FURTHER COMBINATORIAL PROPERTIES OF COHEN
FORCING

VERA FISCHER AND JURIS STEPRANS

ABSTRACT. The combinatorial properties of Cohen forcing imply the
existence of a countably closed, Na-c.c. forcing notion P which adds
a C(wz2)-name Q for a o-centered poset such that forcing with Q over
VEXC@2) adds a real not split by V2 N [w]* and preserves that all
subfamilies of size w1 of the Cohen reals are unbounded.

1. INTRODUCTION

The results presented in this paper originate in the study of the com-
binatorial properties of the real line and in particular the bounding and
the splitting numbers. A special case of the developed techniques appeared
in [5]. Following standard notation for s, A regular cardinals, [x]* denotes
the set of all subsets of A of size x, P()\) is the power set of A and * is
the collection of all functions from A into k. Throughout V' denotes the
ground model. If f, g are functions in “w, then g dominates f, denoted
f <t g if Invk > n(f(k) < g(k)). A family B C “w is unbounded, if
Vf e “wldg € B(g £* f). The bounding number b is the minimal size of an
unbounded family (see [9]). If A, B € [w]¥ then A is split by B if both ANB
and AN B¢ are infinite. A family S C [w]® is splitting, if VA € [w]|*3IB € S
such that B splits A. The splitting number s is the minimal size of splitting
family (see [9]). It is relatively consistent with the usual axioms of set theory,
that s < b as well as b < 5. The consistency of s < b holds in the Hechler
model (see [2]) and the consistency of b = w1 < § = wa is due to S. Shelah
(see [7]). J. Brendle (see [3]) showed the consistency of b = w; < s = &, for
 regular uncountable cardinal and V. Fischer, J. Steprans (see [6]) showed
the consistency of b=k <5 = x™T.

However the consistency of w; < b < b < s remains open. One way to
approach this more general problem, is to obtain a ccc poset which preserves
the unboundedness of a given unbounded family, adds a real not split by
V N [w]¥ and iterate it with finite supports (note that in the desired generic
extension N3 < ¢). There are two results which should be mentioned in
this context. In 1988 [4], M. Canjar showed that if @ = ¢, where ? is
the dominating number, defined as the minimal size of a family D C “w
such that Vf € “Yw3dg € D(f <* g) and ¢ is the size of the continuum,
then there is an ultrafilter U such that the relativized Mathias forcing My,
preserves the unboundedness of V N “w and certainly adds a real not split
by the ground model infinite subsets of w. This poset My however, can
not be used to obtain a model in which b < ¢, since in order to obtain
such a model, along the iteration one has to preserve the unboundedness
of a chosen witness for b. That is in fact the main result of [6], where
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with a given unbounded directed family H C “w of size ¢, one associates
a o-centered poset (Qyy which preserves the unboundedness of H and adds
a real not split by V N [w]*“. Consequently an appropriate iteration of Qy
gives the consistency of s = b™ mentioned earlier. However the restriction
|H| = ¢, prevents the method of [6] from solving the more general consistency
problem, since for this at certain stages of the iteration one has to preserve
the unboundedness of a fixed family of size < c.

In the following we obtain a generic extension Vj, in which there is a
o-centered poset (Q which preserves the unboundedness of a given family of
size < ¢ and adds a real not split by V3 N[w]“. Thus the construction can be
considered a first step towards obtaining the consistency of w1 < b < b™ < s.

2. LOGARITHMIC MEASURES AND COHEN FORCING

The notion of logarithmic measure is due to S. Shelah. In the presentation
of logarithmic measures (Definitions 1, 2, 3) we follow [1].

Definition 1. Let s C w and let h : [s]<“ — w, where [s]<“ is the family of
finite subsets of s. Then h is a logarithmic measure if VA € [s|<%, VA, A;
such that A = AgU Ay, h(A;) > h(A) —1fori=0ori=1 unless h(A) = 0.
Whenever s is a finite set and h a logarithmic measure on s, the pair z =
(s, h) is called a finite logarithmic measure. The value h(s) = ||z|| is called
the level of x, the underlying set of integers s is denoted int(x). Whenever
h is a finite logarithmic measure on x and e C z is such that h(e) > 0, we
will say that e is h-positive.

If h is a logarithmic measure and h(AgU---UA,_1) > £+1 then h(A;) >
£ —j for some j,0<j<n-—1.

Definition 2. Let P C [w]<“ be an upwards closed family which does not
contain singletons. Then P induces a logarithmic measure h on [w]<* defined
inductively on |s| for s € [w]<“ as follows:
(1) h(e) >0 for every e € [w]<¥
(2) h(e) >0iffec P
(3) for £ > 1, h(e) > £+1 iff whenever eg, e; C e are such that e = egUey,
then h(eg) > £ or h(ey) > L.

Then h(e) = ¢ if ¢ is maximal for which h(e) > ¢. The elements of P are
called positive sets and h is said to be induced by P.

If h is an induced logarithmic measure and h(e) > ¢, then for every
a such that e C a, h(a) > £. A known example of induced logarithmic
measure is the standard measure (see Shelah, [8]). That is the measure
h induced by P = {a C w : |a| < w and |a|] > 2}. Note that Vz € P,
h(x) = min{i : |x| < 2¢}. Let LM be the set of finite logarithmic measures
and for n € wlet L, = {x € LM : ||z|| > n,minint(x) > n}. By [LM]
denote the set of all families of finite logarithmic measures X such that
Vn € w(X N L, #0). For X € [LM] let int(X) = U{int(¢) : t € X} be the
underlying set of integers.

Claim. If € C [LM] is a centered, then there is U C [LM] which is centered
and such that for every X € [LM] either X € U or 3Y € U(X NY ¢ [LM]).
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Definition 3. Let @ be the partial order of all (u,X) € [w]<¥ x [LM]
such that Vo € X(maxu < minint(z)). If v = 0 we say that (0, X) is a
pure condition and denote it by X. Then (ug, X2) extends (u1,X1), de-
noted (ug, X2) < (u1, X1), if ug is an end-extension of uy, ug\u; C int(Xy),
int(Xs2) C int(Xy), Vo € Xo3B, € [X;1]=¥ such that int(z) C U{int(y) :
y € B;}, Yy € By(uz Nint(y) = 0) and Ve C int(x) which is z-positive
Jy € Bz(eNint(y) is y-positive).

Definition 4. If F is a family of pure conditions, then Q(F) is the suborder
of @ consisting of all (u, X) € @ such that 3Y € F(Y < X).

If C is a centered family of pure conditions, then Q(C) is o-centered.
Conditions of Q(C') are compatible as conditions in Q(C) if and only if they
are compatible as conditions in Q.

Unless specified otherwise I' denotes a countable subset of wy. Also C(I)
is the forcing notion of all partial functions p : I' X w — w with finite
domain and extension relation p < ¢ if ¢ C p. Thus C(T") is the forcing
notion for adding I' Cohen reals, e.g. C({0}) = C is just Cohen forcing,
C,, = C(n) is the forcing for adding n Cohen reals, etc. If p € C(I"), then
C()*(p) = {g € C(I') : ¢ < p}. A family I" = {T';},;en, C P(N) for some
ordinal A, where n € w and Vj € n — 1 supI'; < minI'j; is called a finite
ordered partition of I' = Uje,I';. Note that if I' is a countable set of ordinals,
then I" has only countably many finite ordered partitions. FP(I') denotes the

set of all finite ordered partitions of I'. For k,n € w let ="k = U?:_(}{O """ k.

Definition 5. Let IV = {T';};¢,, € FP(T), k € w. Then M (I") is the set of
all matrices P = (pg),-ek’j@l with k& rows and n columns, where the (i, j)-th
entrypz is a condition in C(I';). Note that M (I') and C(T") can be identified.
A matrix P = (p}) € My(I") is below p = (p7) € My(I") if Vi, j(p] < p/).
Let My ,(I") = {P € My(IV) : P is below p}, M(I') = Upe,Mi(I") and
M(T) = U{M(T") : I" € FP(T)}.

Definition 6. Let I' = {Tj}ie, € FP(I') and ¢ :=" k — UIZ(C(T';) such
that Vj € nVa € 771k t(a) € C(T;). Then ¢ induces a tree T = {T'(a)},c<ny
where T'(a) = (T'(b),t(a)) whenever a = (b,7),i € k and T'(a) <p T(b) iff
a | |b] = b. Let Tx(I") be the set of all trees induced by some t as above,
T(T) = UgewT(I") and T(T') = {7 (I') : T € FP(T)}.

We use the convention that trees are denoted by a capital letter, while
the inducing function is denoted by the corresponding small letter, e.g. T
is induced by t. For T' € T (I'"), maxT is the set of all maximal nodes of
T. Note that maxT C C(UTY). If ¢ is a formula in the C(T')-language of
forcing, T a tree in Tp(I"), IV € FP(T') then T I ¢ if Vt € maxT (¢t I+ ¢).
To emphasize that I is a partition of ', we write M (T, T"), 7(T,T"), etc.

Definition 7. Let I' = {T;}jen € FP(T), P = (p}) € My(I"). Then ext(P)
is the set of all T € T;(I") such that if T is induced by ¢ :<" k — U?;&(C(Fj)

then Vj € nVa € 7Hk(t(a) < p{) The elements of ext(P) are called trees of
extensions of P.
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Definition 8. A C(I')-name X for a pure condition is IV symmetric, I €
FP(L), if Yk € WP € My(I")VM € wiT € ext(P)3x € Ly (T I+ “& < X7).

Also X is symmetric if VIV € FP(T) X is ['-symmetric.

Definition 9. A C(I')-name for a pure condition X is I symmetric below
p € C(T), where I € FP(T), if Vk € wVP € My,(I')VM € w 3T €
ext(P)3z € Ly (T I+ “& < X7). Also X is symmetric below p € C(T') if
VI" € FP(I') X is I'-symmetric below p.

Lemma 1. Let I € [w9]*, ¢ a formula in the C(T')-language of forcing such
that VI € FP(T)Vk € wVP € My(I")VM € w3T € exp(P)3x € Ly such
that ¢(T,x). Then there is a C(T')-symmetric name X for a pure condition
such that VI' € FP(I')Vk € wVP € Mi(I")VM € w3T € exp(P)3z € Ly
for which ¢(T,z) holds and T I+ “& € X7.

Proof. Let {T'y,}new enumerate all finite ordered partitions of T', for every
n € w let {Pm}mew enumerate M(I',,) and let 7 : w — w x w such that
V(n,m) € w x w|r~ (n,m)| = w. Now for every i € w let P; = P,(;. Then
{P;}icw is an enumeration of M(I') such that each matrix P, ,, appears
cofinally often. Let ¢ € w, P; = P, ,, for some n,m. By hypothesis there is
T; € T(I'y) extending P; and x; € L; such that ¢(T;, x;). Let A; = {ais}sew
be a maximal antichain in C(I") — C(T') " ({¢}tcmaxt;) such that Vs € w3z;s €
Li((j)(ais,:c,-s)). Let X = Uiew({<jiat> 1t e I’IlaXTZ'} @] {<3V37;s, ai5>}s€w). O

Remark 1. Whenever a name X is constructed by the method of Lemma 1,
we say that X is obtained by diagonalization of M(T") with respect to ¢(T', z).
If C is a countable centered family of symmetric names for pure conditions,
then there is a name X = (X (4) : i € w) such that VP € M(T')VM € w3T e
ext(P)3z € Ly such that T - € X, Ym € wX,, = (X(3) : i > m)
is symmetric and I C C Q({Xm}mew). Such names are called strongly
symmetric. Since all names constructed by diagonalization of M(I") are
strongly symmetric, for every C(I') symmetric name X there is a strongly

symmetric name X’ such that IF X’/ < X.

Lemma 2. IfY is C(I') symmetric below e, then there is a C(T') symmetric
name Y., such that elF Y} <Y.

Proof. Fix a maximal antichain E = {e;};e, in C(T") such that ey = e. For
every i € w let ®; be an isomorphism from C(T')*(e;) onto C(I')*(eg) such
that vy € I' @/C({v}) € C({+}).

Let'F’ = {Tj}jen € FP(I'), P € My(I"), M € w. Then Vi € w, p; =
Ujenp] € C(T') and so 3s(i) such that p; £ es(s) With common extension g;.
Then Vj € n let q{ =¢ [I'j xw. Thus P =Q = (qi) is a componentwise
extension of P. Then Vi, j, ¢ = @y;)(q]) = Py (i [ Tj X w) = @y(3y(qi) |
I' xw < eg [ T'j x w. Therefore Q= (cjf) is a matrix below e. Since YV
is symmetric below e, 3T € ext(Q)3z € Ly such that T I+ & < V. If
t: ="k — U;jenC(I';) induces T, define t : <"k — UjenC(T';) as follows:

Vj € n¥a € 7k, a = (b,i), i € k let t(a) = ®; (i(a)). Then since

t(a) < <I>5(i)(qf), we have t(a) < qi Thus if T is induced by ¢, then T' €
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ext(Pg) C ext(P). Let I : ext(Pg) — ext(Pg), I(T) = T. Similarly define
J : ext(Pg) — ext(Tg) where if T is induced by ¢, then Vj € nVa € Ik,
a = (byi), i€k let t(a) = Py (t(a)) and let J(T) = T be the tree induced
by £. Then VT € ext(Pg)(J o I(T) =T) and VR € ext(Pg)(I o J(R) = R).

The above construction did not depend on the choice of IV. Therefore
VIV € FP(T)Vk € wVP € My(I")VM € w3T € ext(P)3z € Ly such that
T IF % < Y. To obtain Y* diagonalize M(T") with respect to ¢(T, ) where
o(T, x) holds iff T is defined and T'I- & < Y. If t < e and (¢, &) € Y*, then
t=tlFz< Y. Therefore e I- Yr < Y. O

Lemma 3. Let G be a C(T')-generic filter, X € [w]*NV[G]. IfVI" € FP(T)
X has a I'-symmetric name, then X has a symmetric name.

Proof. Proceed by the method of Lemma 1. At stage ¢ of the construction
if P; = Py € Mg(I'),) for some partition I',, use the I';, symmetry of a
name for X to obtain T; € ext(F;) and = € L; such that T; IF &; < X. O

3. AN ULTRAFILTER OF SYMMETRIC NAMES

Definition 10. Let IV = {[;}jc, € FPI), ¢ : “"w; — Uje,' i %w
such that Vj € nVu € Hlwi(p(u) € '"*“w). Then ¢ induces a tree
¢ = {®(u)},c<n, where &(u) = (P(v), ¢(u)) where v = (v,i), ¢ € k and
D(u) <g ®(v) if u | |v] = v. Let ®(I') be the set of all trees induced by
some injective ¢ : <"k — Uje,17%“w. Again, capital letters will denote trees
while the corresponding small letters will denote the inducing functions.

Consider "*“w as the Tychonoff product of I' copies of the Baire space “w.

Then for every basic open neighborhood U of '*“w, there is p € C(I') such
that U = [plr = {f € "“w : f | dom(p) = p}. U IV = {[j};en € FP(T),
consider H?:o Ijxwy as a Tychonoff product of I7*“w. Then every basic
open neighborhood is of the form H’;:O [pjlr; wherep € C(T'), pj = p | T'jxw.

Definition 11. ® € ®({I';};¢,) is nowhere meager (denoted nwm), if Vj €
nVu € Jwy {p(u, @) }acw, is a nowhere meager subset of 13X w.

Definition 12. An injective mapping v : <"k — ="w; such that |(a)| =
lal, a € b — (a) C1(b) is called a tree embedding.

Lemma 4. Let n > 2. For every ordered partition {I';};epn, for every nwm
tree ® € ®({T'j}jen—1) and every R: " ‘wy x C(Ty—1) — {0,1} either (I),
r (II), holds, where:

(1), 3p = (pi) € Mi({Tj}jen) s.t. Yk € wVP = (p]) € Mk({T'}jen-1)
below p | n — 1 there is a tree embedding v : <" 1k — sn=1luy such that
Vj€n—1V¥a € 7tk ifa = (b,i), i € k, then ¢pot)(a) € [p{]pj andVa € "k,
R((a),pn—1) = 1. .

(II), Vk € wVP = (p!) € M({T;}jen—1) there is a tree embedding 1 :
snelp s sn=lyy such that Vi € n— 1Va € 77k if a = (by4), i € k, then
pov(a) € [pllr, and Ya € "~ 1kvp € C(Ty_1) R(%(a),p) = 0.

Proof. The statement is proved by induction on n. Let n = 2, let {I'; }c2 be
a finite ordered partition, let ® € ®(I'y) be a nwm tree (that is {¢(a) }acw,
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is a nwm subset of '0*“w), R{I0}w; x C(I'1) — {0,1}. If there is p € C(I'y)
such that B, = {¢(«) : R(a,p) = 1} is not meager, then there is ¢ € C(I'y)
such that B, N [¢]r, is everywhere non-meager. Let P = (p;) € My(I'y)
below ¢q. Then Vi € k3¢(o;) € [pilr, N By and so Vi € kR(cy,p) = 1. Take
¢ : k — wy where ¢ (i) = o;. Then (I), holds with witness (g, p).

Assume the statement holds for some n > 2. Let {I'j}cn+1 be a finite
ordered partition, ® € ®({I'j}cn) nwm tree, R : "wy x C(I'y,) — {0,1}.
Now, for every a € wi, let &, € T({I‘j}?zl) be a nwm tree induced by

ba - U?;ll{l""’j}wl — U?;llrjxww where ¢q(u) = ¢((a,u)) and let R, :
{Lnd) % C(I,) — {0,1} where Ry(u,p) = R({a,u),p). Then for every
a € wi, by the inductive hypothesis applied to {Fj}?:p ®,, R, either
(I),, or (II),, holds. To specify the dependence on «, we say that (I), , or

(I),, o, holds. For completeness of notation we state explicitly (I), , and

(ID),, o If (I),, holds with witness p® = (pi')i; € Mi({I';}7_;) then for
every k € w, every P = (pf)zek € I\\/JIk({Fj}’J?:_ll) below (p&)I—, there is a

1<j<n-—1,a=(bi), i€k, ¢aotha € [p!lr; and Va € {Ln=1}p
Ro(¥a(a),ps) = 1. If (II),, ,, then for all k € w, P = (p]) € My({T;}=})
there is a tree embedding v, : U?;ll{l"'”j}k — U?;ll{l’""j}wl such that
Va € itk 1 < j <n—1,a = (bi), i €k daota € [pllr, and
Va € 1-n=1yp € C(T'y) Ra(tba(a),p) = 0.

If Co = {¢() : (I),,,} is non-meager in 10*“w, then 3C; C Cy which is
non-meager and such that Vé(a) € C1 (I),,,, holds with the same witness
(pi)ie; € Mi({T'j}}—;). Since Cy is non—n;eager, dpo € C(I'y) such that
C1 N [polr, is everywhere non-meager in [po]r,. It will be shown that (I),, .,
holds with witness (p;)i-,. Let k € w and let P = (pf) € M;({T';}jen) be a
matrix below (p;)ien. Then Vi € kJa; € wid(y) € [pY]NCy. Then ¢ : <"k —
Snwy where ({i,a)) = a; 1q,(a) is a tree embedding and Vj € nVa € 1k,
a = (S’ba i)v s,i € k, ¢OT/)(G) = qb(a;\was(b?i)) = a, Owas(b’ Z) € M]Fj?
as well as Va € "k, a = (s,b), s € k, R(¢¥(a),pn) = R(as Ve, (b),pn) =
Ro, (ta,(b),pn) = 1. Otherwise Gy = {$(a)}acwi \Co = {¢(a) : (II),, .}
is everywhere non-meager. Let k € w, P = (pf) € Mi({T'j}jen). Then
Vi € kJa; € wig(a;) € C N [PY]r,. Then v : ="k — ="w; where ¥(i,a) =
o a;(a) (i € k) is a tree embedding and Vj € nVa € 7k, a = (s,b,1),
5,0 € k, pop(a) = (a5, (b,7)) = (b, © Pa,)(b,7) € [pllr,, as well as
Va € "k, a = (s,b) (s € k) Vp € C(T'n), R(¥(a),p) = R(as"a,(b),p) =
Ra,(Ya,(b),p) = 0. O

In the following M denotes a countable transitive model of sufficiently
large portion of ZFC.

Definition 13. A tree & € ®(I”) is Cohen generic over M, if Vj € nVu €
It1wy where u = (v,a), a € wi, ¢(u) is C(I'j)-generic over M[®(v)] (thus
¢(u) is a I'j-sequence of Cohen generic reals). Whenever the tree ® is clear
from context we will write M{u] for M[®(u)].
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Lemma 5. Let I' € FP(I'), X a I'-symmetric name for a pure condition,
IFX =Y UZ. ThenVp € C(T")3q < p such that Y is T'-symmetric below q,
or Z is I symmetric below q.

Proof. Suppose |I'| = 1, i.e. I” = {T'}. Note that X is {I'}-symmetric
below p iff for every finite tuple (p;)icr € C(I')"(p) and every M € w,
there are (¢;)ick, * € Las such that Vi € k(q; < p;) and ¢; IF & < X. For
every p € C(T) let hull,(X) = {# € LM : 3¢ < p(q IF & < X)}. Then X
is {T'}-symmetric below p iff for every finite tuple (p;)icr € C(I')"(p) and
n € w, the set Niexhull,, (X) meets L,,. Let p € C(') be a counterexample
to the claim of the Lemma. Since Y is not {I'}-symmetric below p, there
are a tuple (p;)icr € C(T')*(p) and m € w such that (N, hull(Y)) N Ly, = 0.
For every i € k there are a finite tuple (gij)jen, € C(I')*(p;) and m; € w
such that (Njep,hull(Z)) N Ly, = 0. Consider {q;;}ick jen,. Since X is
{I'}-symmetric below p, for all 4, j there are t;; < ¢;; and € Ly where
M > {m,max;crm;} such that ¢;; I & € X. Since F X = Y U Z, for
every 17,j there is a further extension r;; < t;; such that r;; IF & € Y or
rij IF 2 € Z. If3i € kVj € ni(rij I & € Z), we reach a contradiction since
& € Ly,,. Otherwise Vi € k3j; € ni(ry;, IF & € Y) But r;5, < p; and so
x € Njerhully, (Y) which is a contradiction since x € L,,.

Let |I"| > 2, IV ={Tj}jen, ® € ®({T'j}jen—1) a nowhere meager tree of
Cohen generics over M. For u € "“lw;,p € C(T',,_1) let E(u,p) = {x €
LM : Mu] E (3¢ < p)g F & € X[u]}. Then &, = {ﬁ?fE(ui,pj) :
{uitier € "twi,{pj}tjee € C(Tn-1),k.¢ € w} C [LM] is centered. Let
U C [LM] be such that &,-1 C U and VX € [LM] either X € U or 3Y €
UY NX ¢ [LM]). Foru € "lwy, p € C(T'y—1) let D(u,p) = {x € LM :
Mlu] E p e, ) T € (X¢UY)[u]} and for v € "2wy, p € C(T'n_1) let
B(v,p) = {¢(v"a) : D(v"a,p) € U}. Let R: " lug x C(T,_1) — {0,1}
where R(u,p) = 1 if D(u,p) € U and R(u,p) = 0 otherwise. By Lemma 4
(I),, or (IT),, holds.

If (I),, holds with witness p = (pi)ien € M (L), let P = (pf) € M (I)
below p and M € w. Then there is a tree embedding ¢ : "1k — Pl
such that Vj € n — 1Va € 77k where a = (b,i), i € k ¢p o )(a) € [pg]p].
and Ya € "'k D(¢(a),pp—1) € U. Since Ya € "k E(¢(a),p} ') € U,
also A= (NE®(a),p )N (N D(¥(a),pn—1) € U. Then 3z € Lyy N A and
so Va € "'k, M[y)(a)] E 3pas < pi' pai b & € X[1(a)] and M[i(a)] E
pn1 Ik & € (XUY)[th(a)]. Then since Vi(p!~* < p,_1) we obtain that for all
a € "k M[ip(a)] E pas IF “F € X[Yp(a)] and Z € (X°UY)[p(a)]”. Therefore
M{p(a)] F pai Ik & € Y[ih(a)]. In finitely many steps obtain T' € ext(P)(T IF
“¢ € Y)”. Otherwise (II), holds. Let k € w, P = (p!) € My(I"), M € w.
Then there is a tree embedding 1 : <"1k — <"1y, such that Vj € nVa €
Ik where a = (b,i), i € k, ¢po)(a) € [pg]rj and Ya € ""1kVp € C(T',_1)
D(y(a),p) ¢ U. Then 3z € Ly such that = ¢ UaenflmekD(w(a),p?_l)
and so Va € "'k M[(a)] E pit I <& € X¢[(a)] U Y[¥(a)]”. Therefore
VaTFpa; < pi~t such that M[y(a)] F pai IF “Z € Z[1(a)]”. In finitely many
steps obtain T € ext(P)(T I+ “z € Z7). O
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Lemma 6. If X is a C(T") symmetric name for a pure condition, Ais a
name for an inﬁm’te subset of w, then there is a C(P)-symmgtrie name Y
such that Y < X and Vi € w Ik int(Y (i)) C A or int(Y (7)) C A°.

Proof. Diagonalize M(I") with respect to ¢(7T', z) where ¢(T', x) holds iff V¢ €
maxT tIF “¢ < X,int(z) C A” or t IF “& < X,int(x) C A®. O

Lemma 7. Let X be a C(T")-symmetric name for a pure condition, A a
C(T')-name for a set of integers, G a C(I')-generic filter. Then in V]G]
there is a pure condition X* with a symmetric name which extends X |[G]
and such that int(X*) C A[G] or int(X*) C A°[G].

Proof. Passing to a name for an extension if necessary, by Lemma 6 we can
assume that VP € M(I')'VM € w3T € ext(P)3z € Ly such that T |-z € X
and for all 4, - “int(X (7)) € A or int(X(i)) € A”. Then there are C(T)-
names Y, Z such that |- Y = (X (i) : int(X (i) € A) and IF Z = (X (i) :
int(X (i) C A°). By Lemma 5 VIV € FP(I')Vp € C(T')3¢q < p such that Y is
" symmetric below p, or Z is I'-symmetric below p. For every IV € FP(T)
let E(I”) be a maximal antichain in C(T") such that Ve € E(I') either there
is no t < e such that Y is I'-symmetric below ¢ and Z is I'-symmetric below
e, or Y is I"-symmetric below e. For every I let {e(I')} = G N E(I"). If
vI' e FP(T), Y is IV-symmetric below e(I), then by Lemmas 2 and 3,
Y[G] has a symmetric name. Otherwise there is I such that V¢ < e(I") Y is
not I''-symmetric below ¢ and so by the choice of E(I"), ZisT -symmetric
below e(I"). Let I € FP(T') be distinct from I'" and T'y € FP(T') such that
VD € Iy either D € I" or D € T”. If Y is Tg-symmetric below e(T), then
Y is IV-symmetric below ¢, where t € G is a common extension of e(I'g) and
e(I") which is a contradiction. Then Z[G] has a symmetric name. O

4. UNBOUNDEDNESS

Definition 14. Let I" € [wo]“, I = {T'j }jen a finite ordered partition of T,
k € w. Let {T'y : a € ="k} be a family of pairwise disjoint sets of ordinals
such that Vj < nVa € 7k I'y = I'j_1 with an isomorphism i, such that
a4 <jex b — supl'y, < minTy. Let T = U{T, : a € ="k}. Then C(f) is said to
be a Cohen tree defined by T, I and k. For every a € "k and C(T')-generic
filter G, let G* = G N[[;,, C ( ali)-

Lemma 8. Let X be a C(T")-symmetric name for a pure condition, I' €
[wa], T = {Lj}jen € FPI), k € w, I a Cohen tree defined by T, T”,
kew Acw*NV and G a CT )-generic filter. Then in V[G] there is
a pure condition X with strongly C( )-symmetric name such that Ya € "k
X < X[G] and int(X) C A or int(X) C A°.
Proof. For every a € "k let I'" = Ujenl'y; and I, : I'* = ' where I, |
Loy = da)j- If I e FP(T) P € M(I,T") and M € w, then there is a tree
of extensions T' € ext(P) in 7(I',I") and & € Ly such that V& € maxT
t T IF & < I,(X), and int(z) C A or int(z) C A° (for such T,z we will

say that ¢(7', z) holds). Diagonalizing M(I") obtain a C(I')-symmetric name
X such that VP € M(I')VM € w there are T € ext(P), x € Ly such that
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o(T,z) and T'I- 7 € X. Repeating the proof of Lemma 7 one can show that
if Y, Z are C(I')-names such that IFY = (X(4) : int(X (i) C A IF Z =
(X (i) : int(X (7)) C A°), then Y[G] or Z[G] has a symmetric name. O

The following sufficient condition for an induced logarithmic measure to
take arbitrarily high values can be found in [1]

Lemma 9. Let P C [w]|<¥ be an upwards closed family and let h be the
logarithmic measure induced by P. Then if Yn € w and every partition
w=AgU---UA,_1, 3j € n such that A; contains a positive set, then
Vk € wVn € w and partition w = AgU ---U A,_1, 3j € n such that A;
contains a set of h measure greater or equal k.

Definition 15. A C(I') * Q(C)-name for a real f, where C' is a centered
family of C(I')-symmetric names for pure conditions is good, if for every
centered family C’ of C(wsy)-symmetric names for pure conditions, f is a

C(w2) * Q(C’)-name for a real. For every i € w, let A;(f) be a maximal
antichain in C(T") * Q(C) of conditions deciding f(i).

Lemma 10. Let X = (X (i))icw be a strongly symmetric C(I')-name, P €
M(L,TY), f a good C(T) % Q(C)-name for a real, where C = {Xpm mew,
X = (X(i))ism. Then the logarithmic measure induced by the family
Pu(X, f(i),P) of all z € [w]< such that there is a tree of extensions T
of P which has the property that for every a € "k

(1) T(a) - (& C int(X) A (3 € w(znint(X (1)) is X (1) -positive))

(2) AN € w¥v C k3w® C 2344, € Ai(f)(T(a), (vUw? Xy)) < Ay

takes arbitrarily high values. T is said to witness that x € Pk(X, 1, P).

Proof. Let T be a Cohen tree on T, I", k. Let G be C(T')-symmetric and
w = AgU---UAps_1 a finite partition of w. Then by Lemma 8, there is a pure
condition with a C(I')-symmetric name X such that Ya € "k X[G] < X[G?]
and for some jo € M int(X[G]) C Aj,. Then in particular C' = {X,,[G]} e
where X,, = (X (i) : i > m) extends all of Cy = {X,,[G]}mew, a € "k.

Let v C k, a € "k. Since f, = f/G“ is Q(C’)—name for a real, there is Rgy
a C(I')-symmetric name for a pure condition, ug, C w and ¢4, € G* such
that Agw = (Gavs (Uaw, Rav)) € Ai(f) such that (“‘”i’ Rq[G?]) and (v, X[G])
are compatible with common extension (v U wgy, T[G]). Since R, belongs
to Q(C) there is Ny, such that I+ Ry < XN(“,- Then there is t,, € G¢
extending g4, and p® such that (¢, (v U wa, X Nuw)) < Agy. In finitely
many steps find z € [int(X)]<“ such that for all v C k, a € ™k there
are Wgy C &, Ngy € w, tey € G such that (¢4, (v U wav,XNaU)) < A
and such that for some ¢ € w, = N int(X(¢))[G] is X (¢)-positive. Since
X[G] < X[G?] (for all a € "k) we have z C int(X[G%]) and furthermore
Va € k3, € wsuch that zNint(X (¢,))[G] is a positive subset of X (£,)[GY].
Then Va € "k3r, € G extending p® and {t4y}yck such that r, I- (2 C
int(X) and z Nint(X (4,)) is X (¢,)-positive). Furthermore for all v C k,
a € "k we have (p%, (v U wav,XNw)) < Ag. Let N = maxgenkvck Nav.
Then for all v C k,a € "k, (r?, (v U wav,XN)) < Agy. From {r®},cny one
can obtain a tree of extensions of the given matrix, the maximal nodes of
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which have the desired properties. By Lemma 9 and  C Aj,, the induced
logarithmic measure takes arbitrarily high values. U

Corollary 1. Let X = (X (i))icw be a strongly C(I')-symmetric name for
a pure condition, f a good Q(C)-name for a real. Then there is a strongly
symmetric name Y = (Y (i) : i € w) for a pure condition such that Ym € w,
Yo = (Y(i) : i > m) < X, and Vi € w¥o C i¥p € C(T)V and every
5 € [w]<¥ such that p I+ “5 C Y (i) is Y (i)-positive’ there are w, C s,
A € Ai(f) such that (p, (vUw,,Y)) < A.

Proof. Proceed by the method of Lemma 1. At stage ¢ of the construction
apply Lemma 10, to obtain T; € ext(P;) and x; € L; such that T; witnesses
that z; € 'Pi(XZ', f(z), P;). U

Lemma 11. Let C be a countable centered family of C(I")-symmetric names
for pure conditions, T' € [w2]”, f a good C(T) * Q(C)-name for a real, § €
wi\T, h = UGjs, where Gs is the canonical name for the C({5})-generic
filter. Then 3C" countable centered family of C(T' U {d})-symmetric names
for pure conditions extending C' such that YC" of C(we)-symmetric names
extending C', IF¢(uwy)«q(cm) “hog* f7

Proof. By Corollary 1, we can assume that C' = {V;,}me, where Y;, =
(Y(i) : i > m), Y = Yj has the property that Vi € w¥v C i¥p € C(I)
and s € [w]<¥ such that p IF “§ C Y (i) is Y (i)-positive” there are w, C s
and A € A;(f) such that (p,(vUw,,Y)) < A. Let ¢ be a C(I')-name for
a function in “w such that Vp € C(I')Vi € w, p I+ ¢(i) = k if and only if
k is maximal such that there are v C i,w € [w]<¥, A € A;(f) such that
plF 0 CY(®E)”, (pUwY)) < Aand AIF “f(i) = k7. Let J be a
C(T' U {0})-name such that IF J = (i : §(i) < h(i)) and ¥m € w, let Z,, be a

C(T' U {0})-name such that I- Z,,, = (Y'(i) : i > m and i € .J).
Claim. For all m € w the name Z,, is C(I' U {d})-symmetric.

Proof. Let P = (pf) e MU {0}, {I';}jen+1), M € w be given. Without
loss of generality I',, = {0}. Then Q = (Pg)iek,j@ € My(I',{T';}jen). Pick
¢ € w, such that £ > m and ¢ > max{s : dom(d,s) € p}',i € k}. By the
properties of Y there is T' € ext(Q), = € Ly such that T |- & = Y (£). Suc-
cessively on the lexicographic order on {a}gen extend the maximal nodes
{T(a)}aenk of T, to a tree T" € ext(Q) consisting of Cohen conditions in
C(T) such that Ya € "k3k, € wT'(a) - §(¢) = kq. Let L > max{kq}acnk
and Vi € k let ¢ = pl U {((6,¢),L)}. If T' is induced by ' : <"k —
UjenC(T;), then 7 : ="k — U, 1 C(T'j) where Va € ="k r(a) = t(a) and
Va € ""'k,a = (b,i),i € k r(a) = ¢" induces a tree R € ext(P) such that
RIF g(f) < h({) A& =Y (0). Thatis RI-Z e JAY({) = &. Since £ > m,
RIFz < Zm and so Zm is symmetric. O

Let C" = {Zn}mew, Z = Zp and let C” be a centered family of C(ws)-
symmetric names extending C’. It is sufficient to show that Va € [w]<¥,
Yk € w, IFe(wy) “(a, Z) Irgeny “Ti > k(f(i) < h(i)"” since IFe(,,) “{(a, Z) :
a € [w]<¥} is predense in Q(C”)”. Let a € [w]<¥, k € w and (p, (b, R)) €
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C(ws) * Q(C") such that p IF “(b,R) < (a,%)”. Then p IF b\a C int(Z)
and p IF R < Z. By definition of the extension relation there are ¢ > k
such that b C £, s € [w]<¥ and p < p such that p IF “/ € J and § =
int(R) Nint(Z(¢)) is Z(£)- positive”. By definition of Z(¢) there is w C s
and A € Ay(f) such that (5, (bUw,Y)) < A and so (p,(bUw, Z)) < A as
well as (p, (hUw, R)) < A. Note that p IF @ C int(R) and so (p, (bUw, R)) <
(p, (b, R)). Furthermore (7, (b Uw, R)) IF “f(£) < g(¢) < h(£)”.

O

5. COUNTABLY CLOSED AND Ns-C.C.

Definition 16. Let P be the partial order of all pairs p = (I'y, Cp) where
I' is a countable subset of wy, C) is a countable centered family of C(I',)-
symmetric names for pure conditions with extension relation p < ¢ifI'y C T,

and Ik¢(r,) Cg € Q(Cp).

The partial order P has the No-chain condition. Indeed, consider a model
of CH and a subset {p; : i € I} of P of size Ng, I C wy. By the Delta System
Lemma there is J C I, |J| = Ry such that {I'; : i € J} form a delta system
with root A where Vi € I(I'; =T'),). Furthermore J might be chosen so that
for all ¢ < j in J there is an isomorphism Qij I'; =2 Ty, such that a;; [ A
is the identity and C; = C), = {ay;(X) : X € Cp,}. Suppose we have the
proof of Lemma 12 below and let ' =T, © = F for some ¢ < j from J,
and o;; = i. Let Q =TU®©,C =C;UC;U {XX}Xeci where for every
X € 0y, Xx is the C(Q) symmetric name for a common extension of X and
i(X) constructed in Lemma 12. Suppose R € C;, Y € C;. Then Y = i(Z)
for some Z € C;. However Cj is centered, so there is X € C; which is a
common extension of R and Z. Then X x 18 a common extension of R and
Y. This implies that C' is a centered family of C(£2) symmetric names for
pure conditions and so p = (£2, C) is a common extension of p;, p;. Thus it is
sufficient to obtain Lemma 12. Note that this a particular case of Lemma 8.

Lemma 12. Let I',;© be countable subsets of wy, A = I' N © such that
supA < minI"A < supI"\A < min©O\A and let i : T' = O be an isomor-
phism such that i | A = id. If X is a C(I) symmetric name for a pure
condition, then there is a (C(Q) symmetric name X for a pure condition
such that I-¢(q) X <X AX <i(X).

Proof. Let Q' € FP(Q). We can assume that Q' = A’ UTY U ©" where
A" e FP(A), IT" € FP(T — A), © € FP(O — A). We can also assume
that A" = {Ti}jen, I" = {Tj}jemon), © = {Tj}jcpnsn) and also that
Vj € [n,2n)i(T'j) = Tjjn. Let P € Mi(Q,Q). Thus P = (p])jesn.ick-
From P obtain a matrix R € My (T', A" UT") as follows: if (4,j) € k x 2n
let ] = pj, if (4,5) € [k,2k) x n let ] = 0 and for (i,5) € k x [n,2n)
let 7 e = z_l(p]Jrn). By symmetry of X there is € Ly and a tree of
extensions T = {T'(a) : a in =22k} of R such that T I+ # < X. Having
T obtain a tree of extensions 7" = {T"(a) : a in 3"k} of P as follows. If
a € =2"klet T'(a) = T(a). If a € 2"k where 1 <m < nlet T'(a) = T(a) |
2nUi(T'(c)) where c = (a [ n)"band b = (a(j)+k : j € 2n,2n+m)). That
isT(c) [n="T(a) | nand since id | A =1id, T(a) | n = i(T(c)) | n. Note
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that i(T'(c)) | [n,2n) € Mix,(O\A,O'). Then in particular the maximal
nodes of T" belong to M x3, (€, Q') and force “z < X A& < i(X)”

To obtain X, diagonalize M(£2) with respect to ¢(T,z) where ¢(T,z)
holds iff T € 7(Q), » € LM and T by & < X A & < i(X). O

The partial order P is countably closed and adds a centered family of
C(wz)-symmetric names for pure conditions Cy = U{C}, : p € H} where
H is P-generic. By Lemma 7, forcing with Q(Cg) over VF*C(2) adds a
real not split by VC@2) 0 [w]¢ = VC@2)xP n[y)@. By Lemma 11 any family
of w; Cohen reals remains unbounded in V (Cw2)xP)*Q(Cy) where H is the
canonical name P name for the generic filter.

Theorem 1. [CH] There is a countably closed, Rg-cc forcing notion P such
that in V; = VC@2)xP there is a o-centered poset @ which preserves the

unboundedness of every family of w; Cohen reals and adds a real not split
by V1N [w]“’.

REFERENCES

[1] U. Abraham Proper forcing, for the Handbook of Set-Theory. Amer. Math. Soc. (1984),
pp. 184-207.

[2] J. Baumgartner and P. Dordal Adjoining dominating functions, The Journal of Sym-
bolic Logic, Vol. 50(1985), pp.94-101.

[3] J. Brendle How to force it lecture notes.

[4] M. Canjar Mathias forcing which does not add dominating reals, Proc. Amer. Math.
Soc., vol. 104, no. 4, 1988, pp. 1239-1248.

[5] V. Fischer The consistency of arbitrarily large spread between the bounding and the
splitting numbers, doctoral dissertation, York Univeristy, 2008.

[6] V. Fischer, J. Steprans The consistency of b = k < s = k™, preprint.

[7] S. Shelah On cardinal invariants of the continuum/[207] In (J.E. Baumgartner, D.A.
Martin, S. Shelah eds.) Contemporary Mathematics (The Boulder 1983 conference) Vol.
31, Amer. Math. Soc. (1984), 184-207.

[8] S. Shelah Vive la difference I: nonisomorphism of ultrapowers of countable models Set
theory of the continuum (Berkeley, CA, 1989), pp. 357-405, Math. Sci. Res. Inst. Publ.,
26, Springer, New York, 1992.

[9] Eric K. Van Douwen The Integers and Topology Handbook of Set-Theoretic Topology,
editied by K.Kunen and J.E. Vaughan

KURT GODEL RESEARCH CENTER FOR MATHEMATICAL LOGIC, WAHRINGER STRASSE
25, A-1090 VIENNA, AUSTRIA
E-mail address: vfischer@logic.univie.ac.at

DEPARTMENT OF MATHEMATICS AND STATISTICS, YORK UNIVERSITY, 4700 KEELE
STREET, TORONTO, ONTARIO M3J 1P3 , CANADA
E-mail address: steprans@mathstat.yorku.ca



