.1. Let k be a regular cardinal. Any k-c.c. forcing poset Q preserves k-mad families.

Proof. Suppose X = {X; € [k]": i < A} is a kappa-mad family in the ground model. Suppose by
way of contradiction that a condition p € Q forces that A is unbounded in % and almost disjoint
from X; for each i € A\, ie. plF A€ [6]FAVi <A[J[ANX;| <k]. Let X ={aecr:Iq<plglF
o € A]}. Then X is in the ground model and is unbounded in . But as Q is s-cc, for each i < A
there is a; < K such that p IF An X; C ay. It follows that X N X; is also bounded by «; for each
i, contradicting the maximality of X' in the ground model. 0

Next, we simultaneously add, for each regular cardinal k of a class C, k-mad families of sizes
determined by closed sets C(k). Since (for now) we are aiming only to add (and not to exclude)
sizes of k-mad families, we do not have to require the sets C'(k) to be k-Blass spectra.

Definition 4.2. Let C be a class of regular cardinals, and for each k € C let C(k) be a closed
set of cardinals such that min(C(k)) > k%, cof(max(C(k))) > k and Vk,x' € C [k < K —
max(C(k)) < max(C(x'))].
(1) For each k € C and any well-ordered set £ let Z, ¢ = {(k,&,n) : 7 < £} be an index set
of cardinality |{| ensuring that T, ¢ N Z., ¢, = 0 whenever k1 # kg or & # & where
K1, k2 € C, & € O(k1), & € C(k).
(2) For a cardinal o and a well-ordered set 3, let the poset Qz,, 5 consists of all functions
p: AP — [a]<* such that AP is in [Z, g]<* and ¢ < p iff:
e AP C A% and Vz € AP [¢(z) D p(x)],
e whenever (o, 3,71) and (o, 3,m2) are distinct elements of AP then

Q(aa B)nl) N Q(av ﬁ7772) g p(avlga 771) ﬁp(aw@arn)

(3) For each k € C, let P(C(k)) = HESC(N) Qz,. . be the product with supports of size less
than k.

(4) The forcing poset P(C') consists of elements p € [],..~ P(C(x)) with Easton support, i.e.
such that for every regular cardinal A we have [{a € AN C': p(k) # 1} < A

Lemma 4.3. Suppose A is a regular cardinal and A<* = \. Let C C At and let C(x) (for each
k € C') and P(C) be as in Definition 4.2. Then P(C) has the AT-c.c..

Proof. Let D = {ps: a < At} C P(C) be a set of conditions; we have to show that D is not
an antichain. For each a € AT, let D, := [J{dom(pa(k)(d)): k € C,§ € C(k)}. By definition
of the conditions in P(C), |Da| < X for each a < A*. By the assumption A<* = )\, we can
apply the A-System Lemma and conclude that there is a set A € [)\JF]AJr and a root R such that
Va,f € Ao # B — Do N Dg = R|. However, as MEL < X<A = X < At there must exist
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o, 3 € A, such that o # ' and for each (k,0,7) € R, po(k)(6)(k,0,7) = pg(k)(0)(~,0,7).
This implies that p,s [ pg showing that D is not an antichain. g

Lemma 4.4. If C, {C(k): k € C} and P(C) are as in Definition 4.2 and A is an ordinal, then
P(C) 2 P(Cy) x P(Cy).

Lemma 4.5. (GCH) If C, {C(k): k € C} and P(C') are as in Definition 4.2, then P(C) preserves

cardinals.

Proof. 1t suffices to show that any regular uncountable cardinal ¢ of the ground model V', remains
regular in V[K|, where K is P(C)-generic over V. Suppose by way of contradiction that there is a
cardinal & such that v = (cof(6))VIX] < §. As cofinalities are regular and regularity is downwards
absolute, ~ is regular in V[K] and V. Let f € V[K] be such that f: vy — ¢ and sup(ran(f)) = 0.
By Lemma 4.4 and the Product Lemma, V[K] = V[H][G] holds, where H is P(C7 )V -generic over
V and G is P(C; )" -generic over V[H]. However, as P(C:)V is y*-closed in V, V = GCH and
7 is regular, ¥<7 = v holds in V[H]| and ]P’(C’W_)V = IP)(C’A/_)V[H]. So by Lemma 4.3, ]P’(CV_)V has
the y"-c.c. in V[H]. By the Approximation Lemma (see [7, Lemma IV.7.8|) there is a function
F € V[H] such that F': v — P() and V& € v [f(£) € F(&) A(|F(€)| < )V ). However, P(C)V
was yF-closed in V, so F € V and V€ € v [f(£) € F(&) A (|[F(€)] < 4)V]. This is contradicting
the regularity of v in V, because |, F'(7)| < v and sup(U,, F'(7)) = 6. O

Theorem 4.6. Let C, {C(k): k € C)} and P(C) be as in Definition 4.2. Then:
VPO vk e C [sp(ae) 2 C(k)].

Proof. Let K be P(C)-generic over the ground model. For each k € C, § € C(k) and £ € 9, let
A5 e = U{p(k)(6)(K,6,€): p € K}. For each k € C and § € C(k) let AF = {Af.: { €6} We
show that for each k € C and § € C(k), VF(©) E A% is k-mad. Let k € C and § € C() be fixed.

The set Af is almost disjoint: Let a, 8 € § and o # . The conditions p € P(C) such that
(k,6,0), (k,6,8) € APFO) are dense in P(C). So there is ¢ € K such that (k,6,a), (k,d,3) €
A1) Then AS NAS g = p(li)(é)(l?,(;, a) N p(k)(0)(k,d, B), which is of size <k.

Furthermore, A5 is maximal: Let X be a P(C)-name for an element in [s]®. Again by Lemma
4.4, P(O) = P(CH) x P(Cy), VK] = V[H][G], where H is P(C})Y-generic over V and G is
P(C:)Y-generic over V[H]. By the same reason as in the previous proof, P(C;)V = P(C; )V
and P(C;;)Y has the x*-c.c. in V[H]. The first part P(C]) is k¥ -closed in V, so it does not add
new subsets of k. Hence it suffices to show that A5 is k-mad in the extension by P(C}) regarding
V[H] as the ground model. By the xt-c.c. of P(C), X involves only < s-many conditions and
§ > kT, So there is an (k,6,a) ¢ AP (W) for any condition p’ involved in X. We show that
VIH]|G] F [X N Af | = £, which will finish the proof.

Suppose that there is a v < k and a condition p € G such that p IF Xn A’g’a CH.

Recall that |APMO)| < k and p(k)(5): APFO) — [£]<F. Let ¢ € G be a condition involved in
X such that for some p > v and

p > | Hp(R)(6)(k, 6, 1)1 (5,0, 1) € APWO)Y, (+)
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gk pe X. Asp,q € G, p and ¢ are compatible. Now consider the condition r € P(C,;) defined
as follows:
e supp(r) = supp(q) U supp(p) U {x}
_ Jsupp(p(n)) Usupp(g(n)) U{6} for n=r
e supp(r(n)) =
supp(p(n)) U supp(q(n)) for n € supp(r) \ {x}
APM©O) | A7) {(k,0,0)} if n=KkANO=§
o AT(M(0) —
AP(®)  Ad)(©) if 1 € supp(r), 0 € supp(r(n)), (n,0) # (x,9)
Furthermore, (k) (8)(k, 8, ) = p(k)(8)(k, 5, a)U{p} (note that (,, o) & A=) by its choice)
and Vn € supp(r) VO € supp(r(n)) ¥(n,0, 1) € A™MO [(n, 0, u) # (r,6,0) = r(n)(0)(n,0, 1) =
p(m) () (n, 6, 1) Uq(n)(0)(n, 0, 1)]. Now r extends both p (by (+)) and ¢ and r I- p € X (as r < q)
and r Ik p € Aéa contradicting that r IF B N A o C7(asr <pandp>7). O

Remark 4.7. One can show by a counting nice names argument that in Theorem 4.6, also
VP VK € O [c, = max(C(x))] holds.

Now we start with the exclusion of values. In order to do this we will replace the closed sets
C(k) by k-Blass spectra B(k). We first give a lemma.

Lemma 4.8.

(1) Let X be a regular cardinal. If 5 < « are two ordinals, then Qz,, <Qz, -

(2) Let A be a regular cardinal. If X is an index set and C,D: X — Card such that Vz €
X [C(‘T) < D( )] then HfEX QI)\ ,C(€) < ngX QZ)J)({)'

(3) If C is a set of regular cardinals, and for each A € C, C, Dy: X — Card are two functions
on some index set X)\ such that Yz € X [Ci\(z) < Dy(x)], then the Easton supported
product [[yco ngXA QI/\,CA(Q is a complete suborder of the Easton supported product

H)\eC ngXA QIA,DA@)'

Proof. (1) Recall the definition of Qz, , for an ordinal a (> A). It is known that this forcing can
be decomposed in a two-step iteration as follows: Let § < o and let G be a Qz, ,-generic over
the ground model V and let A = {A;: i < 8} be the (maximal) almost disjoint family added by
Qz, ;- In V[G] let Ry, . , consist of pairs (p, H), where p: AP — [A]<* such that AP € [Ty 5],
H ¢ [B]<) with (p,H) < (¢, K) iff p <@z, ¢ K € H and for every j € A% and i € K,
p(A, @, 5) N A; € q(\ @, §) N A; holds. Then Qg , ~ Qz, , R, .,

(2) We make a similar observation for products. Let A be a regular cardinal and let C' and
D be functions on the same index set X as in the assumption of (2). Then H;E’\X Qz, ¢ 18
a complete suborder of H§<»€)\X @Z)\,D(g)’ as the later can be decomposed as follows: Let G be

a H£<€)\X Q1, (¢ -generic over V. In V[G] consider the product P’ : HZGX RZ, punee - Then
<A 5
erX Qz, pe) = [edx Qz e * P'-
(3) Finally, if we have a set C of regular cardinals and for each A € C two closed sets of
cardinals Cy and D) as in the assumption of (3). Then we have that the Easton supported
product []ycq HEE)\XA QIA’ o = P is a complete suborder of the Easton supported product
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[ Lo H£<€)\X>\ Qz, b, ¢ =t @ Let G’ be a P-genericover V. In V[G] consider the Easton supported
o <X N :
product P :=[[ o iy, RZ, b, ency - Then @ ~ P x P’ O

Theorem 4.9. (GCH) Let C be the class of successors of reqular cardinals together with Xy and
{B(k): k € C} be a family of k-Blass spectra. Let P(C) be as in Definition 4.2. Then,

VPO vk € C [sp(as) = B(x)].

Proof. First, the positive requirement, i.e. the requirement that in the generic extension there is
for each k € C and § € B(k) a k-mad family of size §, is done by Theorem 4.6.

Second, the negative requirement is verified: Fix k € C'. We show that there is no x-mad
family of size A ¢ B(x) in the final extension. Note that P(C) = P(C,;) x P(C}) and P(C) is
xT-closed, hence does not add new k-reals. So, by considering VE(CD) as the ground model, it is
sufficient to show

VE(C) E “there are no k-mad families of size A”. (1)

For this, we show that
V¥ (Cx) E “there are no k-mad families of size \”. (2)

for a suitable P(C,) < P'(C,,). By use of Lemma 4.1, we will argue that (2) implies (1). Also
note that P(C}) preserves GCH at and below x (as P(C}}) is kt-closed and does not add new
sequences of length < k).

Let X' be greater than A\, max(B(k)) and max(B(R)) for every £ € C N k. In P(C};
Qf (k€ Nk, § € B(k)) by QF,. This gives us P'(C7). Now we have to verify (2).

Let A € B(k). Define u to be max(B(x) N A). Note that cof(u) > x (by Definition 2.1(2)) and
|B(k)| < p (by Definition 2.1(3)).

Suppose by way of contradiction that A = {aq: a < A} is forced by the maximal element in

) replace

P'(C5) to be a k-mad family of size A in VF(Px), We may assume that each d, is a nice name.

We identify a nice name & for a s-real with k-many maximal antichains {A,(Z)}a<x each of
cardinality , such that the conditions in A,(Z) decide “a& € &”. We refer to A(z) = U, Aa(d)
as the set of conditions involved in &. The set

J(&) = U U U APE)(B)
PEA(Z) £€supp(p) BEsupp(p(E))
is called the support of .

For each a € X let J,, be the support of ag.

Let 0 be large enough that P'(C) € H(A) and V E cof(f) > |P'(C;)|. Let M < H(0) be
an elementary submodel such that |[M| = p, p € M, M* C M, C,; C M, B(k) C M, N € M,
P'(C;) € M and M contains all other relevant parameters.

Let @ € A\ M. Fix a permutation of the index set Z = |J |J Z¢g which fixes Z, g for

€eC; BEB(E)
B < p, and for £ # kV B > p maps the < k-sized set Jo NZg g \ M into (Zeg \ U;cn Ji) N M
(otherwise fixing elements of Z¢ 3). Such a permutation of the index set exists, because if 5 > p,

then 8 > X as well. Consequently |{J;.yJi| = Axx = A, and |Z, g \ ;< Ji| = B > & holds in
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H(#) and by elementarity also in M. The same holds if £ # k, because we enlarged the index set
to N, ie. |Zeg v \U,<y Jil = N > k. This permutation of the index set Z induces an automorphism
m: P(C.) — P/(C.) of the poset. As names are defined recursively, 7 € Aut(P'(C,)) induces
a map 7*: V() o ) (where VF(C5)) denotes the class of all P/(C)-names) by
(1) = {(n*(0),n(p)): (o,p) € 7}. The automorphism 7 preserves antichains and the forcing
relation. And as ag is supposed to be a nice name, and any antichain of P'(C},) is of size < x (by
the kT-c.c. of P'(C};)) and M is closed w.r.t. k-sequences, we have 7*(ag) € M.

Let G be a generic filter. Then 7”(G) is a generic filter. It is well-known that M[7"(G)] <
((H(9)VI"" (@] €) (see [11, Theorem II1.2.11.]). As A is forced to be k-mad, we have

IF @ (czy) V2 € "r 36 <A |z Nag| = &l
We can relativize the statement to H(#), so
F @y Vo € RN H(0) 36 < AN H(O) [|[xNag| = K]
But M[x"(G)] < (H(9))V[""(&)] &) and M N Ord = M[x"(G)] N Ord, so
@z Vo € "N M 38 <ANM [lzNag| = k.
As 7 (ag) was in M C M[r"(G)], we have

However 7*(ag) = ag for ordinals 8 € M as the permutation 7 fixes the ordinals mentioned in
ag for B € M. Therefore we have
and by applying 7! we have

H_P/(C;) 3B < ANM [lag Nag| = &,

contradicting the k-madness of A in the generic extension and verifying (2).

However, (2) implies (1): If P(C,;) did add a x-mad family of an undesired size, this x-mad
family would be preserved, by Lemma 4.1, in the extension by P'(C) ) since the quotient of
P'(C.) over P(C,,) is k-c.c (here we use that & is the successor of a regular cardinal or equal to
Ng). However we showed that there is no k-mad family of an undesired size in the extension by
P'(Cy). O

5. QUESTIONS

We conclude the paper, with some remaining open questions. It still remains of interest, if the
result in Theorem 4.9 still holds if the assumption of being successor of a regular for elements of
the intended spectrum at s is omitted. More precisely one can ask:

Question 5.1. Let C be a class of regular cardinals and {B(k): k € C} be a family of x-Blass
spectra. Is there a cardinal-preserving forcing extension satisfying Vk € C' [sp(a,) = B(k)]?
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It is still open which sets of cardinals can be realized as the spectrum of Ng-madness. Not all
of the requirements given by the notion of a Blass-spectrum are in general necessary (see [12]),
and in fact giving a characterization of those sets which can be realized as sp(a) remains open:

Question 5.2. When can a set of cardinals be realized as sp(a) in a cardinal preserving extension?
Finally, concerning Theorems 3.10 and 3.13 one can ask:

Question 5.3. Is a, = k7 = b, < 0, = ¢ or sp(ax) = {kT,2"} consistent globally in the
presence of large cardinals?
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