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1. PARTITIONING PAIRS OF COUNTABLE ORDINALS

Before we proceed with the main results to be discussed we review
some well known properties of stationary subsets on w; (see [1] section

11.6)
Lemma 1. There are wy disjoint stationary subsets of wy.

Proof. Let Cub(w;) = {X C w; : 3C C X(C is club on wy)}. Then
Cub(wy) is countably complete filter. Its dual ideal Cub®(w;) = {X C
wp : 3X’ € Cub(wy)(X = w\X’)} is countably complete and contains
all singletons and so all countable subsets of w;. Recall also that X C
wy is stationary if and only if X ¢ Cub®(w;).

For every p < wy let f,: p — w be an injective mapping. Then
Va < w; Yn € w let

Xi={p<wi:a<pand f,(a) = n}.
Note that if a # [ then for every n € w we have X; N Xj = 0

(otherwise dp < k greater than «, [ such that f,(o) = f,(8) = n
which is a contradiction to f, being injective). Also for every a < wy

UnewXo = {p <wi :a < p} € Cub(w).
Since Cub®(w;) is countably complete ideal Yo € wy3h(a) € w such
that X, ¢ Cub®(wp) and so in particular X2 is stationary. But
h: w; — w and so there is n € w such that |h~(n)| = wy. Therefore

{XZ : h(or) = n} is an uncountable family of disjoint stationary subsets
of wy. O

Corollary 1. There is a mapping g : wy — w such that Yo € wy,
g ' ({a}) is stationary.

Proof. Let {X, : @ € w;} be a family of disjoint stationary subsets of
wy. Then Va < wy define g | X, = a and g | [w1\(Ua<w, Xo)] =0. O

Recall the following definitions:
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Definition 1. We say that
wi = [wil,
iff for every f: [wi]? — w; there is A € [w1]*“* s.t. f7[A]? # wy.
Remark. Thus
wi = i,
iff there is a f: [w1]? — w; such that VA € [wi]*1, f7[A)? = w;.
The following result is due to S. Todorcevic (see [3]).

Theorem 1. w; - [wi]? .

Proof. We will find a function f’: [w;]* — w; such that for every
uncountable A C wy, f7[A]*> = w;. In fact we will find a function
[ [w1]®> = wy such that for every uncountable set A, f”[A]* contains
a closed unbounded set. By Corollary 1 there is a function ¢g: w; — w;
such that g~ ({a}) is stationary for every a € w;. Then f' = go f is
a witness to wy = [wi]2, .

Let {ro : @ € w;i} be a family of ¥y distinct functions in “2 and
for every a € w; fix an injective mapping e,: @ — w. Then for all
a, 3 € wy let

o(a, ) = o(ra,rs) = min{n : ra(n) # ra(n)}
and let

Aypg={0:a<d<fandesg(d) <ola,f)}.
Then for all {«, 8} € [w1]* define f(a,8) = minA, 3 if A, s is non-
empty and 0 otherwise.

Consider any uncountable subset A of w; and for every function g in
<2 =U{"2:n € w} define B,={a e A:gCr,}. Let

C = {6 <wy:Vg e 2either By C dor |By| =w; and § € B, }
where By denotes the set of all limit points of B,.
Claim. C'is closed unbounded subset of wj.

Proof. Let I = {g € <“2 : |By| < wi}. Then for every g € [
there is oy € w; such that B, C o, Let a = SUp ey Q.- Then
C' = (Nge<war1By)\a is closed unbounded subset of w;. O

Let 0 € C. Since A is unbounded there is # € A such that § < 3. Let
n=eg(d) and g =73 [ n. Then § € B, and so by definition of C, By is
uncountable. For every v € B, such that v > § let m., = o(f3,~) and
hy =1, | my+1. Since B, is uncountable thereis m € w, h: m+1 — 2
such that for uncountably many v € By, m = m, h = h,. Then B}, is
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an uncountable subset of B, such that for every v € B, the distance
o(B,v) =m >n. We will find o € By, such that f(«a, ) = 4.

Let ' = {y < ¢ : eg(y) < m}. Since eg is injective F' is a finite
subset of 9. By definition of C, ¢ is a limit point of Bj, and so there
is @ € By N such that FF C «. Suppose v is an ordinal such that
a <y < fand eg(y) < o(a,8) = m. Then v ¢ F and so § < 7.
Therefore § = min A, 3 and so § = f(«, ). O

2. PARTITIONING PAIRS OF COUNTABLE SETS OF ORDINALS

Definition 2. Let A be an uncountable cardinal and let P, (\) be the
family of all countable subsets of A. Then

[Pur NIE = A{(2,y) € [Po;(V]* s 2 Sy}
Definition 3. Let A be an uncountable cardinal. We say that
P, (A) — [unbdd]3

iff for every coloring f: [P,, (A)]2 — X there is an unbounded set A C
P, (A) such that f7[A]2 # A

Remark. Thus
Py (A) - [unbdd]3
iff for every coloring f: [P,,(A\)]2 — X for every unbounded set A C

P, (A) we have f7[A]Z = A

In 1990 D. Velleman obtained a generalization of Theorem 1 (see [4])
to pairs of countable sets of ordinals.

Theorem 2. Let A\ be an uncountable cardinal. Suppose that there
is a stationary subset S of P, (\) of cardinality A. Then P, (\) -
[unbdd]3.

Remark. If GCH holds, then for every uncountable cardinal A the
cardinality of P,,(A) is A = X and so the hypothesis of Theorem 2
holds. Thus GCH implies P,,(\) - [unbdd]3 for every uncountable
cardinal \.

Proof. We will show that there is f": [P,,(A\)]2 — X such that for
every unbounded A C P, ()\), f7[A]2 = X. In fact we will find a
function f: [P,,(A\)]2 — P.,(A) such that for every unbounded set
A C P, (N) there is a closed unbounded set C' = C4 on P, (A) such
that SN C C f7[A]2. Matsubara has shown (see [2]) that (under the
hypothesis of the theorem) there is a function g: S — X such that
(Va € N)g~'({a}) is stationary. Then f' = go f: [P, (\)]:2 — X is the

desired coloring.
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Just as in Theorem 1 fix a family {r, : @ < w;} of N; distinct
functions in “2. For any two z,y countable subsets of A let

o(2,y) = o (Ttype(): "typew)
if type(z) # type(y) and let o(x,y) = 0 otherwise. Let ¢: S — X be a
bijection. For every y € P, (\) let Q, = {z € S: 2 Cyand ¢(z) € y}.
Then |Q,| = w (since y is countable and c is injective) and so we can

fix an injective mapping e,: (), — w. For any pair z,y of countable
subsets of A let

Ayy={deQ,:xCdandey(z) <o(x,y)}.

Then for every (z,y) € [P,,(N\)]% let f(z,y) = minc A, , if there is
such a minimum (i.e. a smallest under inclusion element of A, ,) and
let f(x,y) = 0 otherwise. We claim that f is the desired coloring.

Consider any unbounded subset A of P,, (\) and for every g in <“2
let B ={x € A:g Cry}. Let C be the set of all d € P, (\) such
that for every g in <“2 the following holds: either there is no x € B,
such that d C x or B, is unbounded and for every finite subset w of d
there is ¢ € B, such that w C 2 C d.

Claim. C'is a closed unbounded subset of P, ().

Proof. Let I = {g €<¥ 2 : B, is not unbounded}. Then for every g € I
there is a countable subset z, of A such that for no x € B,(z, C z).
Let ¢ = Ugerxy,.

Consider any d € P,, (A) and let dy = d U zg. Let d; be a common
limit point of (B, : g € <“2\I) above dy, i.e. dy C d; and for all
g € <“2\I there is an increasing sequence (zj : n € w) C By such that
di = Unew®y. To see that dy is an element of C consider any g € <“2. If
B, is bounded then there is no z in B, covering d; since x4 C o C d;.
If By is unbounded and w is a finite subset of d; then there is some
m € w such that w C x;” C d;.

To show that C' is closed consider any increasing sequence (d,, : n €
w) of elements of C' and let d = U,e,d,. Let g € <“2. If g € I then
since dyp € C' there is no x € B, which covers dy and so there is no
x € By which covers d. Otherwise B, is unbounded. But then if w is a
finite subset of d, there is some d,, such that w C d,, and since d,, € C
there is an element x € B for which w C x C d,, C d. O

Let d € SN C. Since A is unbounded there is y € A such that
dU {c(d)} C y. But then d € @, and so n = e,(d) is defined. Let
g =1y | n. Since y € By covers d, by definition of C' we obtain that B,
is unbounded. Then for every z € B, such that y C z and type(y) #
type(z) let m, = o(y,z) and let h, = r, [ m, + 1. Again since B, is
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unbounded there is m € w and h: m+1 — 2 such that for unboundedly
many z € By, m, = m and h, = h. Then B), is an unbounded subset
of B, and for every z € B}, the distance o(z,y) = m > n. We will find
a set © € By, such that f(z,y) = d.

Let F'={q€ Qy:e,(q) <mandd{ q}. Since e, is injective, F is
finite. For every q € F' let o, € d\q. Then w = {oy, : ¢ € F'} is a finite
subset of d and since By, is unbounded and d € C, there is © € B, such
that w C x C d. We claim that f(z,y) = d. Consider any z € @), such
that  C z and e,(2) < m. Then z ¢ F and so d C z. Therefore d is
the minimum (under inclusion) of A, , and so f(z,y) = d. O
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