TEMPLATE ITERATIONS AND MAXIMAL COFINITARY GROUPS

VERA FISCHER AND ASGER TORNQUIST

ABSTRACT. In [2], Jorg Brendle used Hechler’s forcing notion for adding a maximal almost family
along an appropriate template forcing construction to show that a (the minimal size of a maximal
almost disjoint family) can be of countable cofinality. The main result of the present paper is
that ay, the minimal size of maximal cofinitary group, can be of countable cofinality. To prove
this we define a natural poset for adding a maximal cofinitary group of a given cardinality, which
enjoys certain combinatorial properties allowing it to be used within a similar template forcing
construction. Additionally we obtain that a,, the minimal size of a maximal family of almost
disjoint permutations, and a., the minimal size of a maximal eventually different family, can be of
countable cofinality.

1. INTRODUCTION

In [5], Shelah introduced a template iteration forcing technique, which provided the consistency
of Ny <0 < a (without the assumption of a measurable). The technique was further developed by
Brendle, who established that it is consistent that the almost disjointness number a is of countable
cofinality (see [2]). Broadly speaking, the template iteration of [2] can be thought of as a forcing
construction, which on one side has characteristics of a “product-like” forcing, and on the other
hand has characteristics of finite support iteration. In [2], the “product-like” side of the construction
was used to force a maximal almost disjoint family of some arbitrary uncountable cardinality A,
which in particular can be of countable cofinality, while the “finite support” side of the construction
was used to add a cofinal family of dominating reals of a prescribed size Ag. This cofinal family
gives a prescribed size of the bounding number in the generic extension and so gives a prescribed
lower bound of a. An isomorphism of names argument (which assumes CH holds in the ground
model) provides that there are no mad families of intermediate cardinalities yu, i.e. cardinality u
such that No < A\g < p < A

A cofinitary group is a subgroup G of the group Sy of all permutations of w, which has the
property that each of its non-identity elements has only finitely many fixed point. Such a group
is called maximal if it is not contained in a strictly larger cofinitary group. The minimal size of a
maximal cofinitary groups is denoted a4. Following an approach, similar to the one of [2], we prove:

Theorem 1.1. Assume CH. Let \ be a singular cardinal of countable cofinality. Then there is a
cce generic extension in which ag = A.
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To prove the above theorem, we introduce a forcing notion which adds a maximal cofinitary
group of prescribed size, and which enjoys certain combinatorial properties, allowing for the poset
to be iterated along a template (see Definition 2.4). We use this poset along the “product-like”
side of an appropriate template iteration, in order to add a maximal cofinitary group of desired
cardinality, say A. The “finite support” side of the construction is used to add a cofinal family ® of
slaloms, each of which localizes the ground model reals. Using a combinatorial characterization of
add(N) and cof (NV) (the additivity and cofinality of the null ideal) due to Bartoszyriski, we obtain
that in the final generic extension both of those cardinal invariant have the size of the family ®. By
a result of Brendle, Spinas and Zhang (see [3]), the uniformity of the meagre ideal non(M) is less
than or equal to the a4, and so we obtain that in the final generic extension |®| is a lower bound for
ag. Finally, an isomorphism of names argument, which is almost identical to the maximal almost
disjoint families case, provides that in the final generic extension there are no maximal cofinitary
groups of intermediate cardinalities, i.e. cardinalities p such that [®| < pu < A. Again for this
isomorphism of names argument to work we have to assume that CH, as well as Ry < |®].

Though proving Theorem 1.1 is our main goal, we take an axiomatic approach which allows us
to obtain slightly more. We define two classes of forcing notions which in a natural capture the
key properties of our poset for adding a maximal cofinitary group and Hechler’s forcing notion for
adding a dominating real, respectively. We refer to these posets as finite function posets with the
strong embedding property (see Definitions 3.16 and 3.17)) and good o-Suslin forcing notions (see
Definitions 3.14 and 3.15) respectively. We generalize the template iteration techniques of [2], so
that arbitrary representatives of the above two classes can be iterated along a template (see Defi-
nition 3.21 and Lemma 3.22) and establish some basic combinatorial properties of this generalized
iteration. Whenever 7 is a template, Q is a finite function poset with the strong embedding prop-
erty, and S is a good o-Suslin forcing notion, we denote by P(7,Q,S) the iteration of Q and S
along T (see Definition 3.21). For example we show that whenever Q is Knaster, then the entire
iteration P(7,Q,S) is Knaster (see Lemma 3.27).

Following standard notation, let a, and a. denote the minimal size of a maximal family of almost
disjoint permutations on w and the minimal size of a maximal almost disjoint family of functions
from w to w, respectively. Let Ty be the template used by Brendle in [2]. Then our results can be
summarized as follows:

Theorem 1.2. Assume CH. Let \ be a singular cardinal of countable cofinality and let a €
{a,ap,0ag,a.}. Then there are a good o-Suslin poset Sz and a finite function poset with the strong
embedding property Qa, which is Knaster (and so by Lemma 3.27 P(To,Qg,Sa) is Knaster) such
that VE(70:Qa50) = g = X. Then in particular VF(70:Q50) £ cof(a) = w.

The most interesting case is the maximal cofinitary groups case. In fact, for each a € {a,,a.},
the forcing notion Qj is closely related to the forcing notion for adding a maximal cofinitary group
of arbitrary cardinality, presented in section §2.

Organization of the paper. In §2, we introduce and study a forcing notion Q4 , for adding a
maximal cofinitary group with a generating set indexed by some given uncountable set A. In §3,
we introduce the classes of good o-Suslin forcing notions and finite function posets with the strong
embedding properties. We define the template iteration P(7,Q,S) of arbitrary representatives S
and Q of the above two classes respectively, along a given template 7" and show that P(7,Q,S) is a
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forcing notion. In §4, we establish some basic combinatorial properties of this generalized iteration.
Theorem 1.1 is proved in §5, and Theorem 1.2 is proved in §6.

2. A GENERALIZATION OF ZHANG’S FORCING

In [6], Zhang introduced a ccc forcing Gp, where H is a given cofinitary group in the ground
model, such that forcing with Gz adds a permutation f € Sy, such that the group (H, f) generated
by H and f is cofinitary.

In this section we introduce a generalization of Zhang’s forcing which adds, in one step, a
cofinitary group of size k to the generic extension. While the results immediately obtained by
doing this also could be achieved by an iteration of Zhang’s forcing (see e.g. [6]), the template
forcing we develop in the next section relies crucially on the forcing notion we define here.

We begin by giving several basic definitions and fixing notation.

Definition 2.1. 1. Let A be a set. We denote by W4 the set of reduced words in the alphabet
{(a* :a € Ayi € {—1,1}). The free group on generator set A is the group F4 we obtain by giving
W 4 the obvious concatenate-and-reduce operation. When A = () then F4 is by definition the trivial
group. Note that A can be naturally identified with a subset of F4 which generates F 4, and every
function p : B — G, where G is any group, extends to a group homomorphism p : Fp — G.

2. We denote by Wj the set of all w € W such that either w = a” for some a € A and n € Z\{0},
or w starts and ends with a different letter. In the latter case, this means that there is u € Wy,
a,b€ A, a#b,and i,j € {—1,1} such that w = a’ub’ without cancelation. Note that any word
w € Wy can be written as w = u~'w'u for some w’ € WA and u € Wiy.

3. For a (partial) function f:w — w, let

fix(f)={new: f(n) =n}.
We denote by cofin(S4) set of cofinitary permutations in S, i.e. permutations o € Sy, such that
fix(o) is finite.

4. For a group G, a cofinitary representation of G is a homomorphism ¢ : G — Sy such
that im(¢) C {I} Ucofin(S«). If B is a set and p : B — So we say that p induces a cofinitary
representation of Fp if the canonical extension of p to a homomorphism p : Fg — S is a cofinitary
representation of Fp.

5. Let A be aset and let s C A X w X w. For a € A, let
Sa ={(n,m) € w xw: (a,n,m) € s}.

For a word w € Wy, define the relation e,[s] C w x w recursively by stipulating that for a € A,
if w = a then (n,m) € ey[s] iff (n,m) € s4, if w = a~! then (n,m) € ey[s] iff (m,n) € s,, and if
w = a'u for some word u € Wy and i € {1, —1} without cancellation then

(n,m) € eyls] <= (Tk)e,i[s](k,m) A ey[s](n, k).

If s, is a partial injection defined on a subset of w for all a € A, then ey[s] is always a partial
injection defined on some subset of w, and we call e,[s] the evaluation of w given s. By definition,
let eg[s, p] be the identity in Se.

6. If s C A x w x w is such that s, is always a partial injection, and w € Wy, then we will write
ew[s](n)] when n € dom(ey[s]), and e,[s|(n)1 when n ¢ dom(ey[s]).
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7. Finally, let A and B be disjoint sets and let p : B — Sy, be a function. For a word w € Wayp
and s C A X w X w, we define

(n,m) € ewls,p] <= (n,m) € ey[sU{(b,k,l): p(b)(k) =1}].

If s, always is a partial injection for a € A, then e,ls, p|] is also a partial injection, and we call it
the evaluation of w given s and p. The notations ey [s, p]| and ey[s, p| T are defined as before.

The following lemma is obvious from the definitions. It will be used again and again, often
without explicit mention.

Lemma 2.2. Fix sets A and B such that AN B =, and a function p: B — So. Let w € Wa_p
and s € A X w X w such that s, is a partial injection for all a € A. Suppose w = wv without
cancellation for some u,v € Waup. Then n € dom(ey[s, p]) if and only if n € dom(e,[s, p]) and
ev[s, pl(n) € dom(ey[s, p]). If moreover w € Wiup then n € fix(ew[s, p]) if and only ey[s, pl(n) €
fix(eyuls, p]). In particular, fix(ew[s, p]) and fix(ey[s, p]) have the same cardinality.

Remark 2.3. Note that if w = uv with cancelation, or w ¢ WAU B, the above lemma may fail.

Definition 2.4. Fix sets A and B such that AN B = () and a function p : B — S, such that p

induces a cofinitary representation p : Fp — So.. We define the forcing notion Q4 , as follows:

(1) Conditions of Q4 , are pairs (s, F)) where s C A x w x w is finite and s, is a finite injection for
every a € A, and F C Wyyp is finite.

(2) (s,F) <qgu, (t, E) ifand only if s O ¢, F O E and for all n € w and w € E, if ey[s, p|(n) =n
then already ey [t, p](n)] and ey lt, p](n) = n.

If B =0 then we write Q4 for Q4.

Remark 2.5. When A, B and p : B — S are clear from the context, we may write < instead
<
—@A,p'

Unless otherwise stated, we now always assume that A and B are disjoint sets, A # () and
p: B — S, induces a cofinitary representation of Fp.

Lemma 2.6. The poset Q4 , has the Knaster property.

Proof. For w € Wy p, write oc(w) for the (finite) set of letters occurring in w, and for F' C Wyuyp
let oc(F) = U,epoc(w). For C € AU B and w and F' as before, let occ(w) = oc(w) N C and
occ(F) =oc(F)NC. For s C A X w X w let dom(sy) = {a: In,m € w(a,n,m) € s}.

Suppose that ((s*, F*) € Qa, : @ < wi) is a sequence of conditions. By applying the A-
system Lemma [4, Theorem 1.5] repeatedly we may assume that there are Ay, A1 C A finite and
t C A x w x w finite such that for all a # 8, s* N 5% =t, ocA(F*) Noca(FP) = Ay and

(dom s® U oca(FY)) N (dom s” Uocy(FP)) = A;.

Note that dom(¢) and Ag are subsets of A;. Further, we may assume that s*NA; X w X w = t, since
this must be true for uncountably many « as A; is finite. Note then that (s*Us?, F*UFP) Qa,p
and that if a # 8 then

(2.1) s*Moc(FP) xwxwCt.
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We claim that (s U s?, F* U FP) < sP, FB). For this, suppose that w € F? and that e,[s* U
QA,p

5%, pl(n) = n. Then by 2.1 we have e[t U s?, p](n) = n and so ey,[s?, p](n) = n. The proof that

(s*Usf, Fe U FP) <Qa, (8% F%) is similar. O

Let G be Q4 generic (over V, say.) We define pg : AU B — So by

| o) ifxeB
(2.2) pG(z) = { U{ss : BF € W) (s,F) € G} ifz € A.

We will see that pg induces a cofinitary representation of A U B which extends p. Of course, we
first need to check that when G is generic then

| J{se : OF € Waup) (s, F) € G}
is a permutation. This is the content of the next Lemma, which is parallel to [6, Lemma 2.2].

Lemma 2.7. Let A and B be disjoint sets and p : B — So a function inducing a cofinitary
representation of Fg. Then

1. (“Domain extension”) For any (s, F) € Qa,, a € A and n € w such that n ¢ dom(s,) there
are cofinitely many m € w s.t. (sU{(a,n,m)},F) < (s, F).

2. (“Range extension”) For any (s,F) € Qa,p, a € A and m € w such that m ¢ ran(s,) there
are cofinitely many n € w s.t. (sU{(a,n,m)}, F) < (s, F).

We will first prove a slightly stronger version of this, but at first only for certain special “good”
words.

Definition 2.8. Let a € A and 7 > 1. A word w € Wxyp is called a-good of rank j if it has the
form

(2.3) w = akjujakj—luj,l eafuy
where u; € Wy ayup \ {0} and k; € Z\ {0}, for 1 <i <.

Lemma 2.9. Let s C A X w X w be finite such that s, is a partial injection for all a € A. Fix
a € A, and let w € Waup be a-good. Then for any n € w\ dom(s,) and C C w finite there are
cofinitely many m € w such that

(VI € w)ew[sU{(a,n,m)}, p](l) € C <= eyls,p](1)L A ewls, p](l) € C

Proof. By induction on the rank j. Let w be an a-good word of rank 1,

w = aklul.

Assume first k1 > 0. Then pick m ¢ dom(a) and m ¢ C. Suppose e,[s U {(a,n,m)}, p](l) € C
but ey[s, p](l) T. Then there is some 0 < i < k; such that e, [s,p](l) = n. If i < ki — 1 then
€qitiy, [sU{(a,n,m)}, p|(1) T, so we must have i = k; —1. But then e, [sU{(a,n,m)},p](l) =m ¢ C,
a contradiction.

Assume then k1 < 0. Pick m ¢ ran(egiy,, [, p]) for all ky <i < 0. If ey [s U {(a,n,m)},p](l) € C
but ey [s, p|(I) T, then there is some k; < ¢ < 0 such that e,i,, [s, p](I) | but eyi-1,, [s, p](I) T. Since
€qiv, 15 p](1) # m, it follows that e,i-1,, [s U {(a,n,m)}, p]T, a contradiction.
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Now let w be a-good of rank j > 1, and write w = akfujw, where w is a-good of rank 7 — 1.
Let C' = €y1g ks [s, p](C). By the inductive assumption there is Iy C w cofinite such that for all
m € Iy,

(VI € w)eglsU{(a,n,m)}, p](l) € C'" <= eals,p]()L A esls,p](l) € C'.
Let 11 C w be cofinite such that for all m € I,

(Vi e w)e r;, [sU{(a,n,m)},p](l) € C

artug

= kg 1S PI(D LA egry, s, (1) € C.

a®iug a¥iug

Then let m € I1 N Iy, and suppose ey[s U {(a,n,m)}, p|(l) € C. Then ez[s U {(a,n,m)}, p|(l) € C’
and so eg[s, p](I) € C’. Tt follows that

€k, 18U (@ n,m)}, pl(enls, pl(1) € C

and so we have Cokiy, [s, pl(ew[s, pl(1)) = ewls, p](1) € C, as required. O
Proof of Lemma 2.7. (1) It suffices to prove this when F' = {w}. Further, we may assume that a
occurs in w, since otherwise there is nothing to show.

If w is a-good, then the statement follows from Lemma 2.9. If w is not a-good, then write
w = wva® (without cancellation), where u € Wa\{ajus, v s a-good, and k € Z. Let w = vaku.

Then w is a-good, and so there is I C w cofinite such that

(Vm € I)(s U {(a,n,m)},{w}) <q,, (s,{@0}).
We claim that (s U {(a,n,m)},{w}) < (s,{w}) when m € I. Indeed, if e, [s U {(a,n,m)}, p|(l) =1
then by Lemma 2.2 it follows that
eals U{(a,n,m)}, pl(eyerls U {(a,n,m)}, pl(1)) = eyqrls U {(a,n,m)}, p] (1)
and so
6@[87 p](evak [3 U {(CL, n, m)}a p](l)) = Cygk [5 U {(aa n, m)}a p](l)

Applying Lemma 2.2 once more, we get e,|[s, p|(l) = L.

(2) Let (s, F) € Qa,p, a € A, and suppose my ¢ ran(s,). As above, we may assume that
F = {w}. Define s C A X w X w by

(x,n,m) €5 <= (r#aN(xr,n,m)€s)V(xr=aA (z,m,n)Es).

Let w be the word in which every occurrence of a is replaced with a~1. Notice that e[3, p] = ew[s, ],
and that mg ¢ dom(s). By (1) above there are cofinitely many n such that (sU{(a, mg,n)}, {w}) <
(s,{w}), and so for cofinitely many n we have (s U {(a,n,mg)}, {w}) < (s,{w}).

O

The following easy consequence of Lemma 2.7 will be useful. We leave the proof to the reader.

Corollary 2.10. Let w € Wyuyup, and let Ag C A be the set of letters from A occurring in w.
For any condition (s, F) € Q4,, and finite sets Cp,C; C w there is t C Ap x w X w such that
(tUs, F) < (s, F) and dom(e,[sUt, p]) D Cp and ran(e,[s Ut, p]) D C;.

Lemma 2.11. Let w € Waup and suppose (s, F) IFqu, ewlpcl(n) = m for some n,m € w. Then
euls, pl(n) b and eyls, pl(n) = m.
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Proof. By induction on the number of letters from A occurring in w. If no letter from A occurs,
the statement is vacuously true. So suppose now that the above is known to hold for words with
at most k letters from A occurring, and let w be a letter with k + 1 letters from A occurring. For a
contradiction, assume that eyl[s, p|(n) 1, but (s, F) kg, , ew[pc](n) = m. Then we may find a € A
such that w = ua'v without cancellation, i € {—1, 1}, and u,v € Wy4yp are (possibly empty) words,
such that e, [s, p|(n) ] but e,[s, p](n) ¢ dom(egi[s, p]). The word w can be written w = wjwp without
cancellation where wy is a-good and a does not occur in wy. Note that if ey, [s, p] is not totally
defined then dom(eyls, p]) is finite. By repeatedly applying Lemma 2.9 and Lemma 2.7 we can find
s1 C {a} x w x w finite such that sU s; satisfies (sU sy, F') < (s, F) and such that ey, [s U s1, p](n) ]
and n1 = ewy[s U s1,p](n) # ew, [s,p] "' (m) if it is defined. Since (s, F) Ikq, , ewlps](n) = m and
(s Ust, F) IF ewlpsl(n) = ny we must have (s U sy, F) IF ey, [ps](n1) = m. By the inductive
assumption it follows that ey, [s U s, p](n1) = m. Since a does not occur in w; it follows that
ew, [, p](n1) = m, contradicting the choice of n;. O

Proposition 2.12. Let G be Q4 ,-generic. Then pg, defined in 2.2, is a function AUB — Sy such
that pg|B = p, and pg induces a cofinitary representation pg : Faup — Seo satisfying pg|[Fp = p.

Proof. For each a € A and n € w, let
Don={(s,F) € Qa,: (IMm)(a,n,m) € s}

and let
Rup = {(5, F) € Qa,y : (Im)(a,m,n) € s},

For w € WAUB, let
Dy =A{(s,F) € Qa,:we€ F}.

Then D, is easily seen to be dense, and D, , and R,, are dense by Lemma 2.7. Thus pg is a
function AUB — S as promised. It remains to prove that pg induces a cofinitary representation.
For this let w € W4up. Then we can find w' € @UB and u € Wup such that w = u™*
D, is dense, there is some condition (s, F') € G such that w’ € F. Suppose then that e, [pg](n) =n
in V[G]. Then there is some condition (¢, ) <g, , (s, F) and (¢, E) € G forcing this. It follows
by Lemma 2.11 that e,[t, p|(n) = n. But then by the definition of <g, , we have e,/[s, p|(n) = n,
and so fix(e, [pc]) = fix(ew[s, p]), which is finite. Finally, fix(ew[pg]) = eu[pe] L (fix(ew[pa])), so
fix(ey[pc]) is finite. O

w'u. Since

Suppose A = Ay U Ay where AgN A; = 0 and Ag, Ay # 0. We will now describe how forcing
with Q4,, over V may be broken down into a two-step iteration, first forcing with Q4,, , over V,
and then with Qg, ,, over V[G], when G is Q4, ,-generic over V.

Notation. For s C Axwxw and Ay C A, write s[Ag for sNAgxwxXxw. For a condition p = (s, F) €
Qa,p we will write p[Ag for (s[Ag, F'), and p || Ag (“strong restriction”) for (s[Ag, F'N /V[Z;OLJB). (So
p|l Ag is a condition of Q4,,, but p[Ag is in general still only a condition of Q4 ,.)

For the notion of complete containment see section 3.1.2.

Lemma 2.13. If Ag C A then Qg, , is completely contained in Q4 .
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Proof. Let Ay = A\ Ap. We may of course assume that Ay, A; # (), since otherwise there is
nothing to show. We first note that all Q4, , conditions are also Q4 , conditions, and so Q4,,, C
Qu4,p- Clearly p <Qa,,p 4 implies p <q,, ¢ Moreover, if p,qg € Qa,p and p <Qa, ¢ then clearly
p I Ao <Qa,, 4 I Ag. Hence p 1 @40 ¢ if and only if p 1L%4.» ¢. It remains to see that if ¢ € Qa,p
then there is py € Q4,,, such that whenever p <Qu,,, PO then p and ¢ are <@, -compatible. This
follows from the next claim.

Claim 2.14. For every (s, F) € Qu,, there is tg 2 s[Ag, to C Ao X w X w, such that if (t, E) <Qay,
(to, N Wasup) then (sUt, F) <q,, (s,F). Thus, for any q € Qa,, there is po <Qap., pll Ag such
that whenever p <Qu,,, PO then p is <q, ,-compatible with q.
To see this, let {w1,...,wp} = F \ Wa,up. Then each word w; may be written

Wi = Wi k; Vi k; * - Wq,1V5,1U4.0

where u; ; € Wy, and v; ; € Wy, all words are nonempty except possibly u;, and u; o, and each
v;,j starts and ends with a letter from A;. By repeated applications of Corollary 2.10 to (s, F') and
the u; ; we can find t C Ap X w X w such that tg 2 s[Ag and dom(ey, ;[s Ut, p]) 2 ran(e,,;[s, p])
and ran(ey, ;[s U to, p] 2 dom(ey, ;,,[s,p]), and satisfying (s U to, F') <g,, (s, F). Suppose now
(t, E) <Qa,, (to, F'N /MZXQUB)- If ey, [s Ut, p](n)l for some n € w, then by definition of ¢, we must
have that ey,[s U to, p](n) |. Therefore if e,,[s Ut, p](n) = n we have ey,[s U tg, p](n) = n, and
so since (s Uto, F') <q,, (s, F) it follows that ey,[s, p](n) = n. Thus (sUt, F) <g,, (s,F) as
required. O

Remark 2.15. Note that in Claim 2.14 we obtained in fact a slightly stronger property than stated,
namely the following. Let A C dom(Q), p = (s, F') € Q. Then there is ¢y C oc(s) N A X w X w such
that s|A C tg, oc(to) = oc(s) N A, (to, F N WA) <Quc(pna P I A and whenever (, E) <q (to,F N WA)
is such that oc(t) N (oc(p)\A) = oc(E) N (oc(p)\A) = 0, then (tUs, F) < (s, F), (tUs,E) < (t, E),
and so (tUs, EUF) is a common extension of (s, F) and (¢, F).

Lemma 2.16. Let A= AgU A;. If (t,E) € Qa,,, and
(t, E) “_QA07P (SQ,F()) SQALPG (Sl,Fl)
then (t U so, Fo) <q,, (tUs1, F1).

Proof. Let w € Fy and suppose e, [tU sg, p|(n) = n. If G is Q4 ,-generic such that (¢, £) € G then
in V[G] we have ey[so, pg](n) = n, and so in V[G] we have e, [s1, pg](n) = n, from which it follows
that e[t U s1, pl(n) = n. O

Lemma 2.17. Suppose G is Q4 ,-generic over V., and A = AgUA; where Ay, A1 # 0, AgNA; = 0.
Then H = GNQa,,p is Qa,,p-generic over V and

K ={plA1:pe G} ={(s|A1,F): (s, F) € G}
is Qa, py -generic over V{H]. Moreover, pc = (pr)K -

Proof. That H is Q4, ,-generic over V follows from the previous Lemma. To see that K is Qu, -
generic over V[H], suppose D C Qy, ,, is dense and D € V[H]. Define

D' ={peQay,:plAoltaq,, pli € D}
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and let pg € H be a condition such that pg IFqg Agop “D is dense”. We claim that D’ is dense below
po (in Qa,p.) For this, let (s, F) = p <g,, po- Then by Claim 2.14 we can find po <Qag, P I Ao
such that for any p; <Qa,,, P0; P1 is compatible with p. Thus we can find g = (so, Fo) € Qa, py
and (¢, E) <q,, , Po such that

(t,B) Fqu,, 4 € DANq<qu,,, PlAL
By Lemma 2.16 it holds that (so Ut, Fy) <g,, (s[41 U, F), and therefore
(soUt,FoUE) SQA,;; (s, F).

Since clearly (so Ut, Fy U E) € D', this shows that D’ is dense below py.

Now, since py € G it follows that there is ¢ € D'’ N G. In V[H] it then holds that ¢'[A; € D,
which shows that K N D # (.

That (pg)x = pg follows directly from the definition of H and K. O

Our next goal is to prove the following.

Theorem 2.18. Suppose p : B — Ss induces a cofinitary representation of Fg. If card(A) > Ry
and G is Q4 ,-generic over V, then im(pg) is a mazimal cofinitary group in V[G].

The Theorem is a consequence of the following Lemma, which is parallel to [6, Lemma 3.3].

Lemma 2.19. Suppose p : B — S induces a cofinitary representation p : Fp — Soo and that
there is by € B such that p(bo) # I. Let (s, F) € Q4,1 B\ {5} and let ap € A. Then there is N € w
such that for alln > N

(SU {(ag,n,p(bg)(n))},F) S@A,prs\{bo} (SaF)'

Proof. Let wy,...,w; € F enumerate the words in F' in which ag occur. Then we may write each
word w; on the form
Wi = Ui G " Ui G110 Ui 10y Ui

where u; . € Way(ag}uB\ (b} and are non-{) whenever m ¢ {j;,0}. By Lemma 2.7 we may assume
that for all u;,, with dom(ey,,,[s,p]) and ran(ey, ,,[s, p]) finite that

dom(e, i[5, p]) 2 ran(en, , 5. )
0
and
ran(e, s, pl) 2 domfe, , s, ).
0

Let w; be the word in which every occurrence of ag in w; has been replaced by bg. If e, [p] is totally
defined, then since p induces a cofinitary representation there are at most finitely many n such that
e, |p](n) # n. For each w; with ey, [p] totally defined and 1 < m < j; let
Wi m = ui,mb’é(i’m) e ui,lblé(i’l)ui,o,
and let
N; = max{e,|p](k) :ew,[p](k) = k A v = bp8nEEmPg, A
0 < p <sign(k(i,m))k(i,m) N0 <m < j;}.
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Then let N € w be such that N > max{N; : i < I} and n ¢ dom(sg,) and p(bp)(n) ¢ ran(se,)
whenever n > N. Then for any n > N we have that on the one hand, if ey, [p] is not everywhere
defined, then

dom(ey, [s, p]) = dom(ew, [s U {(ao, n, p(bo) (1))}, p]),
while if ey, [p] is everywhere defined then necessarily

ew;[s U {(ao, 1, p(bo)(n))}, pl(k) = k
only when ey, [s, p|(k) = k. O

Proof of Theorem 2.18. Let by ¢ B U A. Suppose card(A) > Xy and that G is Q4 ,-generic, and
suppose further that there is a permutation ¢ € cofin(Ss)"[¢) such that pl; : BU {by} — S
defined by p;|B = pq, and pj;(bp) = o induces a cofinitary representation of Fpu(p)- Let ¢ be a
name for o. Then there is Ay C A countable so that ¢ is a Q4, ,-name and so we already have

o € V[H], where H = GNQ4,,,. Let A; = A\ Ag, and let K be defined as in Lemma 2.17. Define
Don ={(5,F) €Qua,py : (Gn > N)s(n) =o(n)}.
By Lemma 2.19 this set is dense. Thus in V[H][K], for any ag € A\ A we have (pg) i (ap)(n) = o(n)

for infinitely many n. Since (pg)x = pg by Lemma 2.17, this is contradicts that pj; induces a
cofinitary representation. O

3. ITERATION ALONG A TWO-SIDED TEMPLATE

3.1. Preliminaries. We now recall various definitions and introduce several notions that are
needed to set up the framework in which we will treat the iteration along a two-sided template.

3.1.1. Localization. As indicated we are aiming to give an iterated forcing construction which will
provide a generic extension in which the minimal size of a maximal cofinitary group is of countable
cofinality. In order to provide a lower bound for a4, along this iteration construction cofinally often
we will force with the following partial order L, known as localization.

Definition 3.1. The forcing notion LL consists of pairs (o, ¢) such that o € <¥(<“[w]), ¢ € “(<¥[w])
such that o C ¢, Vi < |o|(|o(i)| =4) and for all i € w(|¢(i)|] < |o|). The extension relation is defined
as follows: (0,¢) < (7,%) if and only if o end-extends 7 and for all i € w (¥ (7) C ¢(7)).

Recall that a slalom is a function ¢ : w — [w]|<* such that for all n € w we have |¢p(n)| < n.
We say that a slalom localizes a real f € “w if there is m € w such that for all n > m we have
f(n) € ¢(n). The following is well-known and follows easily from the definition of L.

Lemma 3.2. The poset I. adds a slalom which localizes all ground model reals.

Let add(N) denote the additivity of the (Lebesgue) null ideal, and let cof (A/) denote the cofinality
of the null ideal. Then:

Theorem 3.3 (Bartoszyniiski, Judah[l, Ch.2]). (1) add(N) is the least cardinality of a family
F C w¥ such that no slalom localizes all members of F'

(2) cof (N) is the least cardinality of a family ® of slaloms such that every member of w® is
localized by some ¢ € .

Finally, we will need the following result due to Brendle, Spinas and Zhang;:
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Theorem 3.4 ([3]). a; > non(M).

In our intended forcing construction cofinally often we will force with the partial order L., which
using the above characterizations will provide a lower bound for ay.

3.1.2. Complete embeddings. Recall that if P and Q are posets such that P C Q, then we say that
P is completely contained in Q, written P < Q if P C Q and
(1) if p,p’ € P and p <p p’ then p <g p'.
(2) if p,p’ € Pand p Lp p’ thenp Lg p'.
(3) if ¢ € Q then there is r € P (called a reduction of ¢) such that for all p € P with p <p r,
the conditions p and ¢ are compatible.

We note that (3) above may be seen to be equivalent to

(3’) All maximal antichains in P are maximal in Q.

Lemma 3.5. Let P and Q be posets, and suppose P < Q. Let ¢ € Q, p € P and ¢ <g p. Then any
reduction of q to P is compatible in P with p, and so q has a reduction extending p.

Proof. Suppose r € P is a reduction of ¢ and r Lpp. Let x € P, x <p r. Then since r is a reduction
of ¢, we have that x is compatible with ¢ in Q and so there is 2/ € Q which is their common
extension. But then 2/ <g z <p r and so 2/ <g r. Also 2’ <g ¢ <@ p and so 2’ <g p. Therefore
r is compatible with p in Q. But by assumption P < Q and so for all z,y € P(ylpz — yLlgz).
Therefore r_Lgp, which is a contradiction.

To complete the proof, consider any reduction r of ¢ to IP. Then r is compatible in P with p and
so they have a common extension rg. However, any extension of a reduction is a reduction and so
r9 is a reduction of ¢ with rg <p p. O

3.1.3. Canonical Projection of a Name for a Real.

Definition 3.6. Let B be a partial order and y € B. For each n > 1 let B,, be a maximal antichain
below y. We will say that the set {(b, s(b))}reB, n>1 is a nice name for a real below y if

(1) whenever n > 1, b € B,, then s(b) € "w
(2) whenever m > n > 1, b € B,, b € B, and b,b’ are compatible, then s(b) is an initial
segment of s(b').

Remark 3.7. Whenever f is a B-name for a real, we can associate with f a family of maximal
antichains {B,},>1 and initial approximations s(b) € "w of f for b € B, such that for all n and
b, b kg fln = 5(b) and the collection {(b,s(b))}ses, new has the above properties. Thus we can
assume that all names for reals are nice and abusing notation we will write f = {(b, 5(b))}es, new-

Lemma 3.8. Let A be a complete suborder of B, y € B and x a reduction of y to A. Let f =
{(b,5(b)) }beB,n>1 be a nice name for a real below y. Then there is § = {(a,s(a))}acA,n>1, @
A-nice name for a real below x, such that for all n > 1, for all a € A,, there is b € B,, such that a
is a reduction of b and s(a) = s(b).

Remark 3.9. Whenever f,g are as above, we will say that ¢ is a canonical projection off below x.
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Proof. Recursively we will construct the antichains A,,. Along this construction we will guarantee
that for all a € A,,, a’ € Ay, 4qeither @’ < aor ald, and that if a’ < a, then s(a’) end-extends s(a).

First we will define A;. Let ¢t € A be an arbitrary extension of x. Since z is a reduction of y,
there is £ € B such that ¢ <g t,y. Therefore there is b € B; such that ¢ and b are compatible with
a common extension ¢. Then in particular ¢ <g ¢ and so we can find a reduction a of ¢ extending t.
Since t < b, a is also a reduction of b. Define s(a) = s(b), a(t) = a. Let A; be a maximal antichain
in the dense below x set D1 = {a(t) : t < z}.

Suppose A, has been defined. Let a € A, and ¢t <j a. By the inductive hypothesis, there is
b € B, such that a is a reduction of b and s(a) = s(b). Then t is compatible in B with b with
common extension ¢. Then in particular t<p y and so there is be By+1 such that tis compatible
with b in B with common extension #. Then in particular < b,b and so s(b) is an initial segment
of s(b). Since t < t, it has a reduction @ <, t. Define a(t) = @, s(a) = s(b). Again since t < b, a is
also a reduction of b. Let Ap+41,6 be a maximal antichain in the dense below a set {a(t) : t <j a}
and let A,11 = Ugea, Antia- O

3.1.4. Canonical Projection of a Name for a Slalom.

Definition 3.10. Let B be a partial order and y € B. Let 0 € <“(<“[w]) be such that Vi <
lo|(Jo(i)| = i), and for each n > 1 let B,, be a maximal antichain below y. We will say that the pair
(5,@5) is a nice name for an element of L below y, where ¢ = {(b,0(b))}veB, n>1, if the following
conditions hold:

(1) whenever n > 1 and b € B, then o(b) € "(<“[w])
(2) whenever 1 < n < |o| and b € B,, then o(b) = oln
(3) whenever n > |o|, then o C o(b) and Vi : |o| < i < n(|lo(b)(@)| < |o|),
(4) whenever m > n > |o|, b € By, V' € By, and b,V are compatible, then o(b) is an initial
segment of o (V).
Remark 3.11. If (5, ¢) where ¢ = {(b,0(b))}pep, n>1 is a nice name for an element of L below y,

then y IF (6,¢) € L and for all n € w, b € B, bl- ¢[n = s(b).

Lemma 3.12. Let A be a complete suborder of B, y € B and x a projection of y to A. Let (5, ¢)
where qﬁ = {(b,0(b)) }peB, n>1 be a nice name for an element of L below y. Then there is an A-nice
name (5,v) where ¥ = {(a,0(a))}aca,n>1 for an element in L below x such that for all n > 1,
for all a € A, there is b € B,, such that a is a reduction of b and o(a) = o(b).

Proof. Similar to the proof of 3.8. 0

Another forcing notion which will be of interest for us is Hechler forcing H. Recall that it consists
of pairs (s, f) € ““Yw x “w such that s C f and extension relation (s, f) < (¢,g) iff s end-extends
t and for all i € w(g(i) < f(i)). Clearly, if y forces that (3, f) is a condition in H and f is a nice
name for a real below y, then f has a canonical projection f’ below x such that z forces that (3, f’ )
is a Hechler condition.

3.1.5. Suslin, o-Suslin and good o-Suslin posets. Recall that a Suslin poset is a poset (S, <g) such
that S(C w®), <s and Lg have E% definitions (with parameters in the ground model.) For a Suslin
forcing S, the ordering <g will be defined by the 31 predicate in whatever model we work in (that
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has a code for <g.) The key property of Suslin forcings that we need is the following well-known
fact.

Lemma 3.13. Let P and Q be posets and let S be a c.c.c. Suslin poset. If P<Q then PxS< Q*S
(where S denotes the name of S for the relevant poset.)

We will work with the following strengthening of the notion of Suslin forcing:

Definition 3.14. Let (S, <s) be a Suslin forcing notion, whose conditions can be written in the
form (s, f) where s € <“w and f € “w. We will say that S is n-Suslin if whenever (s, f) <s (¢,9)
and (t,h) is a condition in S such that hn - |s| = g[n - |s| then (s, f) and (¢, h) are compatible. A
forcing notion is called o-Suslin if it is n-Suslin for some n.

Clearly, if S is n-Suslin and m > n, then S is also m-Suslin. If S is n-Suslin and (s, f) and (s, g)
are conditions in S such that f[n-|s| = g[n -|s| then (s, f) and (s, g) are compatible. Thus every
o-Suslin forcing notion is o-linked and so has the Knaster property. Hechler forcing H is 1-Suslin,
localization L is 2-Suslin.

Definition 3.15. Let (S, <g) be a Suslin forcing notion, whose conditions can be written in the
form (s, f) where s €<“ w, f € “w.

(1) The pair (3, f) is a nice name for a condition in' S below y € B if f is a nice name for a real
below y and y IFg (3, f) € S.

(2) Whenever (3, f) is a nice name for a condition in S below y € B, = € A is a reduction of
y and ¢ is a canonical projection of f below z such that z IFg (3, 9) € S, we will say that
(8,9) is a canonical projection of the nice name (3, f) below .

(3) S is called good if every nice name for a condition in S below y has a canonical projection
below x, whenever x € A is a reduction of y € B.

As an immediate corollary of Lemma 3.12 we obtain that the localization poset L is a good
o-Suslin forcing notion. It is straightforward to verify that the Hechler poset H is good o-Suslin.

3.1.6. Finite function posets.

Definition 3.16. Let A be fixed sets and let Q be a poset of pairs p = (sP, FP) where s? C
A X w X w is finite, for every a € A, sh = {(n,m) : (a,n,m) € s} is a finite partial function and
F e [W;;]Q*’. For p € Q let oc(s?) = {a : In,m(a,n,m) € sP} and let oc(p) = oc(sP) U {a :
a is a letter from a word in FP}. For BC Alet p|B = (sP N B X w X w, FP), let p|| B = (s* N B X
wXw, FPN ﬁ/};) and let dom(Q) = A. Then Q is a finite function poset (with side conditions) if:

(i) ”Restrictions” whenever p,q € Q, B C A then
e p|B, p|l B are conditions in B, and p[B < p|| B,
e if p<qgthenp|B<q|B.
(ii) ”Extensions” whenever p = (s, F) € Q
e and t C A X w X w is finite such that oc(p) Noc(t) =0, then (sUt, F) < p;
e and E € [W4]<¥ contains F, then (s, E) < (s, F).

Whenever B C dom(Q) by Qp we denote the suborder {p| B : p € Q}.
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Definition 3.17. Let Q be a finite function poset. We say that Q has the strong embedding property
if whenever Ag C dom(Q), and p = (s, F)) € Q, then there is ty C (0c(s) N Ap) X w X w such that
sTAp C to, (to, F'N WAO) ZQoe(p)nag p |l Ao and whenever (¢, E) <q (to, F' N ﬁ/jqo) is such that oc(t)
and oc(E) are disjoint from oc(p)\A, then (tUs, F) < (s,F) and (tUs, E) < (t,E). We say that
(to, F'N WAO) is a strong reduction of p and (sUt, FUF') a canonical extension of (s, F') and (t, E).

Remark 3.18. Note that if Q is a finite function poset with the strong embedding property then
whenever A C B C dom(Q), C C dom(Q) are such that C' N B = A, for every condition p € Q[B
there is py <ga plA such that oc(pg) = oc(p) N A and if qp is a Q[C-extension of pg, then g is
compatible with p. We will say that pg is a strong Q[ A-reduction of p.

Lemma 3.19. Qg , is a finite function poset with the strong embedding property.

Another example of a finite function poset with the strong embedding property is the following
forcing notion D4. Let A be a nonempty set and let D4 be the poset of all pairs (sP, FP) where
sP C A xw x 2 is a finite set such that for all a € A, sh = {(n,m) : (a,n,m) € s} is a finite
partial function and F' € [A]<“. The condition ¢ is said to extend p iff s¢ D s?, F? D FP and for
all a,b € FP we have that sy N slq’ Csyn sg. If |A| > w, then D4 adds a maximal almost disjoint
family of size |A|.

3.2. Two-sided templates. If (L, <) is a linearly ordered set and x € L, we let L, = {y € L :
y<z}and L7y ={ye€ L:y <z}. If Ly C L is a distinguished subset of L and A C L, then the
Lo-closure of A is defined as
ClLO(A) =AU U L, N Lo,
T€EA

and we will say that A is Lo-closed if A = cly,(A). Note that cl,(A) is the smallest set B DO A
with the property that if z € B then L, N Ly C B. We will usually drop mention of Ly when it is
clear from the context, and write “closed” instead of “Lo-closed” and write cl instead of cly,,.

Definition 3.20 (J. Brenlde, [2]). A two-sided template is a 4-tuple T = ((L,<),Z, Lo, L1) con-
sisting of a linear ordering (L, <), a family Z C P(L), and a decomposition L = Lo U L; into two
disjoint pieces such that the following holds:

(1) Z is closed under finite intersections and unions, and @, L € Z.

(2) If z,y € L,y € Ly and = < y then there is A € Z such that A C L, and = € A.
3) IfAeZ, e L1\A, then ANL, € T.

(4) The family {AN Ly : A € I} is well-founded when ordered by inclusion.

(5) All A € T are Ly-closed.

Given a two-sided template 7 as above, x € L and A € Z, we define

~— — ~— —

Iy={B€ZI:BcCA}

I,={BeI:BCL,}

and Z4 , = T4 NZ,. Finally we define the rank function Dp : Z — ON by letting Dp(A) = 0 for
A C Ly and Dp(A) =sup{Dp(B)+1: B€e ZABNL; C AN Ly}. We define Rk(7), the rank of
T, to be Rk(T) = Dp(L).
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If A C L then Ty is the template ((A4,<),Z[A,LoN A, L1 N A), where
TIA={ANB:BeT).
Note that if A € Z then Rk(T4) = Dp(A). Moreover, if A C L is arbitrary, then Rk(7) < Rk(7).

3.3. Iteration along a two-sided template. We are now ready to define the iteration along a
two-sided template. This definition is a generalization of the definition of iterating ”Hechler forcing
and adding a mad family along a template” given in [2].

Definition 3.21. Let 7 = ((L, <),Z, Lo, L1) be a two-sided template, Q a finite function forcing
with the strong embedding property such that Ly = dom(Q) and S a good o-Suslin forcing notion.
The poset P(7,Q,S) is defined recursively according the following clauses:

(1) If Rk(7) = 0, then P(7,Q,S) = Qp,.

(2) Assume that for all 7 with Rk(7") < , P(7,Q,S) has been defined (and is a poset, see
comment below). Let 7 be a two-sided template of rank x, and for B € Z of Dp(B) < &
let Pp =P(75,Q,S). We define P =P(7,Q,S) as follows:

(i) P consists of all pairs P = (p, FP) where p is a finite partial functions with dom(p) C L,
Pl;, := (plLo, F?) € Q and if 2, & max{dom(p)NL, } is defined then there is B € Z,,
(called a witness that P € P) such that P|l Ly, := (p[Ls,, F? N /W\/]g) € Pp, p(x,) =
(5%, /%), where sb € <“w, f% is a P name for a real and (P Ly, p(zp)) € Pp *S.

(ii) For P,Q € P, let Q <p P iff dom(p) C dom(q), (¢[Lo, F'?) <g (p[Lo, F?), and if z, is
defined then either
(ii.a) zp < x4 and 3B € I, such that P| Ly, Q| Ly, € Pp and Q| Ly, <p, P| Lz,
or
(ii.b) xp = x4 and 3B € Z,, witnessing P,Q € P, and such that

QI Layg> 4(4)) <p .5 (P Lay, p(2p))-

Below we will call B as in (ii.a) or (ii.b) a witness to Q@ <p P.

Whenever the side condition F? is clear from the context, we will denote the condition P = (p, FP)
simply by the finite partial function p. Also for A C L, let P[A = (p[A, FP) and P || A = (plA, FPN
/VIZ;). The definition is recursive and it is not clear to what extend it succeeds in defining a poset.
However this will follow from Lemma 3.22, stated below, which establishes not only transitivity
but also a strong version of the complete embedding property, which is necessary for this definition
to succeed. This Lemma is a generalization of the Main Lemma of [2]. We note that if A € Z then

it is clear from the definition that P4 def P(T4,Q,S) is a subset of P(7,Q,S) and that the relation

<p, is contained in <p. Clearly, the above definition also defines P4 = P(74,Q,S) for arbitrary
ACL.

Lemma 3.22 (Completeness of Embeddings). Let T = ((L,<),Z, Lo, L1) be a template, let Q be
a finite function poset with Ly = dom(Q) which satisfies the strong embedding property and let S
be a good o-Suslin poset. Let B € T, A C B be closed. Then Pg is a partial order, P4 C Pp and
even Py < Pp. Furthermore, any P = (p, FP) € Pp has a canonical reduction Py = (pg, FP°) =
po(P, A, B) € P4 such that

(i) dom(py) = dom(p) N A, FPo = FP?,
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(ii) si° = sb for all x € dom(pg) N Ly

(i) P[Ly = (p|Lo, F?°) is a strong Qa-reduction of P{Ly = (p[|Lo, FP)
and such that whenever D € Z, B,C C D, C is closed, C N B = A and Qg € Pc extends Py, then
there is QQ € Pp extending both Qg and P.

Lemma 3.22 is proved by induction on the rank of 7. It uses the following lemmas, which
are helpful for making simple manipulations with the conditions of P(7,Q,S). In Lemmas 3.23
through 3.26 assume that 7, Q and S are as in Definition 3.21 and that the Completeness of
Embeddings Lemma 3.22 has been established for all templates of Rank < Rk(7). Let P =
P(T,Q,S).

Lemma 3.23. If P = (p, F¥) and Q = (q, F?) are conditions in P such that oc(P) and oc(Q) are
contained in L, for some x € Ly and P <p @, then there is B € I, such that Q <p, P.

Proof. If x;, is defined and x, = x4 (resp. x, < x4) let B’ € I, (resp. B’ € I,,) be a witness to
Q@ <p P. Using definition 3.20.(2) find B € Z, such that B’ C B and oc(P) U oc(Q) € B. Then
B' € Ipg, (resp. B' € Ip,,) is a witness to Q <p, P. If z, is not defined and B € 7, is such that
oc(P) Uoc(Q) C B, then since Q[Lg <g, P[Lo we obtain Q <p, P. O

Lemma 3.24. Let P = (p, FP) and Q = (q, F'?) be conditions in P and let xog € L. Then Q|| Ly, €
P, QI Ly, € P and if Q <p P then Q| Ly, <p P [ Ly, and Q| Ly, <p P| L,

Proof. The proofs of Q || Ly, € Pand Q|| Ly, < P || Ly, proceed by induction on ny = | dom(q)NL1]|.
The case ng = 0 follows by definition 3.16. Thus suppose each of those is true whenever n, < n
and let ny = n. To see that Q || Ly, € P note that if x, < 29 and B is a witness to @ € P, then B
also witnesses Q || L, € P. If 29 < x4, then ng; L., < n and so we can use the inductive hypothesis.

If dom(p[Ly,) C Lo, then Q| Ly, <p P|l Ly, follows from definition 3.16. Suppose Npl Ly, 7 0
and let B be a witness to @ < P. If z, < o, then B also witnesses Q || Ly, < P | Ly,. If z0 < zg,
then Q| Ly, <p, P[L., and since <p,C<p we have that Q| Ly, <p P | Ls,. If 20 = x4 we are
done and if zyp < z, then NglL,, <N and so by the inductive hypothesis, Q [ Lz, <p P | Lg,- O

Lemma 3.25. Let P = (p, Fp) and Q = (q, Fq) be conditions in P. If dom(p) C dom(q), QLo <g
PlLy and Q| Lz, <p P|L thenQ<P

Proof. Note that Tg > Tp. If Tq = Tp, then if B is a witness to Q[ Ly <p P | Ly , then B is also a
witness to @ < P. Thus suppose 4 > xp = z. Let (dom(q) N L1)\L = {l'j}j_l < andlet H € Z,,

be a witness to @ HL; <p P HLZ]. In finitely many steps we can find an increasing sequence
{H;}}_, of elements of Z such that forall j, H; C Ly, oc(Q | Ls;), oc(P | Ly;) are contained in
Hj and H; 1 is a witness to Q[ Ly, < <pu, P Ly, (taking Ho = H). Then H, 1 is a witness to
QI Ly, <py, Pl Ls,,ie H, € ITNP(Ly,) is a witness to Q <p P. O
Lemma 3.26. Let Q = (¢, F9) = Q|| L, be such that x = max{dom(q) N L1} be a condition in P
with witness D. Let P = (p, FP) be a condition such that (Qo || Lz)[ Lo is a strong Qronr, -reduction

of Qo Lo and such that Q <p Qo || L; with witness D. Then Qx,P = (qxp, FIUFP) is a common
extension of @ and P where qxzp = qU p[L\L7 .

Proof. Since qxzp[Lo = q[LoUp[Lo\L; and (P || Ly)[Lo is a strong Qr,nr,-reduction of P[Lg, we
have that (Qx;P)[Lo < P[Lg. On the other hand dom(p[Lo\ L3 )Noc(Q) = 0 and so (Qx,P)[Ly <
QI Lo.
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Suppose n, := |dom(p) N Ly \ Ly,| is 0. Then D witnesses that Qx, P extends each of P and Q.
Now suppose that the claim is true whenever 0 < n, < n and let P be a condition with n, = n.
Then 2, > z and Q < (P Lg,) [ Ly . By the inductive hypothesis Qx (P || L;,) is a condition in
P extending both @ and P | L,,. By Lemma 3.23 there is By € Z,, such that Qx.(P | Lg,) <pg,
Q,P| Ly, Let By be a witness to P € P. Thus P| L., € P, and P | L,, ey, p(xp) € S. Then
B = ByU By € I, and Pp,, P, completely embed into Pg. This implies that Qx (P | Ly,) <p,
Q, P| Ly, and so in particular Qx (P |l L,) IFp, p(xp) € S. Then B is also a witness to Qx P <p
P. Since x4 < z4x,p = Tp, the set By is a witness to Qx, P <p Q O]

Proof of Lemma 3.22. We establish the Lemma by recursion on the rank of the underlying template.
The Rk(75) = 0 case is clear. So assume that the Lemma holds for all templates of rank < «, and
let Rk(7p5) = a. Let P =Pp.

Transitivity: To see that <p is transitive, fix Py, P;, P» € P such that P, <p Py and P, <p Py,
and assume that z;, is defined (since otherwise there is nothing to show.) Fix witnesses By € Z,;,,,
and By € I, to Py <p Py and P, <p Pi. Since Dp(B; U By) < a, the inductive hypothesis gives
that Pp,,Pp, < Pp,uB,, and so we have R-[pr2 = P;|B1 U By € P,up, for 0 <7 <2, and that

Pyl L P L Rl L

Tpy SPp,un, Tpy SPp,un, Tpy -
Thus by the inductive hypothesis we have P, |[LIP2 SPBlu B, Py HL%Q. If z,, < xp, then it now
follows from the definition of <p that P, <p Fy. So assume that x,, = xp,. It is clear that p;(zp,)
is a Pp,up,-name for 0 < ¢ < 2. Since Pp,,Pp, < Pp,up, we must have that P; ][me IhpBlw2
P1 (pr) SS po(xpz) and P ”L»’sz ll_PsluBQ pQ(xpz) SS Y41 (xpz)' But then P, rLIPQ H_PsluBQ 4! (pr) SS

po(zp,) and so P |[ngp2 ll—[poIUB2 P2(7p,) <g po(Tp,). Thus
(P2 ”Lﬂlpgva(xm)) < (PU ”Lrpg ,po($p2))

_]PBl UBo *S

as required.

Suborders: Let A C B be closed, B € 7 be given. We will show that P4 C Pp. Assume
R = (r,F") € P4. Let x = z,. By definition of the iteration there is A € (Z]A), such that
R|I(ANL,) € P5and f! is a P5-name.

Note that A € 7| A means that there is By € T such that A = Byn A. On the other hand A C B,
so A C B and so ByNA = ByNBNA. But 7 is closed under finite intersections and so BN B € Z,
even By N B € Ip. So without loss of generality there is B € Zg (just take B = By N B) such
that A = AN B. Since A C L, x ¢ B. Then by definition 3.20.(3), BN L, € Zg. Therefore we
can assume that B C L,. Thus B C B and Dp(B) < Dp(B) = a. By the inductive hypothesis,
P; C P5 and P4 <Pg. Therefore f! is a Pz-name as well. Thus R|| L, € P and f7 is a Pz-name.
That is, R € Pp.

Complete Embeddings: Assume P = (p, F?) € Pg. We will construct a ”canonical reduction”
Py = po(P, A, B). Let z = x,,. By definition of the iteration, there is B € Zp, such that P | L, =
P € Pj and ffisa Pgz-name. Let A= ANDB. Then A€ Z[A, AC B, A € P(L;). Repeating the
argument from (2), we obtain P; <P 5. Therefore P has a ”canonical reduction” Py = po(P, A, B).
Let FPo = FPN /VIZ; Define pg[Lg so that (po[Lg, FP°) is a strong Q4-reduction of (pg|Lg, F?) and
Do fLoﬁA DO polLg. Let polL1NL, = po[L1NL,;. Then Py ” L, SPA po and so Py ” L, is a canonical
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reduction of P. We can assume that p(z) is a nice name for a condition in S below P. If x ¢ A, let
po(z) = p(x) and if x € A let po(x) be a canonical projection of p(x) below Py || Ly

Now assume D € Z, C C D closed are such that BUC C D, A= BnNC and Dp(D) = a. Let
Qo = (qo, F?) <p, Py. We will construct a common extension of g and P.

Case 1: = ¢ A. Then clearly x ¢ C. Let y = max(dom(qo) N Ly N Ly). Then y < z. By
Lemma 3.24 Qo[L; <p, Po[L; and so there is E € (I]C), witnessing this fact. Using 3.20.(2)
find F € Ip,y such that E = FOC’. By 3.20.(3) there is G € Zp , such that dom(qp) NL\L, C G.
Let D=BUFUG,C = (GNC)UEUA and note that D € Zp ,, C € (Z|C),. Clearly C C D,
CNB=A.

Note that Qo := Qo || Lz <p, Po |l L, with witness E (observe that E also belongs to (Z]C),).
Passing to an extension if necessary, we can assume that Qg [ Lo is a strong Qs-reduction of QolLo.
Since Dpz;¢(C) < Dpz(D) < Dpz(D) = @, we can apply the inductive hypothesis to A, B, C, D.
Thus there is a common extension Q = (¢, F'7) <p; Qo, P || L. With this we are ready to deﬁne a
common extension Q) = (¢, F'?) of Qg and P as follows:

Let ¢ = qU{(z,p(x))}, F¥ = Fiand let Q' = (¢, F?). Then D does not only witness Q' € Pp,
but also Q' <p, Qo = Qg By Lemma 3.26 Q" := Q'x,Qy is a common extension in ]P’D of Q' and
Qo. Denote Q" = (¢", F7 U F©) and let p = p|Lo\ dom(q"). Let ¢ = ¢’ Up, F9 = F9 U F® and
let Q = (q, F?). Slnce oc(Q") Ndom(p) = 0, we obtain that Q = (¢" U p, F U FP) is a condition
in P, extending ). Thus in particular Q < Q.

To see that Q < P, first observe that Q" [Ly < Qo|Lo < Py|Lg and since by definition Py[Lg
is a strong Q4-reduction of P[Lg, we obtain (¢ [Lo U p| Lo, F?) < P|Lg. But then Q[Ly < P[Ljg,
QI L, < P[ L and dom(p) C dom(g), which by Lemma 3.25 gives @ < P.

Case 2: v € A. Then z € C. Let C € (Z|C), be a witness to Qo || L; <p. FPo | L;. That is
Qo= Qo La <., Poll Lo(< Po) and Qo || Ly IF 7 (32, f1°) <4 (sF°, f£°)7. By definition A = AN B,
where B € Ip,. Also by definition of C' € (Z[C) there is Co € Z such that C = C{ N C. Then
x ¢ C{ and so by 3.20.(3) Cp = C{N L, € T, and C = CyNC. Passing to an extension if necessary,
we can assume that Qg [ Lo is a strong Qg-reduction of Qo[ Lo.

Then AU C € (Z|C), and since Rk(Tj,5) < Rk(T), we have Ps < P4 5. Therefore f& is
also a P4 ~-name and so without loss of generality, we may assume that A C C. Observe that
A =CnNB. Note also that D :=DNCy € Ip. and C = DN C. We may also assume that B C D
(otherwise take BU D € Zp ). Since Dpz(D) < Dpz(D) = a, we can use the inductive hypothesis
when working with A, B, C, D.

Let n be such that S is n-Suslin. Let m = |s%|. Find Qo <Py Qo and s’ € ™™w such that
Qo IF 7 f2°In-m = §”. Let G be Pg-generic filter such that Qo € G. Now note that f2° is a P4-
name and P 5 <P by the inductive hypothesis (here we use the fact that Dpz5(C) < Dpz(D) < a).
Therefore G N A is a P z-generic and there is U € G'N A such that U IFp f£° In-m = §. Now
U Rl Ly € GN A, so they have a common extension £/ € GN A and E’ IFp fForn-m = .
Since E’, Qo are in G they have a common extension Qo € G (and so in Pg). Then in particular
Qo < E' and so Qq has a reduction Qy in P; which extends E’. Thus Qg IFp ’ fPorn-m = §
and Qg < Py |l L,. But then Qg is compatible in [P 1 with some element a € A,,.,,. Here following
the notation of Lemma 3.8, we assume that f5 = {(b, 5(b))}repn>1 and f2° = {(a, s(a)) ac,n>1-
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Since a IFp f2 1 - m = s(a) and a is compatible with Qq, it must be the case that s(a) = s'. Let
Fj be a common PP; extension of a and Qo. Then F; < a and Py is a reduction of Qo (since Qo is
such a reduction; also Fj is a reduction of Qo). By construction a is a reduction of some condition
b € By such that s(b) = s(a), i.e. b < P and blbp, ffIn-m = &. Then F§ is compatible with
b, with common extension PT. By the inductive hypothesis P; < P and so P has a canonical
reduction PT = po(P*, 4, B). By Lemma 3.5, P* is compatible with P (since PT < P; and
every canonical reduction is clearly also a reduction). Therefore they have a common extension
P, Note that Py < P¢ and By is a canonical reduction of P*. Since P is a reduction of Qg
onto P4, there is Qar € Ps extending P0+ and Qo. Now using the fact that Qar < ]5; and ]55“ being
a canonical reduction of P, we obtain a condition T' = (t, F') € Pp such that T' <p, P* and
T SPD Q(T
Then
T, (29, ) <g (20, f2°) A (2, f2)is such that s2 = 20 A f2[n-m = f20]n - mo’.

Since S is by assumption n-Suslin we have T IFp, Jt(z) € S(t(x) <¢ qo(z),p(z)). Find QT <
T and a nice name (5%, f2) for a condition in S below Q* such that QF Fpy (3%, f2y <g
(sL, f20), (s%, f£)7. Denote Q* = (g+, F7").

With this we are ready to define a common extension Q = (q, F?) of Qp and P. Let ¢’ =
gt U{(z,q(z))}, F¥ = F7 and Q' = (¢/, F?). Given @', define Q”, p and Q as in Case 1. Then
following the proof of Case 1, one obtains that ) is a common extension of )y and P. O

3.4. Basic properties of the iteration. Having established our generalized “Main Lemma”, we
now proceed to develop the remaining basic tools that we need to work with the iteration along a
two-sided template. These steps are parallel to those taken in Brendle [2, pp. 2640-2642], and we
provide complete proofs only where it seems warranted. For the discussion in this section fix 7, Q
and S as in Lemma 3.22.

Lemma 3.27. Suppose Q is Knaster. Then P(T,Q,S) is Knaster.

Proof. Let (go : @ < wy) be an arbitrary sequence of conditions in P. Since Q is Knaster we can
assume that (Qn[Lo : o < wy) are pairwise compatible in Q. Applying the A-system lemma and
the fact that Q is Knaster, we can assume that for all distinct «, 8 < wy dom(g) Ndom(gg) = F for
some fixed finite set /' C L and that Q[Lo, QglLo are compatible. Furthermore we can assume
that for all z € F'N Ly there are s, € <“w, t, € ™I%lw such that if B is a witness to Qu [L, € P,
then Qo Ly IFp, m0(qa (7)) = 32 A T1(qa ()0 - |82| = Es.

Fix a, f distinct. We will show that Q., Qg are compatible in P. Let {z;};c,, enumerate in
< -increasing order (dom(g,)Udom(gg)) N L1, and let R = (7, F') be a common extension of Q[ Lo
and Qg[Lo. Passing to an extension if necessary, we can assume that R || L, is a strong Qr,n Lag”
reduction of R. Furthermore there are R <Qr,, R| Ly, and t(zo) such that R} II—QLI0 t(zo) <
da(z0), qa(z0). Let R* = (r*, F*) and let Ry = (ro, Fy) = (r5 U {(zo,t(x0))} Ur[L\ Ly, F§ U F).
Since R | Ly, is a strong Qf, -reduction of R, we obtain that Ry <p R. Furthermore R [[ Ly, is a
common extension of Qq || Ly, and Qg || Ly, (in P).

Suppose for some i < m—1 we have a condition R; = (r;, F;) <p R such that r;[L\L, = r[L\L,
(Ri|l Lz,;) I Lo is a strong Qr, -extension of R; and R; Il Ly, gp% Qa I Ly, Qg |l Ly,. Then we
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can find an extension R} of R;| L, in Pr,, and name t(zip1) such that RY IFp,  t(wiq1) <
do(Zit1),q8(xit1). Let R = (r?, F}). Since (R;| Ls,)[Lo is a strong @Lzz_-reductioln of R;, we
obtain R;41 = (7“2'4_1, Fi+1) = (T;k U {(.%'2'4_1, t(a:i+1))} UT[L\LzHl,FZ»* U Fl) <p R; and R;11 HLQ;HQ <
Qall Laiys, Qs |l Layy,. Then for i = m, we obtain R, <p Qq,Qs. O

We omit the proofs of the next three Lemmas since they follow very closely the proofs of [2,
Lemma 1.3, Lemma 1.4 and Lemma 1.5]

Lemma 3.28. Let x € L1, A € Z,. Then the two-step iteration P4 xS completely embeds into P.

Lemma 3.29. For anyp € P(T,Q,S) there is a countable set A C L such that p € P 4. Similarly,
if T is a P-name for a real then there is a countable A C L such that T is a Peyq)-name.

Lemma 3.30. Let J C T be such that Ty = ((L,<),J, Lo, L1) is a template. Suppose J is cofinal
inZ. Then P(T7,Q,S) is forcing equivalent to P(T,Q,S).

4. ay CAN BE R,

We now start working towards the main theorem of the paper. The model in which cof(a,) = w
is obtained by forcing with a poset of the form P(7,Q,S), where Q being the poset Qr, that adds
a cofinitary group with Ly generators, S be localization forcing, and 7 is the particular template
used by Brendle in [2].

4.1. Basic estimates for a,. Before specifying 7, we prove two generally applicable Lemmas,
which are parallel to [2, Proposition 1.6 and Proposition 1.7].

Lemma 4.1. Let T be a template, let Q be a finite function poset with the complete embedding
property and Ly = dom(Q), let S = L be localization forcing, and let p be a regular uncountable
cardinal. Suppose  C Ly (as an order), that p is cofinal in L, and that L, € T for all a < p.
Then P(T,Q,S) forces that non(M) = p and ag > p.

Proof. Let G be P(T,Q,LL)-generic over V and work in V[G]. Let ¢, be the slalom added in
coordinate o < g (this makes sense by Lemma 3.28.) Since p is regular and uncountable and is
cofinal in L it is clear by Lemma 3.29 that the family (¢ : @ < p) localizes all reals V[G] (since
any real must appear in some V|G NPy ] for some o < p.) Thus cof(N) < p. On the other hand,
if F C w¥ is a family of size < p in V]G], then there must be some o < p such that all reals of
F already are in V|G NP, ], and so ¢, localizes all reals in F. Thus add(N) > u. Therefore
non(M) = p and so by Theorem 3.4 we have ag > f. O

Lemma 4.2. Let T be a template, and let Q = Qr, be the poset for adding a cofinitary group
with Lo generators. Suppose that L has uncountable cofinality and that Ly is cofinal in L. Then
P(T,Q,S) adds a mazimal cofinitary group of size |Lo|.

Proof. Let G be P =P(T,Q,S)-generic. Let pg : Lo — S be defined as follows: for every = € L
let pa(z) = {sh : P € GAP[Ly = (sP,FP)}. Note that pg = J{sh : P € GNP} and so by
Proposition 2.12 the function pg induces a cofinitary representation pg of Fr,. We will show that
im(pg) is a maximal cofinitary group (which then clearly has size |Lg|.)

Suppose not. Then there is a permutation o € cofin(Ss) and by ¢ Lo such that pf, : LoU{bo} —
Soo, defined by pi;[Lo = pe and pi;(bo) = o, induces a cofinitary representation. Let & be a P-name
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for o in V. Then by Lemma 3.29 there is a countable set A C L such that ¢ is a P(4)-name. Since
Ly is cofinal in L and L has uncountable cofinality, there is some x € Lg such that cl(A) C L, and
SO ]P)CI(A) <Pr, . Let Go = Gﬂ]P’LO and H = Gﬂ]P’pz.

Claim. V[H|E "D,y ={P € (P/H) : 3n > N(sh(n) = o(n)) where P|Ly = (s, FP)} is dense.”.
Proof. Let Py € (P/H). Thus P[LoN L, € Hy := GNPrynr,. By Lemma 2.19 the set

V[Ho| E ngNyx ={p € (QL,/Qr,nL,) : (In > N)sb(n) = o(n) is dense}.
Thus there is (t, F) < (sP°[Lo\ L, FP°) such that (¢, F) € D27N ie. ty(n) = o(n) for some n > N.

Define P, € P/H as follows: Py[Ly = Py|Ly, Pi[(Lo\Ly) = (t, E), P{[L1\Ly = Py|L1\Ly. Then
in V[H] we have P; < Py and P; € Dy n. O

Then in V[G] there are infinitely many n such that o(n) = o,(n), contradicting the fact that pf,
induces a cofinitary representation. ([l

5. THE ISOMORPHISM OF NAMES ARGUMENT

Until the end of the paper assume CH. We will use the template construction developed by J.
Brenlde and S. Shelah to show that the minimal size of a maximal almost disjoint family can be of
countable cofinality (see [2]).

Let X be a cardinal of countable cofinality and more precisely, let A = J,,c,, An, Where {A; }new
is a strictly increasing sequence of regular cardinals, Ao > Vo, A0 = X\, for all n, and &% < ),
for k < Ap. In the following, let p* denote a disjoint copy of u, with the reverse ordering. Let <,
denote the ordering of p. We will refer to the elements of u as positive and to the elements of u*
as negative. If a # B € \* U\, we will say that a <« 3, if either o € \* and 8 € A, or both are
in A and @ < 3, or both are in A* and a <)« 3. For each n fix a partition A}, = U,,, Sn, where
the S5’s are co-initial in A}, and for m < n, Sy N Ay, = S;. Definitions 5.1 - 5.5 and Lemma 5.6
can be found in [2].

Definition 5.1. Let L = L(\) consist of all finite, nonempty sequences x such that
(1) z(0) € Ao,
(2) z(n) € A U, for 0 <n < x| —1,
(3) for |z| > 2, if x(|z| — 2) is positive, then z(|z| — 1) € Alpj—1 YA and if x(|z| — 2) is negative,
then z(|z| — 1) € A" U A5 _1.
Whenever z,y € L let z < y if and only if
(1) either z C y and y(|x|) is positive,
(2) or y C x and z(|y|) is negative,
(3) or n = min{k : z(k) # y(k)} is defined and z(n) < -ux y(n).

Clearly (L, <) is a linear order.
Definition 5.2. Let Ly ={x € L: |z| =1lorz(|z| — 1) € Algj—1 Y Ajzj—1} and let Lo = L\L;.
Remark 5.3. Note that x € Ly if and only if |z| > 2 and if z(|z| — 2) is positive, then z(|z| — 1) €

[Ajg|—1,A) and if z(|z| — 2) is negative, then x(|z| — 1) € (\*, )\l*z\—l]' Note also that both Ly and

Ly are cofinal in L, and that neither of them is of countable cofinality.
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Definition 5.4. Let L., be the subset of L; of all x such that |z| > 3 is odd, and x(n) € Xy, for
odd n, z(n) € A\, for even n, z(|x| — 1) € w; and whenever n < m are even such that xz(n),z(m)
are in wi, then there are § < a such that z(n —1) € S¢_; and z(m — 1) € Sgkl. We refer to the
elements of L, as relevant.

For x € Lo let J, = {z € L: z[(Jz| —1) < z < 2}. If x < y are relevant, then either J,N.J, =0
or J; C Jy. In the latter case also |y| < |z|, z[(ly| — 1) = y[(Jy| — 1) and z(|y| — 1) < y(ly| — 1).

Definition 5.5. Let Z = Z(\) be the collection of all sets of the form:

(U La)u (U ) u (| afzh)u (Y Lan Lo),

a€ly x€ely x€ls x€l3

where Iy € [Ao U { Ao}, I1 € [Ly]]< and Io, I3 are in [Li]<¥.

Lemma 5.6 (Lemma 2.1, [2]). T = ((L,<),Z, Lo, L1) is a two-sided template.

Until the end of the section, let P = P(7,Qr,,LL) where Qp, is the poset for adding a cofinitary
group with L generators (see Definition 2.4) and L is the localization-forcing.

Lemma 5.7. In VT there is a mazimal cofinitary group of size A and Ay < ag.

Proof. Since Ly is cofinal in L and L is of uncountable cofinality, by Lemma 4.5 P adds a maximal
cofinitary group of size |Lo| = A. Since A\g C Lj is cofinal in L and L, € Z for all « < A, by
Lemma 4.1 we have \g < a,. O

We say that ¢ is a good name for a real, if there are predense sets {py; }icw, where n € w and sets
of integers {ky ;}icw, n € w such that py; IF §(n) = ky; for all n,i. That is {p,;}icw is a predense
set of conditions deciding the value of g(n). Whenever ¢ is a good name for a real, we will refer
to U, ;e dom(pn,i) as the L-domain of g and denote it domp(g). We can assume that all P-names
for reals are good.

The following lemma is the essence of the isomorphism of names argument, due to Brendle. Its
proof follows almost identically [2, pages 2646-2648].

Lemma 5.8 (Brendle, [2]). Let Ao < k < X and for every B € r let B® = domp(§%) be countable
subtree of L, where ¢° is a good name for a cofinitary permutation. Then there are a countable
subset B of L and a good name for a cofinitary permutation ¢% such that

(1) IFp g% # ¢ for all B < &,

(2) domy(g") = B",

(3) for every F € [k]|<“ there is o < k and a partial order isomorphism

XFa ]P)cl(uﬁeF BBUBa) Pcl(uﬁeF BBUB)’
which maps §* to §* and fizes §° for B € F.

Proof of Theorem 1.1. Let G be a P-name for a cofinitary group of size k, where A\y < k < A and let
{9} gex be an enumeration of G. For B8 < k, let B? = domy(¢”). Then B” is at most a countable
subset of L and without loss of generality it is a tree. Let B® and ¢” be as in the conclusion of

Lemma 5.8, applied to the families {B”}gc, and {¢°} e, We will show that H = (GU {¢"}) is a
cofinitary group.
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Let h € H\G and let FyU{x} be the indexes of the permutations involved in h, where Fy € [k|<“.
Then by Lemma 5.8, there are o < x and a partial order isomorphism

X = XFp,a IP)cl(Uﬁ,eF0 BAUBe) 7 IP)cl(UﬁeFO BAUBF)

which maps ¢% to ¢" and fixes ¢° for 8 € Fy. But then Xfl(h) is a name for an element of G and

so [fix(x~1(h))| < No. Since both PCI(UB . BAUB®) and PCI(UB . BAUBK) ATC completely embedded
€Fy €Fp

in P, we obtain that V' F [fix(h)| < No. O

6. CONCLUDING REMARKS

Let To be the template used in the proof of the consistency of a being of countable cofinality
(see [2]), the definition of which is also stated in the previous section.

The given construction gives also a proof of the fact that the minimal size of a family of almost
disjoint permutations, denoted a, can be of countable cofinality. Let A be a generating set and let
Q4 be the poset for adding a maximal cofinitary group defined in section 2. Let Q4 be the suborder
consisting of all pairs (s, F'), where every word in F is of the form ab~! for some a,b € A. Then Q4
is a finite function poset with the strong embedding property which adds a set of almost disjoint
permutations of cardinality |A|, which is maximal whenever | A| is uncountable. Then P(7g, Qr,, L)
provides the consistency of cof(a,) = w. The proof of maximality follows very closely the maximal
cofinitary group case and the same isomorphism of names argument shows that there are no maximal
families of almost disjoint permutations of intermediate cardinalities, i.e. cardinalities between g
and \. Note also that non(M) < a,,.

Another relative of the almost disjointness number, which can be approached in the same way
is the minimal size of a maximal almost disjoint family of functions in “w. Let A be a generating
set and let Q4 be the poset of all pairs (s, F'), where s C A X w X w is finite, s, defined as above is
a finite function, and F is a finite set of words in the form ab~! for a # b in the index set A. The
extension relation states that (s, F') extends (¢, FE) if s D ¢, F' O E and for all w € E if e,][s](n)
is defined and e, [s](n) = n, then e,[t](n) = n. Then P(Ty, Qr,,L) provides the consistency of a,
being of countable cofinality. Note also that to obtain a lower bound for a. in the final generic
extension, we use the fact that non(M) < a..

The consistency of cof(a) = w is due to Brendle (see [2]). We want to mention that his proof also
fits into our general framework. More precisely, as described in Section 3, given an uncountable
generating set A, there is a finite function poset with the strong embedding property D4, which
adds a maximal almost disjoint family of cardinality |A|. Then if D denote the usual Hechler forcing
for adding a dominating function, the iteration P(7q, Dz, D) provides the consistency of cof(a) = w.

Thus we have obtained the following statement:

Theorem 6.1. Assume CH. Let A be a singular cardinal of countable cofinality and let a €
{a,a,,a4,a.}. Then there are a good o-Suslin poset Sz and a finite function poset with the strong
embedding property Qa, which is Knaster (and so by Lemma 3.27 P(To,Qg,Sa) is Knaster) such
that VP(70:Qa80) = g = X, Then in particular VP(70:Q50) = cof(@) = w.

REFERENCES

[1] T. Bartoszynnski, H. Judah Set theory: on th structure of the real line. A.K. Peters, 1995. xii+546pp.



24 VERA FISCHER AND ASGER TORNQUIST

[2] J. Brendle The almost-disjointness number may have countable cofinality Trans. of the Amer. Math. Soc. 355,
no. 7 (2003), 2633-2649.

[3] J. Brendle, O. Spinas, Y. Zhang Uniformity of the meager ideal and mazimal cofinitary groups J. Algebra, 232
(1):209-225, 2000.

[4] K. Kunen Set theory: an introduction to independence proofs North-Holland, 1980. xvi+313pp.

[5] S.Shelah Two cardinal invariants of the continuum (3 < a) and FS linearly ordered iterated forcing. Acta Math.,
192: 187-223, 2004.

[6] Y. Zhang Mazimal cofinitary groups Arch. Math. Logic (2000) 39: 41-52

KURT GODEL RESEARCH CENTER, UNIVERSITY OF VIENNA, WAHRINGER STRASSE 25, 1090 VIENNA, AUSTRIA
E-mail address: vera.fischer@univie.ac.at

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF COPENHAGEN, UNIVERSITETSPARK 5, 2100 COPEN-
HAGEN, DENMARK
E-mail address: asgert@math.ku.dk



